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14 K. BLAIR MCKENZIE

Figure 4. (a) shows quantile plots of the relative departures between the theoretically computed Bzz for a finite length right circular
vertical cylinder of radius a = 100m and axial length h = 1000m (Pipe Model 1a) and Bzz computed for a series of equivalent
facetted vertical cylinders in which the number of sides ns in polygonal section is 18, 36 and 72. (b) displays plots of the relative
departures in Bzz (sorted into ascending order for ns = 18) versus standardised radial distance.

tensor aremodelledmore accurately as the observation
height |z| is increased. Fourth, the errors in the com-
puted magnetic field components and gradient tensor
elements are generally larger for near-surface stations
above the rim of the cylinder (at r/a = 1) where there is
a singularity. This is especially the case for the Bxz and
Byz tensor elements at stations close to the rim of each
vertical, right circular cylinder. This is not unexpected,
since as previously noted, the Bxz and Byz tensor ele-
ments are undefined for stations located on the rim of
the top surface of the cylinder.

Symmetry relations and some important
special cases for themagnetic field

For a general magnetisation direction both the mag-
netic scalar potential and the components of the mag-
netic field vector are asymmetrical for aparticular obser-
vation height |z| above the top surface of a semi-infinite

(and finite length) right circular vertical cylinder source.
However some interesting symmetries exist for partic-
ular cases of the magnetisation direction, for example,
when the magnetisation direction in the cylinder is
directed along each one of the three orthogonal direc-
tions (x-north, y-east and z-vertically down). These sym-
metries may be deduced from the expressions for the
magnetic scalar potential and the magnetic field vec-
tor when these are expressed in radial axial coordinates.
Figure 6 shows contoured grid images of the magnetic
field components for a series of semi-infinite right circu-
lar vertical cylinders of radiusa = 100mandpossessing
uniform 1Am−1 magnetisations M in the north M =
|M| x̂, eastM = |M| ŷ, and downward verticalM = |M| ẑ
directions respectively. The plane of observation is 50m
above the top surface of the cylinder.

For a series of uniformmagnetisations of equal mag-
nitude M = Mx̂ ;M = Mŷ;M = Mẑ Mr along the north,
east and vertically down directions respectively, the
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Figure 5. Absolute relative departures between the theoretically computed gradient tensor elements Bxy , Bxz , Byz , Bzz for a finite
length, right circular vertical cylinder of radius a = 100m and axial length h = 1000m and those computed for an equiva-
lent facetted vertical cylinder in which the number of sides ns in polygonal section is 144. The magnetisation in both models is
|M| = 23.8 A/m with declination DM = 0° and inclination IM = −60° and the observation height is |z| = 50m.

Figure 6. Contoured grid images (north is up the page) of the magnetic field components bx , by , bz for a series of uniform mag-
netisations of equal magnitude |M| = 1A/m. (a–c) in the top row show bx , by , bx respectively forM = Mx̂; (d–f) in the second row
show bx , by , bx for M = Mŷ; (g–i) in the bottom row show bx , by , bx respectively for M = Mẑ. The notation bx ;Mx is short for field
component bx(r;M = Mx̂) and so on.
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following relations may be deduced:

bx(r;M = Mx̂) = −πaCmM

{
I(1,0; 0)

+ cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
, (40.1)

bx(r;M = Mŷ) = −πaCmM

×
{
sin 2θ

[
I(1,0; 0) − 2

r
I(1,1;−1)

]}

= by(r;M = Mx̂), (40.2)

bx(r;M = Mẑ) = −2πaCmM cos θ I(1,1; 0)

= bz(r;M = Mx̂), (40.3)

by(r;M = Mŷ) = −πaCmM

{
I(1,0; 0)

− cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
, (40.4)

by(r;M = Mẑ) = −2πaCmM sin θ I(1,1; 0)

= bz(r;M = Mŷ), (40.5)

bz(r;M = Mẑ) = 2πaCmMI(1,0; 0) = CmM� , (40.6)

where � is the solid angle subtended at the upper sur-
face of the right circular cylinder (Singh and Sabina
1978). Hence for observation stations at the origin
on the top surface of the cylinder (r = 0), the ver-
tical field component bz(0,0,0;M = Mẑ) = 2πCmM =
2πCmMz . This is confirmed by the limit for I(1,0; 0) in
Table 1 which is 1/a.

Furthermore the expressions for the three magnetic
field components in equations (40.1)–(40.6) may be
expressed in matrix form, namely,

BM(r) =

⎛
⎜⎜⎝

bMx
x bMx

y bMx
z

bMy
x bMy

y bMy
z

bMz
x bMz

y bMz
z

⎞
⎟⎟⎠

= CmM

⎛
⎝ Txx Txy Txz

Tyx Tyy Tyz
Tzx Tzy Tzz

⎞
⎠ = CmM T(r), (41)

where T(r) is the symmetric matrix of Green’s functions
given in Equations (16.1.1)–(16.3.3) and where bMx

x =
bx(r;M = Mx̂) represents the magnetic field compo-
nent bx due to a magnetisation M = Mx̂. Since T(r) is
related to the gravity gradient tensor of a semi-infinite
right circular vertical cylinder by the relation �(r) =
GρT(r) as shown in Equation (14), then Equation (41)
may be expressed as follows:

BM(r) =
(
CmM
Gρ

)
�(r). (42)

Hence there is equivalence between the gravity gradi-
ent tensor�(r) and the (3× 3)matrixBM(r)ofmagnetic
field components for the three orthogonal magnetisa-
tion directions with the constant of the proportionality

between BM(r) and �(r) being
(
CmM
Gρ

)
. This equiva-

lence is reflected in the symmetry patterns shown for
BM(r) in Figure 6 and also in the elements of the grav-
ity gradient tensor �(r). The results shown here are in
agreement with Pedersen and Bastani (2016).

The expressions in Equations (40.1)–(40.3) and in row
1 of Equation (41) represent themagnetic field reduced
to the equator as shown in Figure 6(a–c) while Equa-
tions (40.3), (40.5) and (40.6) and row 3 of Equation (48)
represent themagnetic field reduced to the northmag-
netic pole (see Figure 6(g–i)). From Table 1, expressions
for
[
I(1,0; 0) − 2

r I(1,1;−1)
]
and I(1,1; 0) are identically

zero on the axis of a right circular vertical cylinder.
Therefore the expressions for the magnetic field com-
ponents on the axis r = (0, 0, z)T of a semi-infinite right
circular vertical cylinder are:

bx(r)r= 0 = −πaCmMxI(1,0; 0)r= 0

= −πCmMx

{
1 − |z|√

a2 + z2

}
. (43.1)

by(r)r= 0 = −πaCmMyI(1,0; 0)r= 0

= −πCmMy

{
1 − |z|√

a2 + z2

}
. (43.2)

bz(r)r= 0 = 2πaCmMz I(1,0; 0)r= 0

= 2πCmMz

{
1 − |z|√

a2 + z2

}
. (43.3)

By inspection of Equations (43.1)–(43.3), it is imme-
diately evident that expressions for the declination and
inclinationofmagnetisation for a uniformlymagnetised
right circular vertical cylinder or pipemay be derived by
taking ratios of the bx , by , and bz field components at
points on its vertical axis. The declination of magnetisa-
tionDM which is defined from the ratio of the horizontal
components ofmagnetisation, i.e.Mx andMy , is given as

DM = arctan
(
My

Mx

)

= arctan
(−by

−bx

)
( for 0 ≤ DM < 2π ). (44)

The inclination of magnetisation IM which is defined
from the ratio of the horizontal and vertical compo-

nents of magnetisation, i.e. Mh =
√
M2

x + M2
y and Mz , is

given as

IM = arctan

⎛
⎝ Mz√

M2
x + M2

y

⎞
⎠

= arctan

⎛
⎝ bz

2
√
b2x + b2y

⎞
⎠ ( for − π

2
≤ IM ≤ π

2
).

(45)

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere with magnetisation M (McKenzie
2020).



EXPLORATION GEOPHYSICS 17

Table 3. Particular cases for the Lipschitz–Hankel integrals appearing in expressions for themagnetic gradient tensor at an observa-
tion height |z| above the top surface of a uniformly magnetised, semi-infinite right circular vertical cylinder source of radius awhere
F0(k) and E0(k) are the complete elliptic integrals of the first and second kind with modulus k and modular angle α as defined by
Equations (A1.8), (A1.9) and (A1.10) in Appendix 1.

P(r,z) sub-case I(1,0; 0) I(1,1;−1)/r I(1,1; 0) I(1,0; 1) I(1,1; 1)

axial r = 0; z < 0 1
a

(
1 − |z|√

a2+z2

)
1
2a

(
1 − |z|√

a2+z2

)
0 a

(a2+z2)3/2
0

Origin r = 0, z = 0
( 1
a

) ( 1
2a

)
0

(
1
a2

)
0

coplanar-top 0 < r < a, z = 0
( 1
a

) ( 1
2a

) 1
k
√
ar

{ (
1 − k2

2

)
F0(k)

−E0(k)

}
1
a

{
E0(k)
(a−r) +
F0(k)
(a+r)

}
0

coplanar-rim r = a, z = 0
( 1
2a

) ( 1
2a

) ∞ ±∞ ∞
coplanar-external r > a, z = 0 0

(
a
2r2

)
1

k
√
ar

{ (
1 − k2

2

)
F0(k)

−E0(k)

}
1
a

{
E0(k)
(a−r) +
F0(k)
(a+r)

}
0

Particular cases for themagnetic gradient
tensor

Some particular cases for the magnetic gradient ten-
sor arise due to the position of the observation station
P(r) relative to the centre of the top face of the cylin-
der or when the total resultant magnetisation direction
of the circular cylinder is aligned along the north, east
or vertical directions. In the former, the relative obser-
vation position determines the Lipschitz–Hankel inte-
gral functions in the expressions for the gradient tensor
in Equations (37.1)–(37.6). The nature of these integral
functions is summarised in Table 3 for various axial and
coplanar cases. In particular for observation stations
located on the axis of the cylinder, it may be shown
that in the limit as the radial distance r approaches

zero, the pair of terms
[
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
and[ 1

r I(1,1; 0) − 1
2 I(1,0; 1)

]
in Equations (37.1)–(37.5) are

both identically zero [seeAppendix 4, equations (A4.9.7)
and (A4.9.11) respectively]. Furthermore from Table 3,
the axial limits for the I(1,0; 1) and I(1,1; 1) integrals
are a/(a2 + z2)

3/2
and 0 respectively. Hence the mag-

netic gradient tensor for an axial observation station
r = (0, 0, z) including the origin at (0,0,0) is

B(r)r= 0 =
⎡
⎣ Bxx Bxy Bxz

Byx Byy Byz
Bzx Bzy Bzz

⎤
⎦

= πa2 Cm

(a2 + z2)3/2

⎡
⎣ −Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ .

(46)

An application to the determination of
magnetisation direction from the gradient
tensor

From Equation (46), it is immediately evident that
expressions for the declination and inclination of mag-
netisation for a uniformly magnetised pipe may be
derived by taking ratios of the Bxz ,Bxz , and Bzz tensor
elements at points on the vertical axis of a right circular

vertical cylinder. First for the declination of magnetisa-
tionDM which is defined from the ratio of the horizontal
componentsMx andMy of magnetisation, namely,

DM = arctan
(
My

Mx

)

= arctan
(−Byz

−Bxz

)
( for 0 ≤ DM < 2π ). (47)

The inclination of magnetisation IM is defined from the
ratio of the horizontal and vertical components of mag-
netisation, namely,

IM = arctan

⎛
⎝ Mz√

M2
x + M2

y

⎞
⎠

= arctan

⎛
⎝ Bzz

2
√
B2xz + B2yz

⎞
⎠ ( for − π

2
≤ IM ≤ π

2
).

(48)

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere (McKenzie 2020).

The effect of plunge on field and gradient
tensor computations

As I noted earlier, the theory presented here for the
gravity and magnetic fields and gradient tensors due
to a right circular vertical pipe only allows for poten-
tial field calculations level with or above the top face of
the pipe. For this reason, the theory presented here for
themodelling of plunging right circular pipes should be
used with caution at low sensor heights when plunge
angles are significantly non-vertical. This is illustrated
in Figure 7 which shows the region of coverage at a
height of 50m above a series of plunging right circular
pipes with radius a = 100m and plunge angles of 75°,
80° and 85°, respectively. In this example, the coverage
region is significantly reduced for plunge angles below
75°. The regions of unrestricted coverage are shown in
blue while regions where coverage is invalid are shown
in red.
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Figure 7. East-north grid images showing the region of coverage at a height of 50m above a series of plunging right circular pipes
with radius a = 100m, plunge azimuth 45° and plunge angles of 75°, 80° and 85°. (a–c) show the vertical coordinates z of the obser-
vation stations relative to the plane of the top surface for each of the plunging pipemodels. (d–f) display the region of valid coverage
(shown in blue) for each of the plunging pipe models.

In addition to the theoretical restriction on observa-
tion points, there is another possible pitfall associated
with the use of the plunging circular pipe model in cer-
tain geological situations. Most importantly the plung-
ing right circular cylinder model should only be used in
the investigation of plunging pipes which are approx-
imately right circular. Geological situations where a
plungingpipemaynot be right circularmayoccurwhen
the top surface of the plunging pipe has been removed
by erosion or effectively demagnetised by weathering.

Symmetry properties of themagnetic gradient
tensor for special magnetisation directions

The elements of the magnetic gradient tensor exhibit
reflective and rotational symmetries for particular cases
of the magnetisation direction, for example, when the
magnetisation direction in a right circular vertical cylin-
der is directed along each one of the three orthogonal
directions (x-north, y-east and z-vertically down). These
symmetries may be deduced from expressions for the
Bxx , Bxy , Bxz , Byy , Byz , Bzz gradient tensor elements due to
a semi-infinite right circular vertical cylinder as given in
Equations (37.1) to (37.6) respectively.

Figures 8–10 show contoured grid images of the six
main elements of the magnetic gradient tensor for a
series of semi-infinite right circular vertical cylinders of

radius a = 100mand possessing uniform 1Am−1 mag-
netisations M in the north M = |M| x̂, east M = |M| ŷ,
and downward vertical M = |M| ẑ directions, respec-
tively. The plane of observation is 50m above the top
surface of the cylinder. The expressions for the Bxx ,
Bxy , Bxz , Byy , Byz , Bzz gradient tensor elements for these
three magnetisation directions are given in Appendix
5. The grid images for B(r;M = M x̂) in Figure 8(a–f)
and also Equations (A5.1.1)–(A5.1.6) in Appendix 5 rep-
resent those for the magnetic gradient tensor B(r)
reduced to the equator (RTE) while the grid images
for B(r;M = M ẑ) in Figure 10(a–f) and also Equations
(A5.3.1)–(A5.3.6) in Appendix 5 represent those for the
magnetic gradient tensor B(r) reduced to the north
magnetic pole (RTP).

By inspection of Figures 8–10 and also from Equa-
tions (A5.1.1)–(A5.3.6) in Appendix 5, I note the fol-
lowing symmetries when the intensity of magnetisa-
tion |M| is set to a constant in each of the north, east
anddownward vertical directions, i.e. when |M| = M =
Mx = My = Mz .

These symmetries are as follows:

Bxy(r;M = M x̂) = Bxx(r;M = M ŷ).

(see Figures 8(b) and 9(a))

Byy(r;M = M x̂) = Bxy(r;M = M ŷ).



EXPLORATION GEOPHYSICS 19

Figure 8. Contoured grid images (north is up the page) of themagnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius a = 100m, uniform magnetisation M = Mx̂ and intensity M = 1 Am−1. (a–c) in the top row show tensor
elements Bxx ,Bxy ,Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

Figure 9. Contoured grid images (north is up the page) of themagnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius a = 100m, uniform magnetisation M = Mŷ and intensity M = 1 Am−1. (a–c) in the top row show tensor
elements Bxx , Bxy , Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

(see Figures 8(d) and 9(b))

Bxz(r;M = M x̂) = Bxx(r;M = M ẑ).

(see Figures 8(c) and 10(a))

Byz(r;M = M ŷ) = Byy(r;M = M ẑ).

(see Figures 9(e) and 10(d))

Byz(r;M = M x̂) = Bxz(r;M = M ŷ).

(see Figures 8(e) and 9(c))

Byz(r;M = M x̂) = Bxy(r;M = M ẑ).
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Figure 10. Contoured grid images (north is up the page) of the magnetic gradient tensor elements due to a semi-infinite right
circular vertical pipe of radius a = 100m, uniform magnetisation M = Mẑ and intensity M = 1 Am−1. (a–c) in the top row show
tensor elements Bxx , Bxy , Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

(see Figures 8(e) and 10(b))

Bxz(r;M = M ŷ) = Bxy(r;M = M ẑ).

(see Figures 9(c) and 10(b))

Bzz(r;M = M x̂) = Bxz(r;M = M ẑ).

(see Figures 8(f) and 10(c))

Bzz(r;M = M ŷ) = Byz(r;M = M ẑ).

(see Figures 9(f) and 10(e))
Rotational symmetries also exist between some of

the magnetic gradient tensor elements for the three
independent magnetisations of equal intensity |M| =
M = Mx = My = Mz . as shown in Figures 8–10. For
example,

Byy(r, θ + π

2
, z;M = M ŷ) = Bxx(r, θ , z;M = M x̂).

(see Figures 9(d) and 8(a))

Bxy(r, θ + π

2
, z;M = M x̂) = Byy(r, θ , z;M = M x̂) .

(see Figure 8(b,d))

Bxy(r, θ + π

2
, z;M = M x̂) = Bxy(r, θ , z;M = M ŷ) .

(see Figures 8(b) and 9(b))

Bxx(r, θ + π

2
, z;M = M ŷ) = Bxy(r, θ , z;M = M ŷ).

(see Figure 9(a,b))

Bxx(r, θ + π

2
, z;M = M ŷ) = Byy(r, θ , z;M = M x̂).

(see Figures 9(a) and 8(d))

Byz(r, θ ± π

2
, z;M = M ŷ) = Bxz(r, θ , z;M = M x̂).

(see Figures 9(e) and 8(c))

Byz(r, θ ± π

2
, z;M = M ŷ) = Bxx(r, θ , z;M = M ẑ).

(see Figures 9(e) and 10(a))

Byy(r, θ ± π

2
, z;M = M ẑ) = Bxz(r, θ , z;M = M x̂).

(see Figures 10(d) and 8(c))

Byy(r, θ ± π

2
, z;M = M ẑ) = Bxx(r, θ , z;M = M ẑ).

(see Figures 10(d) and 10(a))

Bzz(r, θ + π

2
, z;M = M ŷ) = Bzz(r, θ , z;M = M x̂).

(see Figures 9(f) and 8(f))

Bzz(r, θ + π

2
, z;M = M ŷ) = Bxz(r, θ , z;M = M ẑ).

(see Figures 9(f) and 10(c))

Byz(r, θ + π

2
, z;M = M ẑ) = Bzz(r, θ , z;M = M x̂).

(see Figures 10(e) and 8(f))

Byz(r, θ + π

2
, z;M = M ẑ) = Bxz(r, θ , z;M = M ẑ).

(see Figures 10(e) and 10(c))
From the above symmetries it is possible to construct

the elements of the magnetic gradient tensor B(r;M =
M ŷ) from the RTE and RTP gradient tensors B(r;M =
M x̂) and B(r;M = M ẑ) respectively.
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A note onmodel scaling with respect to the
radius a

For a pair of uniformly magnetised semi-infinite right
circular vertical pipes with radii a1 and a2 and mag-
netisation M, and for a pair of measurement points
P(r1, θ , z1) and P(r2, θ , z2) in which the standardised dis-
tances r/a and z/a are identical, the ratio Bij;2/Bij;1 of any
tensor element Bij for this pair of pipes is inversely pro-
portional to the ratio of their respective radii, namely,

Bij;2(r2, θ , z2; a2,M ) =
(
a1
a2

)
Bij;1(r1, θ , z1; a1,M )

for i, j = x, y, z and r1 = (a1/a2)r2. (49)

This follows from the fact that when the standard-
ised distances r/a and z/a are identical, then it may
be shown that the Green’s functions f1 and f2 for gra-
dient tensor elements Bij;1 and Bij;2 in pipes 1 and

2 respectively are related as f2 =
(
a1
a2

)2
f1 (see Eason,

Noble, and Sneddon 1955, Part II, 542–546). Since
the gradient tensor elements Bij;1 and Bij;2 can be
expressed as Bij;1(r1, θ , z1; a1,M ) = 2π a1 Cm |M|f1 and
Bij;2(r2, θ , z2; a2,M ) = 2π a2 Cm |M|f2 = 2π Cm|M|(a21/
a2)f1 , then the ratio Bij;2 / Bij;1 is (a1 / a2). For exam-
ple, if a1 = 100m and z1 = −50m in pipe 1 (Model
1a) and a2 = 10m and z2 = −5m in pipe 2 (Model
1b), then Bij;2 = 10 Bij;1 for all standardised observa-
tion points (r2/a2, z2/a2) and (r1/a1, z1/a1) respectively.
Importantly, I also note that the pair of right circular ver-
tical pipemodels can bemade scalable cylinder sources
by choosing amagnetisation intensity |M2| for pipe 2 in
Equation (49) that is |M2| = (a2/a1)|M1|. This scalability
property of right circular vertical cylinders relates to the
equivalence between confocal ellipsoids or magnetic
spheres with the same magnetic moment m = M v as
noted in Medeiros and Silva (1995) and illustrated in
Clark (2014).

For the magnetic field components bi and the grav-
ity gradient tensor elements 
ij, the pair of Green’s
functions f1 and f2 for bi;1 and bi;2 (and 
ij;1 and 
ij;2),

are related as f2 =
(
a1
a2

)
f1 so that ratio bi;2 / bi;1 (and


ij;2 / 
ij;1) is 1 when the standardised distances r/a and
z/a are identical, i.e.

bi;2(r2, θ , z2; a2,M ) = bi;1(r1, θ , z1; a1,M )

for i = x, y, z and r1 = (a1/a2)r2. (50)

Finally for the magnetic scalar potential and the grav-
ity field components, the pair of Green’s functions f1
and f2 for V1 and V2 are identical, i.e. f2 = f1, so that
the ratio V2 / V1 (and also gi;2 / gi;1 for i = x, y, z) is a2/a1
when standardised distances r/a and z/a are identical,
i.e.

V2(r2, θ , z2; a2,M ) =
(
a2
a1

)
V1(r1, θ , z1; a1,M )

for r1 = (a1/a2)r2. (51)

Thus the dimensionality of the Green’s functions are
L0, L−1, L−2 yielding scaling factors of a2/a1, 1 and a1/a2
for themagnetic scalar potential, themagnetic field and
the magnetic gradient tensor respectively.

The superposition of magnetic field
components and gradient tensor elements

The superposition principle applies to harmonic poten-
tial fields which satisfy Laplace’s Equation (Blakely
1995). It is used to calculate the gravity and magnetic
field components in source free regions. In the absence
of significant demagnetisation effects, the superposi-
tion principle may be used to calculate the magnetic
field and gradient tensor due to the following right
circular cylinder models:

1. a finite length, vertical or plunging right circular
cylinder

2. a concentrically zoned, semi-infinite or finite
length, right circular vertical cylinder with a specific
magnetisationM and outer radius a in each zone

3. a vertical stack of coaxial finite length vertical cylin-
ders each with a specific magnetisationM, radius a
and axial length h in each cylinder

4. a distributed multitude of finite-length and/or
semi-infinite, right circular vertical pipes each with
a specific diameter 2a, axial length h and magneti-
sationM

The finite length right circular vertical cylinder has
been discussed previously but for a plunging right
circular cylinder of radius a1, magnetisation M1 and
axial length h1, the magnetic field or gradient ten-
sor response for a particular harmonic component bc
of its magnetic field or gradient tensor bc(x1, x2, x3
; a1, h1,M1) at an observation point r′ = (x1, x2, x3)T in
the body axis coordinate system is

bc(x1, x2, x3; a1, h1,M1) = bc(x1, x2, x3; a1, ∞,M1)

−bc(x1, x2, x3 − h1; a1,∞,M1),
(52)

where bc(x1, x2, x3; a1, ∞,M1) is any harmonic mag-
netic field component or tensor element due to a semi-
infinite, right circular plunging cylinder at a measure-
ment point r′ defined with respect to an origin on the
top surface of the finite length cylinder and bc(x, y, z −
h; a,∞,M), is the magnetic field component or tensor
element due to a second semi-infinite right circular ver-
tical cylinder, coaxial with the first, and at the same
measurement point whose axial coordinate is x3 − h1
relative to a new origin on the top surface of the second
cylinder. In this instance the top surface of the second
cylinder is coincident with the base of the first so that
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the separationdistancebetween top surfaces of thepair
of coaxial cylinders is h1.

For a concentrically zoned, semi-infinite or finite
length, vertical, right circular cylinder of vertical depth
extent h1, which is comprised of an inner core or annu-
lus with radius a1 and magnetisation M1 and (n – 1)
outer rings with radius ai and magnetisation Mi as in
model case type 2 above, the calculated component
bc for both the semi-infinite and finite depth extent
models is

bc(x, y, z1) = bc(x, y, z1; a1,h1,M1)

+
n∑

i= 2

bc(x, y, z1; ai, h1,Mi)

− bc(x, y, z1; ai−1,h1,Mi) for n ≥ 2. (53)

For a coaxial stack of n cylinders in case model 3 above,
the calculated component bc for the finite depth extent
model is

bc(x, y, z1) =
n∑

i= 1

bc(x, y, zi; ai, ∞,Mi)

− bc(x, y, zi − hi; ai,∞,Mi) (hn < ∞) ,
(54)

where zk = z1 −
k− 1∑
i= 1

hi (2 ≤ k ≤ n) .

And for the semi-infinite depth extent model in case
3 in which hn = ∞

bc(x, y, z1) =
n−1∑
i=1

{bc(x, y, zi; ai, ∞,Mi)

− bc(x, y, zi − hi; ai,∞,Mi)}
+ bc(x, y, zn; an, ∞,Mn), (55)

where zk = z1 −
k− 1∑
i= 1

hi (2 ≤ k ≤ n) .

I also note that the superposition principlemay be used
to calculate the gravity fields and gradient tensors in
each of the above composite models except that the
magnetisation M is replaced by the density or density
contrast ρ in each of the above models.

Conclusions – Final overview

This paper has presented a set of closed form expres-
sions for the direct calculation of the magnetic gradi-
ent tensor due to a uniformly magnetised right circular
cylinder or pipe. My formulation is based on Poisson’s
relation beginning with an expression for the magnetic
scalar potential for a semi-infinite right circular vertical
cylinder or pipe. The expressions for all magnetic fields
and gradient tensors are applicable to either a vertical

or plunging right circular pipe provided that observa-
tionpoints lie aboveor are coplanarwith the top surface
of the pipe. I also provide expressions for calculating
both the gravity and magnetic gradient tensors for var-
ious particular cases including measurement stations
on the axis of the circular cylinder or stations coplanar
with its top surface. The expressions for the magnetic
field and its gradient tensor on the axis of the cylinder
are derived from Taylor’s series expansions of the Lip-
schitz–Hankel integrals near its central axis. At least six
Lipschitz–Hankel integrals are required to formulate the
magnetic scalar potential, the magnetic field compo-
nents and the magnetic gradient tensor for a uniform
magnetic pipe. The expressions for the gradient ten-
sor shown in my paper have passed the following tests,
namely,

1. The expressions for the magnetic gradient tensor
(shown here in both Cartesian and cylindrical coor-
dinates) satisfy the trace and symmetry relations for
all observation points outside the pipe, i.e. satisfy-
ing Laplace’s equations.

2. Singularities in the equations formagnetic field and
magnetic gradient tensor have been confirmed for
all points on the rim of the top surface of the cylin-
der.

3. Gradient tensors calculated for a facetted quasi-
circular pipe are in close agreement with those
computed from the closed form theoretical expres-
sions shown in this paper. Hence the theory pre-
sented here is correct.

4. The scalability of magnetic sources which is well
known for magnetic spheres possessing identical
magnetisations (but not moments) is shown to
apply to right circular vertical pipes.

5. The superposition principle allows for the compu-
tation of the magnetic and gravity potential fields
for a finite length or concentrically zoned circular
pipe.

The expressions for the magnetic field and gradi-
ent tensor on the axis of a vertical pipe are particularly
important because they lead to equations for determin-
ing the magnetisation direction in a uniform pipe.
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Appendix 1: Closed form expressions for the
Lipschitz–Hankel integrals

The six Lipschitz–Hankel integrals I(1,0;−1), I(1,1;−1),
I(1,0; 0) , I(1,1; 0), I(1,0; 1) and I(1,1; 1) which appear in expres-
sions for the gravity field vector, the gravity gradient tensor,
the scalar magnetic potential, the magnetic field vector and
the magnetic gradient tensor have been evaluated in closed
form by Eason, Noble, and Sneddon (1955), equations (4.6),
(4.9), (4.7), (4.2), (4.8), and (4.4) respectively.

For the I(1,0;−1), I(1,1;−1) and I(1,0; 0) integrals there are
three particular general cases, namely, 0 <

r < a, r = a, r > a.
The closed form expression for the I(1,0;−1) integral is

(Eason, Noble, and Sneddon 1955, equation 4.6):

I(1,0;−1) =
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√
ar

ka
E0(k) + k (a2 − r2)

4a
√
ar

F0(k) + |z|
2a

�0(k,β)

−|z|
a

(r < a)

E0(k)

k
− |z|

2a
(r = a)

√
ar

ka
E0(k) + k(a2 − r2)

4a
√
ar

F0(k) − |z|
2a

�0(k,β) (r > a)
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.

(A1.1)
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The closed formexpression for the I(1,1;−1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.9):

I(1,1;−1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|z|
2k

√
ar

E0(k) − k|z|(a2 + r2 + z2/2)

4ar
√
ar

F0(k)

+ (a2 − r2)

4ar
�0(k,β) + r

2a
(r < a)

|z|
2ka

E0(k) − k|z| (2a2 + z2/2)
4a3

F0(k) + 1
2

(r = a)

|z|
2k

√
ar

E0(k) − k|z| (a2 + r2 + z2/2)

4ar
√
ar

F0(k)

+ (r2 − a2)

4ar
�0(k,β) + a

2r
(r > a)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(A1.2)

The closed form expression for the I(1,0; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.7):

I(1,0; 0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

− k|z|
4a

√
ar

F0(k) − 1
2a

�0(k,β) + 1
a

(r < a)

−k|z|
4a2

F0(k) + 1
2a

(r = a)

− k|z|
4a

√
ar

F0(k) + 1
2a

�0(k,β) (r > a)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
.

(A1.3)

The closed form expression for the I(1,1; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.2):

I(1,1; 0) = 1

k
√
ar

{(
1 − k2

2

)
F0(k) − E0(k)

}
(for r > 0).

(A1.4)

The closed form expression for the I(1,0; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.8)

I(1,0; 1) = k3( a2 − r2 − z2)

16 a k′2(ar)3/2
E0(k) + k

4a
√
ar

F0(k)

(for r > 0). (A1.5)

The closed form expression for the I(1,1; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.4)

I(1,1; 1) = k|z|
4(ar)3/2

[(
1 − k2

2

) (
1

k′2

)
E0(k) − F0(k)

]

(for r > 0). (A1.6)

where F0(k) = (2/π) F(k) and E0(k) = (2/π)E(k)are the com-
plete elliptic integrals of the first and second kind with modu-
lus k, namely,

F(k) =
π/2∫
0

1√
1 − k2 sin2θ

dθ (A1.7)

and

E(k) =
π/2∫
0

√
1 − k2 sin2 θ dθ (A1.8)

The modulus k and the modular angle α are defined as

k2 = sin2α = 4ar

(a + r)2 + z2
(A1.9)

Also �0(k,β) is Heuman’s lambda function with modulus k
and angular amplitude β (Heuman 1941; Eason, Noble, and
Sneddon 1955; Abramowitz and Stegun 1964; Byrd and Fried-
man 1971; Singh and Sabina 1978). Heuman’s Lambda func-
tion is defined in terms of the following elliptic integrals,

namely,

�0(k,β) = F0(k)E(k
′,β) − [ F0(k) − E0(k)] F(k′,β) , (A1.10)

where F(k′,β) and E(k′,β) are the incomplete elliptic inte-
grals of the first and second kind respectively with mod-
ular angle (π/2 − α), co-modulus k′ = √

1 − k2
′
and angu-

lar amplitude β which is defined as sin2β = z2

(a−r)2+z2
. The

incomplete elliptic integrals of the first and second kind
respectively with modulus k = sinα and angular amplitude β

are defined as follows:

F(k,β) =
β∫

0

1√
1 − k2 sin2θ

dθ (A1.11)

and

E(k,β) =
β∫

0

√
1 − k2sin2θ dθ (A1.12)

Appendix 2: Particular limiting cases for the
Lipschitz–Hankel integrals

In this Appendix I shall examine some important particular
cases for the Lipschitz–Hankel integrals which occur in the
generic expressions for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor of
the semi-infinite right circular vertical cylinder. Expressions
for the magnetic scalar potential require the following pair of
Lipschitz–Hankel integrals, namely, I(1,0;−1) and I(1,1;−1),
while expressions for the magnetic field components require
I(1,0; 0), I(1,1;−1)/r and I(1,1; 0), and expressions for themag-
netic gradient tensor also require I(1,0; 0)/r, I(1,1;−1)/r2,
I(1,1; 0)/r, I(1,0; 1) and I(1,1; 1). The particular cases to be con-
sidered are as follows:

(1) Any axial measurement point P(0,0,z) which is above the
top of the cylinder, i.e. where r =

√
x2 + y2 = 0 and z <

0.
(2) The axial measurement point P(0,0,0) which lies at the

origin on the top surface of the cylinder, i.e. where r =√
x2 + y2 = 0 and z = 0.

(3) The coplanar measurement point P(r, θ , 0) or P(x,y,0)
which lies on the top surface of the cylinder or is coplanar
with it, i.e. where r =

√
x2 + y2; θ = arctan (y/x); z = 0

and the three sub-cases 0 < r < a; r = a; r > a.

1. Axial cases

The expressions for the axial measurement cases in the
six Lipschitz–Hankel integrals I(1,0;−1), I(1,1;−1), I(1,0; 0),
I(1,1; 0), I(1,0; 1) and I(1,1; 1) are derived by setting r = 0 in
the integral forms of these functions. However the inte-
grals I(1,1;−1)/r, I(1,0; 0)/r, I(1,1;−1)/r2 and I(1,1; 0)/r which
have factors of 1/r or 1/r2 require a different treatment
involving expansions of the Lipschitz–Hankel integrals for
small r/a (see Appendix 4). For the axial cases in which
r = 0, the J0(rp) and J1(rp) Bessel functions are J0(rp) = 1
and J1(rp) = 0 (Abramowitz and Stegun 1964, Table 9.1,
p.390). Then for the I(1,1;−1) Lipschitz–Hankel integral in
Equation (A1.1)

I(1,1;−1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| p−1dp

=
∫ ∞

0
J1(ap) J1(0)e−p|z| p−1 dp = 0. (A2.1.1)
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Similarly for the I(1,1; 0) Lipschitz–Hankel integral in
Equation (A1.4)

I(1,1; 0) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| dp

=
∫ ∞

0
J1(ap) J1(0)e−p|z| dp = 0. (A2.1.2)

Similarly for the I(1,1; 1) Lipschitz–Hankel integral in
Equation (A1.6)

I(1, 1; 1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| pdp = 0. (A2.1.3)

For the I(1,0;−1) Lipschitz–Hankel integral in Equation (A1.1)
setting J0(rp) = 1 for r = 0,

I(1,0;−1) =
∫ ∞

0
J1(ap) J0(0)e−p|z| p−1 dp

=
∫ ∞

0
J1(ap) e−p|z| p−1 dp.

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.623.3) namely,

∫ ∞

0
e−αxJν(βx) x−1 dx =

(√
α2 + β2 − α

)ν

νβν
.

Hence for ν = 1, α = |z| , β = a, then

I(1,0;−1) =
∫ ∞

0
J1(ap) e−p|z| p−1 dp

=
√
z2 + a2 − |z|

a
(r = 0, z < 0). (A2.1.4)

For the I(1,0; 0) Lipschitz–Hankel integral in Equation (A1.3) on
setting J0(rp) = 1 for r = 0,

I(1,0; 0) =
∫ ∞

0
J1(ap) J0(0)e−p|z| dp =

∫ ∞

0
J1(ap) e−p|z| dp.

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.621.4) namely,

∫ ∞

0
e−αxJν(βx)dx =

(√
α2 + β2 − α

)v
βν
√

α2 + β2
.

Thus for ν = 1, α = |z| , β = a,

I(1, 0; 0) =
∫ ∞

0
J1(ap) e−p|z| dp =

√
z2 + a2 − |z|
a
√
z2 + a2

= 1
a

{
1 − |z|√

z2 + a2

}
(r = 0, z < 0). (A2.1.5)

Finally to determine the limit for the integral I(1,1;−1)/r in
the axial case, it is necessary to find a series expansion of the
integral I(1,1;−1) for small values of (r/a). Following Eason,
Noble, and Sneddon (1955, 535), it may be shown that for
ζ = |z|/a

I(1,1;−1) =
√
1 + ζ 2 − ζ

2
√
1 + ζ 2

( r
a

)
+ O

( r
a

)3

= 1
2

[
1 − ζ√

1 + ζ 2

] ( r
a

)
+ O

( r
a

)3
.

Hence I(1,1;−1)/r = 1
2a

[
1 − ζ√

1 + ζ 2

]
+ O

( r
a

)2

= 1
2a

[
1 − |z|√

a2 + z2

]
+ O

( r
a

)2
,

so that I(1,1;−1)/r = 1
2a

[
1 − |z|√

a2 + z2

]

= 1
2
I(1,0; 0) (for r = 0). (A2.1.6)

2. Origin cases

For an observation station at the origin or centre of the top
face of the semi-infinite right circular vertical cylinder, the
expressions for the three Lipschitz–Hankel integrals I(1,0;−1),
I(1,0; 0) and I(1,1;−1)/r respectively are derived by setting
z = 0 in the expressions for these functions in equations
(A2.1.4)–(A2.1.6) above. Thus from Equation (A2.1.4), the
I(1,0;−1) Lipschitz–Hankel integral at the origin is

I(1,0;−1) =

√
z2 + a2 − |z|

a
= 1 (for r = 0, z = 0).

(A2.2.1)

Similarly from Equation (A2.1.5), the I(1,0; 0) Lipschitz–Hankel
integral is

I(1,0; 0) = 1
a

{
1 − |z|√

z2 + a2

}
= 1

a
(r = 0, z = 0) ,

(A2.2.2)

and from Equation (A2.1.6), the I(1,1;−1)/r Lipschitz–Hankel
integral is

I(1,1;−1)/r = 1
2a

[
1 − |z|√

z2 + a2

]
= 1

2
I(1,0; 0)

= 1
2a

(for r = 0, z = 0). (A2.2.3)

The I(1,1;−1), I(1,1; 0) and I(1,1; 1) Lipschitz–Hankel integrals
are identically zero at the origin as in the axial cases above,

I(1,1;−1) = 0; I(1,1; 0) = 0 ; I(1,1; 1) = 0 (r = 0, z ≤ 0).
(A2.2.4)

3. Coplanar cases

The I(1,0;−1), I(1,1;−1) and I(1,0; 0) Lipschitz–Hankel inte-
grals contain terms involving Heuman’s Lambda function
�0(k,β) where sin2 β = z2/{ (a − r)2 + z2} [see Equation
(A1.10)]. In each of the three coplanar cases |z| = 0 so that
sin2 β = 0. Therefore Heuman’s Lambda function �0(k,β)

and the incomplete elliptic integrals F0(k,β) and E0(k,β)

are all identically zero in equations (A1.1), (A1.2), and (A1.3)
respectively (Abramowitz and Stegun 1964, Tables 17.5 and
17.6).

The expressions for the I(1,0;−1) integral in the three par-
ticular coplanar cases above are derived by setting |z| = 0 in
Equation (A1.1), namely,

I(1,0;−1) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(a + r)

2a
E0(k) + (a − r)

2a
F0(k) (r < a)

1 (r = a)

(a + r)

2a
E0(k) + (a − r)

2a
F0(k) (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
,

(A2.3.1)

k2 = sin2α = 4ar

(a + r)2
; sin2β = 0 ; �0(k, 0) = 0. (A2.3.2)

Similarly, the expressions for the three particular coplanar
cases belonging to the I(1,1;−1) and I(1,1;−1)/r integrals are
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derived by setting |z| = 0 in Equation (A1.2), namely,

I(1,1;−1) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

r

2a
(r < a)

1
2

(r = a)

a

2r
(r > a)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
,

and

I(1,1;−1)/r =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
2a

(r < a)

1
2a

(r = a)

a

2r2
(r > a)

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
. (A2.3.3)

Similarly, the expressions for the I(1,0; 0) and I(1,0; 0)/r inte-
grals in the three coplanar cases above are derived by setting
|z| = 0 in Equation (A1.3). Hence

I(1,0; 0) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
a

(r < a)

1
2a

(r = a)

0 (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
,

and

I(1,0; 0)/r =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
ar

(r < a)

1
2a2

(r = a)

0 (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
. (A2.3.4)

It is noted that the limit for r = a is exactly the Dirichlet limit
for the (r < a) and (r > a) particular cases as r approaches a,
i.e.

I(1,0; 0)|r=a = 1
2

{
lim
r→a

[I(1,0; 0)| r<a + I(1,0; 0)| r>a]
}
,

= 1
2

(
1
a

+ 0
)

= 1
2a

.

The expressions for the I(1,1; 0) and I(1,1; 0)/r integrals for
the (0 < r < a) and (r > a) particular coplanar cases remain
unchanged from Equation (A1.4) except at a measurement
point P(a, θ , 0) on the rim of the top surface where it is unde-
fined. Hence

I(1,1; 0) =

⎧⎪⎨
⎪⎩

1

k
√
ar

[(
1 − k2

2

)
F0(k) − E0(k)

]
(r �= a)

∞ (r = a)

⎫⎪⎬
⎪⎭ ,

(A2.3.5)

and

I(1,1; 0)/r =

⎧⎪⎨
⎪⎩

1

kr
√
ar

[(
1 − k2

2

)
F0(k) − E0(k)

]
(r �= a)

∞ (r = a)

⎫⎪⎬
⎪⎭ .

(A2.3.6)

The expression for the I(1,0; 1) integral for the (0 < r < a)
and (r > a) coplanar cases remains unchanged from Equation
(A1.5) except at measurement points P(a, θ , 0) on the rim of
the top surface of the right circular cylinder where it is unde-
fined. Since the I(1,0; 1) integral changes sign from positive
to negative for measurement points where r > a then

I(1,0; 1) =

⎧⎪⎨
⎪⎩

1
2a

[
E0(k)

(a − r)
+ F0(k)

(a + r)

]
(r �= a)

±∞ (r = a)

⎫⎪⎬
⎪⎭ . (A2.3.7)

Appendix 3: Derivatives of the
Lipschitz–Hankel integrals I(1,0;−2), I(1,0;−1),
I(1,1;−1), I(1,0; 0), I(1,1; 0)
Expressions for the gravity field, gravity gradient tensor,
magnetic field and magnetic gradient tensor for a semi-
infinite right circular vertical cylinder involve finding the par-
tial derivatives of the Lipschitz–Hankel integrals I(1,0;−2),
I(1,0;−1), I(1,1;−1), I(1,0; 0), and I(1,1; 0) with respect to the x,
y, z Cartesian coordinates. These integrals take the following
general form:

I(m,n; l) =
∫ ∞

0
Jm(ap) Jn(rp)e−p|z| pl dp. (A3.1)

where Jm(ap) and Jn(rp) are Bessel functions of the first kind
and of integer order m and n respectively and where m = 1;
n = 0, 1; l = −2, −1, 0 for the five Lipschitz Hankel integrals
shown above.

By inspection, it is evident that only the Bessel function
Jn(rp) in Equation (A3.1) is dependent on the radial coordi-
nate r. Furthermore, since r =

√
x2 + y2 then ∂r

∂x = x/r and
∂r
∂y = y/r, and by the chain rule of partial differentiation:

∂

∂x
I(m,n; l) = ∂

∂r
I(m,n; l)

(
∂r

∂x

)
=
( x
r

) ∂

∂r
I(m,n; l). (A3.2.1)

∂

∂y
I(m,n; l) = ∂

∂r
I(m,n; l)

(
∂r

∂y

)
=
( y
r

) ∂

∂r
I(m,n; l). (A3.2.2)

Hence expressions for the x, y partial derivatives of I(m,n; l)
may be derived from expressions for its radial or r par-
tial derivative. By inspection, it is evident that only the
J0(rp) and J1(rp) Bessel functions for n = 0, 1 respectively in
Equation (A3.1) are dependent on r. From Abramowitz and
Stegun (1964, equation 9.1.28), the r partial derivative of the
Bessel function J0(rp) is

∂

∂r
J0(rp) = −p J1(rp) , (A3.3.1)

while the r partial derivative of the Bessel function J1(rp) is
(Abramowitz and Stegun, 1964, Equation 9.1.30),

∂

∂r
J1(rp) = p J0(rp) − 1

r
J1(rp). (A3.3.2)

Hence from Equation (A3.3.1) the r partial derivative of the
I(1,0; l) integral is given by

∂

∂r
I(1,0; l) =

∫ ∞

0
J1(ap)

∂

∂r
J0(rp)e−p|z| pl dp

=
∫ ∞

0
J1(ap) − p J1(rp)e−p|z| pl dp

= −
∫ ∞

0
J1(ap) J1(rp)e−p|z| pl+1 dp

= −I(1,1; l + 1). (A3.4.1)

And from Equation (A3.3.2) the r partial derivative of the
I(1,1; l) integral is given by

∂

∂r
I(1,1; l) =

∫ ∞

0
J1(ap)

∂

∂r
J1(rp)e−p|z| pl dp

=
∫ ∞

0
J1(ap)

{
p J0(rp) − 1

r
J1(rp)

}
e−p|z| pl dp

=
∫ ∞

0
J1(ap)p J0(rp)e−p|z| pl dp

−
∫ ∞

0
J1(ap)

1
r
J1(rp)e−p|z| pl dp,
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and therefore,

∂

∂r
I(1,1; l) =

∫ ∞

0
J1(ap)J0(rp)e−p|z| pl+1 dp

− 1
r

∫ ∞

0
J1(ap) J1(rp)e−p|z| pl dp, or

∂

∂r
I(1,1; l) = I(1,0; l + 1) − 1

r
I(1,1; l) for l = −2, −1, 0.

(A3.4.2)

The expressions for the r partial derivatives of Lipschitz–
Hankel integrals I(1,0; −2), I(1,0; −1), I(1,1; −1), I(1,0; 0)
and I(1,0; 0)may now be written from equations (A3.4.1) and
(A3.4.2). First for the three Lipschitz–Hankel integrals involv-
ing Equation (A3.4.1) where n = 0 and l = −2, −1, 0 respec-
tively,

∂

∂r
I(1,0;−2) = −I(1,1;−1). (A3.5.1)

∂

∂r
I(1,0;−1) = −I(1,1; 0). (A3.5.2)

∂

∂r
I(1,0; 0) = −I(1,1; 1). (A3.5.3)

And second for the pair of Lipschitz–Hankel integrals
involving Equation (A3.4.2) where n = 1 and l = −1, 0

∂

∂r
I(1,1;−1) = I(1,0; 0) − 1

r
I(1,1;−1). (A3.5.4)

∂

∂r
I(1,1; 0) = I(1,0; 1) − 1

r
I(1,1; 0). (A3.5.5)

The expressions for the z partial derivatives are straightfor-
ward since only the exponential term exp( − p|z|) in the
I(m,n; l) Lipschitz–Hankel integral is dependent on z. Since
∂|z|
∂z = −1 for z < 0, the expression for the z partial derivative
of exp( − p|z|) is p exp( − p|z|). Therefore,

∂

∂z
I(m,n; l) =

∫ ∞

0
Jm(ap)

∂

∂r
Jn(rp)pl

∂

∂z
e−p|z| dp

=
∫ ∞

0
Jm(ap)Jn(rp)pl+ 1e−p|z| dp,

= I(m,n; l + 1) ;m = 1; n = 0, 1 ; l = −2,−1, 0, . . .
(A3.6)

Hence from Equation (A3.6)

∂

∂z
I(1,0;−2) = I(1,0;−1) form = 1, n = 0; l = −2.

(A3.7.1)

∂

∂z
I(1,0;−1) = I(1,0; 0) form = 1, n = 0; l = −1. (A3.7.2)

∂

∂z
I(1,1;−1) = I(1,1; 0) form = 1, n = 1; l = −1. (A3.7.3)

∂

∂z
I(1,0; 0) = I(1,0; 1) form = 1, n = 0; l = 0. (A3.7.4)

∂

∂z
I(1,1; 0) = I(1,1; 1) form = 1, n = 1; l = 0. (A3.7.5)

Appendix 4: Evaluation of the
Lipschitz–Hankel integrals for small r/a
including r = 0.

The general form of the Lipschitz–Hankel integral I(μ,ν; λ) is
defined by Eason, Noble, and Sneddon (1955) as:

I(μ,ν; λ) =
∫ ∞

0
Jμ(at) Jv(bt)e−ct tλ dt , (A4.1)

where Jμ(at) and Jv(bt) are Bessel functions of the first kind
with order μ and ν respectively. A necessary condition for

the convergence of the I(μ,ν; λ) integral is that μ − ν + λ >

−1 (Eason, Noble, and Sneddon 1955). An alternative form of
Equation (A4.1) is (Eason et al., 1955, equation 1.2)

J(μ,ν; λ) =
∫ ∞

0
Jμ(ξ)Jv(ρξ)e−ζ ξ ξλ dξ , (A4.2)

where ρ = b/a, ζ = c/a, ξ = at, and therefore,

I(μ,ν; λ) = a−λ−1J(μ,ν; λ). (A4.3)

The parameters b and c in Equation (A4.2) are equivalent to r
and |z| respectively in Equation (1) of this paper so that ρ =
r/a and ζ = |z|/ a.

The Lipschitz–Hankel integralswhich appear in the expres-
sions for themagnetic scalar potential, themagnetic field vec-
tor and the magnetic gradient tensor have integer values for
μ, ν; λ. Therefore, I shall adopt the notation of Eason, Noble,
and Sneddon (1955) wherem,n; l replaceμ,ν; λ respectively in
equations (A4.1)−(A4.3). Hence

I(m,n; l) = a−l−1J(m,n; l) (form − n + l > −1). (A4.4)

When the parameter ρ = r/a is small, then the Jv(ρξ) Bessel
function in Equation (A4.2) may be replaced by its series
expansion (Eason, Noble, and Sneddon 1955, 535), namely,

J(m,n; l)

= ρn

2nn!

{
j(m; l + n) − ρ2

4(n + 1)
j(m; l + n + 2) + . . .

}
,

(A4.5)

where j(m; q) =
∫ ∞

0
Jm(ξ)ξq e−ζ ξ dξ . (A4.6)

The integrals j(m; q) have been evaluated by Watson (1943,
386) for various integer values of m and q. Eason, Noble, and
Sneddon (1955, 535) have listed formulae for calculatingmany
of these integrals. These formulae are used to derive approx-
imate expressions for the Lipschitz–Hankel integrals which
appear in the equations for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor. In
particular for small ρ = r/a and ζ = |z|/a,

J(m,n;−n) =
{√

1 + ζ 2 − ζ
}m

2n n !
√
1 + ζ 2

ρn + O(ρn+2). (A4.7.1)

J(m,n; − n − 1) =
{√

1 + ζ 2 − ζ
}m

2n n !m
ρn + O(ρn+2).

(A4.7.2)

J(m,n;m − n) = 1.3 . . . (2m − 1)

2n n ! (1 + ζ 2)
m+ 1

2

ρn + O(ρn+2). (A4.7.3)

J(m,n;m − n + 1) = 1.3 . . . (2m + 1) ζ

2n n ! (1 + ζ 2)
m+ 3

2

ρn + O(ρn+2) ,

(A4.7.4)

where O(ρn+2) = − ρn+ 2

2n+ 2 (n + 1)!
j(m; l + n + 2). (A4.7.5)

Substitution of m = 1, n = 0 and l = −n − 1 in Equa-
tions (A4.4) and (A4.7.2), yields the following expression for
I(1,0; −1) when ρ is small

I(1,0;−1) = J(1,0;−1) =
{√

1 + ζ 2 − ζ
}

+ O(ρ2).

The first higher order O(ρ2) term is found from
Equation (A4.7.5), so that

I(1,0;−1) = J(1,0;−1) ∼=
{√

1 + ζ 2 − ζ
}

− ρ2

4
j(1;1).

(A4.8.1)
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Substitution of m = 1, n = 1 and l = −n = −1 in Equa-
tions (A4.4) and (A4.7.1), yields the following expression for
I(1,1; −1) when ρ is small

I(1,1;−1) = J(1,1;−1) =
{√

1 + ζ 2 − ζ
}

2
√
1 + ζ 2

ρ + O(ρ3).

The first higher order O(ρ3) term is found from Equation
(4.7.5), so that

I(1,1;−1) = J(1,1;−1) ∼=

{√
1 + ζ 2 − ζ

}
2
√
1 + ζ 2

ρ − ρ3

16
j(1; 2).

(A4.8.2)

Also for I(1,1; −1)/r

I(1,1;−1)/r = J(1,1;−1)/r

∼= 1
2a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

− ρ2

8
j(1; 2)

⎤
⎦ . (A4.8.3)

Substitution of m = 1, n = 0 and l = −n = 0 in Equations
(A4.4) and (A4.7.1), yields the following expression for I(1,0; 0)
when ρ is small

I(1,0; 0) = 1
a
J(1,0; 0) = 1

a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

+ O(ρ2)

⎤
⎦ .

The first higher order O(ρ2) term is found from
Equation (4.7.5), so that

I(1,0; 0) = 1
a
J(1,0; 0) ∼= 1

a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

− ρ2

4
j(1; 2)

⎤
⎦ .

(A4.8.4)

Substitution ofm = 1, n = 1 and l = m − n = 0 in equations
(A4.4) and (A4.7.3), yields the following expression for I(1,1; 0)
when ρ is small

I(1,1; 0) = 1
a
J(1,1; 0) = 1

a

[
1

2(1 + ζ 2)
3/2 ρ + O(ρ3)

]
.

The first higher order O(ρ3) term is found from
Equation (4.7.5), so that

I(1,1; 0) = 1
a
J(1,1; 0) ∼= 1

2a

[
1

(1 + ζ 2)
3/2 ρ − ρ3

8
j(1; 3)

]
.

(A4.8.5)

Also for I(1,1; 0)/r

I(1,1; 0)/r = 1
a
J(1,1; 0)/r ∼= 1

2a2

[
1

(1 + ζ 2)
3/2 − ρ2

8
j(1; 3)

]
.

(A4.8.6)

Substitution ofm = 1, n = 0 and l = m − n = 1 in equations
(A4.4) and (A4.7.3), yields the following expression for I(1,0; 1)
when ρ is small

I(1,0; 1) = 1
a2

J(1,0; 1) = 1
a2

[
1

(1 + ζ 2)
3/2 + O(ρ2)

]
.

The first higherorderO(ρ2) term is found fromEquation (4.7.5),
so that

I(1,0; 1) = 1
a2

J(1,0; 1) ∼= 1
a2

[
1

(1 + ζ 2)
3/2 − ρ2

4
j(1; 3)

]
.

(A4.8.7)

Substitution of m = 1, n = 1 and l = m − n + 1 = 1 in
Equations (A4.4) and (A4.7.4), yields the following expression

for I(1,1; 1) when ρ is small

I(1,1; 1) = 1
a2

J(1,1; 1) = 1
a2

[
3ζ

2(1 + ζ 2)
5/2 ρ + O(ρ3)

]
.

The first higherorderO(ρ3) term is found fromEquation (4.7.5),
so that

I(1,1; 1) = 1
a2

J(1,1; 1) ∼= 1
2a2

[
3ζ

(1 + ζ 2)
5/2 ρ − ρ3

8
j(1; 4)

]
.

(A4.8.8)

Lipschitz–Hankel integrals at axial
measurement points on and above a vertical
cylinder

The series expansions for the Lipschitz–Hankel integrals
developed in Equations (A4.8.1)–(A4.8.8) may now be used to
derive expressions for the Lipschitz–Hankel integrals at axial
measurement points by setting ρ = r/a = 0 and ζ = |z|/a.
From Equation (A4.8.1), the expression for the I(1,0; −1) Lips-
chitz–Hankel integral at an axial station P(0,0,z) is

I(1,0; −1) =
[√

1 + ζ 2 − ζ
]

= 1
a

[√
z2 + a2 − |z|

]
(for r = 0). (A4.9.1)

and at the origin on the top surface of the cylinder

I(1,0;−1) = 1 (for r = 0, z = 0). (A4.9.2)

From Equation (A4.8.2), the expression for the I(1; 1; −1) Lip-
schitz–Hankel integral at an axial station P(0,0,z) including the
origin is

I(1,1; −1) = 0 (for r = 0, z ≤ 0). (A4.9.3)

From Equation (A4.8.4), the expression for the I(1,0; 0) Lips-
chitz–Hankel integral at an axial station P(0,0,z) is

I(1,0; 0) = 1
a

[
1 − ζ√

1 + ζ 2

]
= 1

a

[
1 − z√

z2 + a2

]
.

(A4.9.4)

And at the origin on the top surface of the cylinder

I(1,0; 0) = 1
a

(for r = 0, z = 0). (A4.9.5)

Also from Equation (A4.8.3) the expression for I(1,1; −1)/r at
an axial station P(0,0,z) is

I(1,1; −1)/r = 1
2a

[
1 − ζ√

1 + ζ 2

]
= 1

2a

[
1 − z√

z2 + a2

]
,

= 1
2
I(1,0; 0). (A4.9.6)

And at the origin on the top surface of the cylinder

I(1,1; −1)/r = 1
2a

= 1
2
I(1,0; 0) (for r = 0, z = 0). (A4.9.7)

From Equation (A4.8.5), the expression for the Lipschitz–
Hankel integral I(1; 1; 0) at an axial station P(0,0,z) including
the origin is

I(1; 1; 0) = 0 (for r = 0, z ≤ 0). (A4.9.8)

And fromEquation (A4.8.6), the expression for I(1,1; 0)/r at an
axial station P(0,0,z) is

I(1,1; 0)/r = 1
2a2

[
1

(1 + ζ 2)
3/2

]
=
[

a

2 (z2 + a2)3/2

]
.

(A4.9.9)
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And at the origin on the top surface of the cylinder

I(1,1; 0)/r = 1
2a2

(for r = 0, z = 0). (A4.9.10)

From Equation (A4.8.7), the expression for I(1,0; 1) at an axial
station P(0,0,z) is

I(1,0; 1) = 1
a2

[
1

(1 + ζ 2)
3/2

]
=
[

a

(z2 + a2)3/2

]
,

= 2
r
I(1,1; 0) . (A4.9.11)

And at the origin on the top surface of the cylinder

I(1,0; 1) = 1
a2

= 2
r
I(1,1; 0) (for r = 0, z = 0). (A4.9.12)

From Equation (A4.8.8), the expression for I(1,1; 1) at an axial
station P(0,0,z) including the origin is

I(1,1; 1) = 0 (for r = 0, z ≤ 0). (A4.9.13)

Appendix 5: Symmetry properties of the
magnetic gradient tensor for three for special
magnetisation directions

For a magnetisation M = |M| x̂ = M x̂; M = Mx in the north
or x direction, the magnetic gradient tensor elements at an
observation point r = (r, θ , z) are as follows:

Bxx(r;M = M x̂)

= 2πaCm M

{
cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos3θ I(1,1; 1)
}
. (A5.1.1)

Bxy(r;M = M x̂)

= 2πaCm M

{
sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin θ cos2θ I(1,1; 1)
}
,

= Byx(r;M = M x̂). (A5.1.2)

Bxz(r;M = M x̂)

= πaCm M

{
cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Bzx(r;M = M x̂). (A5.1.3)

Byy(r;M = M x̂)

= 2πaCm M

{
−cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos θsin2θ I(1,1; 1)
}
. (A5.1.4)

Byz(r;M = M x̂)

= πaCm M

{
sin 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]}
,

= Bzy(r;M = M x̂). (A5.1.5)

Bzz(r;M = M x̂) = −2πaCm Mcos θ I(1,1; 1). (A5.1.6)

For a magnetisation M = |M| ŷ = M ŷ ;M = My in the east
or y direction, the magnetic gradient tensor elements at an
observation point r = (r, θ , z) are as follows:

Bxx(r;M = M ŷ)

= 2πaCmM
{
sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin θ cos2θ I(1,1; 1)
}
,

= Bxy(r;M = M x̂). (A5.2.1)

Bxy(r;M = M ŷ)

= 2πaCmM
{
−cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos θ sin2θ I(1,1; 1)
}
,

= Byy(r;M = M x̂). (A5.2.2)

Bxz(r;M = Mŷ)

= πaCmM
{
sin 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]}
,

= Byz(r;M = Mx̂). (A5.2.3)

Byy(r;M = M ŷ)

= 2πaCm M

{
−sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin3θ I(1,1; 1)
}
. (A5.2.4)

Byz(r;M = M ŷ)

= πaCm M

{
−cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
.

(A5.2.5)

Bzz(r;M = M ŷ) = −2πaCm M sin θ I(1,1; 1). (A5.2.6)

For a magnetisation M = |M|ẑ = M ẑ ;M = Mz in the down-
ward vertical or z direction, the magnetic gradient tensor
elements at an observation point r = (r, θ , z) are as follows:

Bxx(r;M = M ẑ)

= πaCm M

{
cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Bxz(r;M = Mx̂). (A5.3.1)

Bxy(r;M = M ẑ)

= πaCm M sin 2θ
[
2
r
I(1,1; 0) − I(1,0; 1)

]
,

= Byz(r;M = M x̂) = Bxz(r;M = M ŷ). (A5.3.2)

Bxz(r;M = M ẑ)

= −2πaCm M cos θ I(1,1; 1) , = Bzz(r;M = M x̂). (A5.3.3)

Byy(r;M = M ẑ)

= πaCmM
{
−cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Byz(r;M = Mŷ). (A5.3.4)

Byz(r;M = M ẑ)

= −2πaCm M sin θ I(1,1; 1) , = Bzz(r;M = M ŷ). (A5.3.5)

Bzz(r;M = M ẑ) = 2πaCmMz I(1,0; 1). (A5.3.6)

The expressions for B(r;M = M x̂) in equations (A5.1.1)-
(A5.1.6) represent those for the magnetic gradient tensor
B(r) reduced to the equator (RTE) while the expressions for
B(r;M = M ẑ) in equations (A5.3.1)-(A5.3.6) represent those
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for the magnetic gradient tensor B(r) reduced to the north
magnetic pole (RTP).

In addition to the symmetry relations derived here and
detailed previously in this paper, I also note that it is

possible to define six symmetry classes for the set of ten-
sor elements (18 in all) shown in Equations (A5.1.1)–(A5.1.6),
(A5.2.1)–(A5.2.6), (A5.3.1)–(A5.3.6). The characteristics of these
six symmetry classes are outlined in detail in Table 4.

Table 4. Image symmetry classes for the gradient tensor elementsBxx , Bxy , Bxz , Byy , Byz , Bzz due to a semi-infinite right circular vertical
cylinderwithmagnetisation intensityM = 1 Am−1 along three orthogonal directions, i.e.M = Mx̂,M = Mŷ,M = Mẑ respectively.
The notation is BMxxx short for tensor element Bxx(r;M = Mx̂) and so on.

Image symmetry class Gradient tensor elements Lines of symmetry Moment direction Min–Max range (nT/m) Image pattern

1A BMxxx 0° 0° ±2.4704 S–N dipole antisymmetric
across the centre

1B BMyyy 090° 090° ±2.4704 W–E dipole antisymmetric
across the centre

2A BMxyy , BMyxy 0° 0° ±0.9345 S–N major dipole
antisymmetric across
centre with a pair of
N–S minor dipoles
equidistant from the
centre

2B BMyxx , BMxxy 090° 090° ±0.9345 W–E major dipole
antisymmetric across
centre with a pair of
E–W minor dipoles
equidistant from the
centre

3A BMxxz , BMzxx 0°, 090° 0°, 180° −2.2479, 1.3372 Pair of S–N and N–S
opposed dipoles which
emanate from a global
minimum at the centre

3B BMyyz , BMzyy 0°,090° 090°, 270° −2.2479, 1.3372 Pair of W–E and E–W
opposed dipoles which
emanate from a global
minimum at the centre

4 BMxyz , BMyxz , BMzxy 045°, 135° 0°, 180°; 090°, 270° ±1.2443 Quadrupole: pairs of
opposed S–N and W–E
dipoles equidistant from
the centre

5A BMxzz , BMzxz 0° 180° ±3.3135 N–S dipole antisymmetric
across the centre

5B BMyzz , BMzyz 090° 270° ±3.3135 E–W dipole antisymmetric
across the centre

6 BMzzz all all −0.4550, 4.9509 Point pole with radial
symmetry about a
central maximum
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