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Themagnetic field andmagnetic gradient tensor for a right circular cylinder
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ABSTRACT
Expressions for the magnetic scalar potential, the magnetic field vector and the magnetic gra-
dient tensor due to a uniformly magnetised semi-infinite right circular vertical cylinder are
presented based on an application of Poisson’s relation to the gravity gradient tensor. The
superposition principle allows for the theory to be extended to finite length and concentrically
zoned right circular cylinders. This formulation provides an accurate and computationally effi-
cient means of modelling the magnetic response of vertical or plunging right circular cylinders
or pipes in which the total magnetisation is assumed to be homogeneous. This modelling tech-
nique lends itself to inversion applications in magnetic exploration. Furthermore, the theory
presented here considers some important special cases including expressions for the magnetic
gradient tensor on the axis of a vertical cylinder or pipe. This leads to expressions for estimating
the direction of magnetisation within a uniformly magnetised pipe. This theory provides a basis
for mapping magnetisation directions over quasi-vertical pipe-like bodies.
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Introduction

The finite and semi-infinite, right circular cylinder
model in geophysical exploration can provide a use-
ful representation of pipe-like bodies in both grav-
ity and magnetic modelling. For example right circu-
lar vertical pipes provide a useful representation for
manyquasi-circular kimberlite pipes, somenear-vertical
basaltic pipe swarms and some pipe-likemagnetite and
pyrrhotite bearing ore bodies (Clark 2012, 2013, 2014;
Pratt, McKenzie, and White 2014).

In this paper, I derive expressions for the magnetic
scalar potential, the magnetic field vector and themag-
netic gradient tensor of the semi-infinite right circular
vertical cylinder or pipe. Expressions for the finite length
circular cylinder (or pipe) may then be deduced using
the principle of superposition. Importantly, I note that
the following twodescriptive terms referred to through-
out this paper, namely, right circular vertical cylinder
and right circular vertical pipe are identical magnetic
sources.

Thiswork has its basis in papers by Singh (1977b) and
Singh and Sabina (1978) who used a Fourier–Hankel
transform of Poisson’s equation to derive a closed form
expression for the gravitational potential at points on
or above the top face of the cylinder. This develop-
ment enabled Singh and Sabina (1978) to derive closed
form expressions for the total anomalous magnetic
field due to a right circular vertical cylinder with uni-
form total magnetisation via an application of Pois-
son’s relation. Prior to this research, papers on the

magnetic response of right circular vertical cylinders
were rather uncommon in the literature with most
attention focussed on the derivation of expressions for
the vertical component of gravitational attraction due
to right circular vertical cylinder sources [see for exam-
ple, Nabighian 1962; Nagy 1965; Singh 1977a,b]. Reilly
(1969) and Woodward (1973) presented expressions
for the anomalous gravitational and magnetic effects
of right circular cylinders. Importantly, Reilly (1969)
derived expressions for the anomalous gravitational
potential, the gravitational field, the gravity gradient
tensor and the components of the anomalousmagnetic
field due to a finite length right circular cylinder with
arbitrary orientation and uniformmagnetisation but his
formulation was based on infinite series of Legendre
polynomials which presented some computational dif-
ficulties and convergence problems (Woodward 1973;
Siew 1990).

More recently Damiata and Lee (2002a, 2002b) have
derived expressions for the components of the grav-
itational field due to both vertical and plunging cir-
cular cylinders using the gravitational potential given
in Singh (1977b). In their second paper, Damiata and
Lee (2002b) noted but did not elaborate in detail how
this theory may be extended to computation of the
magnetic field components. Finally, Rim and Li (2016)
have derived expressions for the gravity gradient ten-
sor due to a plunging circular cylinder, however, these
expressions were not extended to the magnetic field or
magnetic gradient tensor cases.
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An important theoretical investigation of the anoma-
lous magnetic field due to a vertical cylinder was given
in Siew (1990) and also in Siew (1997) in which he out-
lined a methodology for differentiating between cylin-
ders and discs. In his earlier paper, Siew (1990) showed
that expressions for the anomalous potential due to a
vertical cylinder can be expressed as a pair of axisym-
metric and non-symmetric potentials which arise from
its top planar surface and from its curved vertical face
respectively. Siew (1990)didnotprovideexplicit expres-
sions for the magnetic field components in his paper
but he was able to confirm that for low susceptibility
sources, the expressions for the pair of axisymmetric
and non-symmetricmagnetic scalar potentials (in Equa-
tions (5.6) and (5.7) of his paper) were in agreement
with Singh and Sabina (1978). An important aspect of
Siew’s (1990) paper is an investigation of the logarith-
mic singularity on the rim of the cylinder which leads
to expressions for the magnetic scalar potential both
inside and outside a permeable magnetic cylinder with
the former providing a basis for the computing the self
demagnetisation effects of a vertical cylinder in which
the relative magnetic permeability μ/μ0 exceeds 1.

As noted above the development of theory for cal-
culating both the full gravitational and magnetic fields
and their respective gradient tensors for a right circular
cylinder hasbeenboth slowand fragmented. This paper
presents a more unified overview of the theory filling in
gaps not covered in previous papers and culminating in
theory for the magnetic gradient tensor of a right cir-
cular cylinder. First I will use Poisson’s relation to derive
an expression for the magnetic scalar potential due to
a right circular cylinder using expressions for its gravi-
tational field components. Second I will again use Pois-
son’s relation to derive expressions for the magnetic
field components due to a uniformly magnetised cylin-
der using expressions for the gravity gradient tensor
due to a right circular cylinder. The expressions for the
magnetic gradient tensor may be derived from either
the scalar magnetic potential or from the gravity gradi-
ent tensor. Here I use the second approachwhich allows
me to highlight the relation between the gravity gradi-
ent tensor and themagnetic field components for three
orthogonal magnetisation directions which leads to a
definition of the magnetic field-magnetisation matrix
for a vertical cylinder.

The expressions for the magnetic scalar potential,
the magnetic field vector and the magnetic gradient
tensor of a circular pipe contain a total of six Lips-
chitz–Hankel integrals which involve products of pairs
of Bessel functions. Closed form expressions for each
of these integrals which necessarily involve elliptic inte-
gral functions have been derived by Eason, Noble, and
Sneddon (1955). In addition to presenting these results,
I shall discuss the numerical accuracy of these formulae
for various geometries of observation points relative to
the centre of the top face of the cylinder. The results will

be compared with those derived from using a facetted
circular pipemodelwhere the number of sides in polyg-
onal section is allowed to increase.

The theory presented in this paper gives expressions
for the magnetic field and gradient tensor at an exter-
nal observation point in both Cartesian and cylindrical
coordinates. This includes some important special cases
including observation points which may be axial or
coplanar with a right circular vertical pipe. Most impor-
tantly the axial cases lead to expressions for calculating
the direction of magnetisation in a vertical pipe. Fur-
thermore, the use of cylindrical coordinates facilitates
the extension of theory to calculating the anomalous
magnetic field and the magnetic gradient tensor for a
plunging right circular cylinder or pipe.

In addition I shall show that the superposition prin-
ciple not only allows for the modelling of the magnetic
fields and gradient tensors due to finite length right cir-
cular pipes, but it also facilitates the modelling of circu-
lar pipeswhichpossess concentric zoningofmagnetisa-
tion properties or alternatively it enables the modelling
of pipes which change radius and bulk magnetisation
properties vertically or along the axis of the pipe.

Finally I present images showing the symmetry rela-
tions between various magnetic field components and
gradient tensor elements when the resultant magneti-
sation directions in a right circular vertical pipe are
aligned north, east and vertically down.

Theory

A closed expression for the gravitational potential U(r)
due to a semi-infinite right circular vertical cylinder
of radius a and uniform density or density contrast
ρ at a measurement point P(r) ; r = (x, y, z)T located
on or above the top surface of the cylinder (z ≤ 0)
was derived by Singh (1977b) and restated in Singh
and Sabina (1978) using a new nomenclature and a
new Cartesian coordinate system (consistent with geo-
magnetism) in which the vertical or z axis is defined
as positive downwards rather than positive upwards.
The expression derived by Singh (1977b) for the grav-
itational potential comprises an integral of the Lips-
chitz–Hankel type involving the product of a pair of
Bessel functions which often arise from systems of axial
or cylindrical symmetry (Eason, Noble, and Sneddon
1955). In this instance,

U(r) = 2π Gρa
∫ ∞

0
J1(ap) J0(rp)e - |z|p p−2 dp, (1)

where the radial coordinate r =
√
x2 + y2 is the hori-

zontal distance from the origin located at the centre of
the top face of the cylinder (see Figure 1), z is the vertical
coordinate of the observation station P(r), and G is the
universal gravitational constant. As shown in Figure 1,
the Cartesian coordinate system adopted here follows
the normal geomagnetic field convention, namely, it
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Figure 1. Coordinate system for evaluating the magnetic
response of a right circular vertical cylinder of radius a, axial
length h at a measurement station P(r). In cylindrical coordi-
nates the observation point is P(r,θ ,z) where r is the radial or
horizontal distance of P from the origin; θ is the horizontal
azimuth of P measured positive clockwise from north; and |z|
is the elevation of P above the top surface of the cylinder.

is a right-hand clockwise system in which the x axis
points north (x−N), the y axis points east (y−E) and
the z axis points vertically down (z−D). The integral
equation in (1) may be rewritten more efficiently fol-
lowing Eason, Noble, and Sneddon (1955), in which the
Lipschitz–Hankel integral I(μ, ν; λ) is defined as:

I(μ,ν; λ) =
∫ ∞

0
Jμ(at) Jυ(bt)e−cttλdt, (2)

where Jμ(at) and Jυ(bt) are Bessel functions of the first
kind and order μ and ν respectively and λ is a real
exponent of the integrand t.

From this definition, the expression for the gravita-
tional potential in Equation (1) may bewritten as (Singh
and Sabina 1978):

U(r) = 2π GρaI(1,0; −2). (3)

The development by Singh (1977b) was important
because it has allowed for the formulation of expres-
sions for the anomalous gravity field vector and its asso-
ciated gravity gradient tensor. Even more importantly,
the expressions for the gravity field vector and grav-
ity gradient tensor may be used to derive expressions

for the anomalous magnetic scalar potential V(r) and
the anomalous magnetic field vector b(r) respectively
via an application of Poisson’s relation. This was recog-
nised by Singh and Sabina (1978) who derived expres-
sions for the total anomalous magnetic field intensity
bT(r) due to a right circular vertical cylinder with uni-
form intrinsic total magnetisationMwhere the effect of
self-demagnetisation is neglected. Here, it is noted that
Poisson’s relationmaybe applied to anyuniformlymag-
netised homogeneous body with magnetisationM and
density or density contrast ρ (Blakely 1995).

Themagnetic scalar potential V(r) due to a
semi-infinite right circular vertical cylinder

Expressions for the magnetic scalar potential V(r) and
the anomalous magnetic field vector b(r) = (bx ,by ,bz)T

at a measurement point P(r) external to a uniform right
circular cylinder with magnetisation M = (Mx ,My ,Mz)

T

and density ρ may be derived from the gravity field vec-
tor g (r) = (gx ,gy ,gz)T and the gravity gradient tensor
�(r) respectively via an application of Poisson’s relation
(Blakely 1995, 91–93). An expression for the magnetic
scalar potentialmayderived fromthe following relation:

V(r) = −Cm

(
1
Gρ

)
∇U(r) · M = −

(
Cm
Gρ

)
gT(r) · M,

(4)

where gT (r) denotes the transpose of column vector
g (r) and Cm is a constant which depends on the system
of electromagnetic units used [see Blakely 1995, 67–68].
In the International Standard (SI) system of units used
here, Cm is a constant which has a value of 100 nH/m
or 100 nTm/A formagnetic fields expressed innanotesla
(nT) andmagnetisations expressed in ampere permetre
(A/m). The magnetic scalar potential is expressed in
nWb/m or nTm.

The expressions for the gravitational field vector
g (r) at a measurement point P(x,y,z), a radial dis-
tance r =

√
x2 + y2 and axial coordinate z < 0 above

a semi-infinite right circular vertical cylinder of radius
a as shown in Figure 1 are derived by taking direc-
tional derivatives of the gravitational potential given by
Equation (1), namely,

g (r) = ∇U(r) =
(

∂U

∂x

)
x̂ +

(
∂U

∂y

)
ŷ +

(
∂U

∂z

)
ẑ,

(5)

where x̂, ŷ, ẑ are the direction cosines along the x, y, z
axes, respectively.

Since ∂r
∂x = x/r and ∂r

∂y = y/r, then by the chain rule
of partial differentiation:

gx(r) =
(

∂U

∂x

)
=
(

∂U

∂r

) (
∂r

∂x

)
=
(x
r

)(∂U

∂r

)

= 2πGρa
(x
r

) ∂I(1,0;−2)
∂r

. (6.1)
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gy(r) =
(

∂U

∂y

)
=
(

∂U

∂r

) (
∂r

∂y

)
=
(y
r

)(∂U

∂r

)

= 2πGρa
(y
r

) ∂I(1,0;−2)
∂r

. (6.2)

gz(r) =
(

∂U

∂z

)
= 2πGρa

∂I(1,0;−2)
∂z

. (6.3)

From Appendix 3, the r and z partial derivatives of
I(1,0;−2) are

∂I(1,0;−2)
∂r

= −
∫ ∞

0
J1(ap) J1(rp)e−p|z| p− 1 dp

= −I(1,1;−1). (7)

∂I(1,0;−2)
∂z

=
∫ ∞

0
J1(ap) J0(rp)e−p|z| p− 1 dp

= I(1,0;−1). (8)

Hence from Equations (6.1)–(6.3) and (7)–(8), the
components of the gravitational field due to the semi-
infinite right circular vertical cylinder may be expressed
in Cartesian or cylindrical coordinates:

gx(r) = −2πGρa
(x
r

)
I(1,1;−1)

= −2πGρa cos θ I(1,1;−1). (9.1)

gy(r) = −2πGρa
(y
r

)
I(1,1;−1)

= −2πGρa sin θ I(1,1;−1). (9.2)

gz(r) = 2πGρaI(1,0;−1). (9.3)

The expression for the magnetic scalar potential at
an observation point P(r) on or above the top surface
of a semi-infinite right circular vertical cylinder may
be derived by substitution of Equations (9.1)–(9.3) into
Equation (4):

V(r) = 2πaCm
{ [(x

r

)
Mx +

(y
r

)
My

]
I(1,1;−1)

− Mz I(1,0;−1)
}
. (10)

This expression for the magnetic scalar potential may
be further simplified by defining a radial component of
magnetisationMr :

V(r) = 2πaCm{Mr I(1,1;−1) − Mz I(1,0;−1)}, (11)

whereMr = Mx cos θ + My sin θ = Mx
( x
r

) + My
( y
r

)
.

These expressions for the magnetic scalar potential
are in agreement with those derived by Siew (1990).

Themagnetic field vector b(rP) and the gravity
gradient tensor �(r)

The anomalousmagnetic field vectorb(r) = (bx ,by ,bz)T

at a point r external to a uniformly magnetised body is

defined as the gradient of themagnetic scalar potential
V(r)

b(r) = − ∇V(r)

= −
[(

∂V

∂x

)
x̂ +

(
∂V

∂y

)
ŷ +

(
∂V

∂z

)
ẑ
]
, (12)

where x̂, ŷ, ẑ are the direction cosines along the x, y, z
axes, respectively. Expressions for the anomalous mag-
netic field vector may also be derived from its gravity
gradient tensor�(r) via an application of Poisson’s rela-
tion (Blakely 1995). For example, on taking the gradient
of the magnetic scalar potential in Equation (4), then

b(r) = −
(
Cm
Gρ

)
�(r) · M = −CmT(r) · M, (13)

where �(r) = ∇g(r) is the gravity gradient tensor at an
externalmeasurement point r. Further on in this section
I will show that the matrix T(r) is a symmetric tensor of
Green’s functions associated with the gravity gradient
tensor. Omitting the r dependence of elements in the
T(r) and �(r) tensors which is implicit, then

T(r) =
(

1
Gρ

)
�(r) =

⎡
⎣Txx Txy Txz
Tyx Tyy Tyz
Tzx Tzy Tzz

⎤
⎦ ,

where

�(r) = Gρ T(r) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∂gx
∂x

∂gx
∂y

∂gx
∂z

∂gy
∂x

∂gy
∂y

∂gy
∂z

∂gz
∂x

∂gz
∂y

∂gz
∂z

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂2U

∂x2
∂2U

∂x∂y

∂2U

∂x∂z

∂2U

∂y∂x

∂2U

∂y2
∂2U

∂y∂z

∂2U

∂z∂x

∂2U

∂z∂y

∂2U

∂z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (14)

Hence in matrix notation the magnetic field vector is

b(r) = Cm

⎡
⎣Txx Txy Txz
Tyx Tyy Tyz
Tzx Tzy Tzz

⎤
⎦
⎛
⎝Mx

My

Mz

⎞
⎠ . (15)

The expressions for the Green’s functions Tij(r); i, j = x,
y, z at a measurement point P(r) which may be on
or above or coplanar with the top surface of a semi-
infinite right circular vertical cylinder source of radius
a as shown in Figure 1 may now be derived by differ-
entiation of Equations (9.1)–(9.3). This involves using
the chain rule to obtain expressions for the x, y, and z
partial derivatives of the I(1,1;−1) and I(1,0;−1) Lips-
chitz–Hankel integrals as outlined in Appendix 3. Thus
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Txx(r) =
(

1
Gρ

)
∂gx
∂x

= −2πa
{(x

r

)2
I(1,0; 0)

+
(
1 − 2x2

r2

)
1
r
I(1,1;−1)

}
,

= −πa

{
I(1,0; 0) + cos 2θ

×
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
. (16.1.1)

Txy(r) =
(

1
Gρ

)
∂gx
∂y

= −2πa
{(xy

r2

) [
I(1,0; 0) −2

r
I(1,1;−1)

]}
,

= −πa

{
sin 2θ

[
I(1,0; 0) −2

r
I(1,1;−1)

]}
.

(16.1.2)

Txz(r) =
(

1
Gρ

)
∂gx
∂z

= −2πa
{(x

r

)
I(1,1; 0)

}
,

= −2πa { I(1,1; 0) cos θ}. (16.1.3)

Tyx(r) =
(

1
Gρ

)
∂gy
∂x

= −2πa
{(xy

r2

) [
I(1,0; 0) −2

r
I(1,1;−1)

]}
,

= −πa

{
sin 2θ

[
I(1,0; 0) −2

r
I(1,1;−1)

]}

= Txy(r). (16.2.1)

Tyy(r) =
(

1
Gρ

)
∂gy
∂y

= −2πa
{(y

r

)2
I(1,0; 0)

+
(
1 − 2y2

r2

)
1
r
I(1,1;−1)

}
,

= −πa

{
I(1,0; 0) − cos 2θ

×
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
. (16.2.2)

Tyz(r) =
(

1
Gρ

)
∂gy
∂z

= −2πa
{(y

r

)
I(1,1; 0)

}
,

= −2πa { I(1,1; 0) sin θ } . (16.2.3)

Tzx(r) =
(

1
Gρ

)
∂gz
∂x

= −2πa
{(x

r

)
I(1,1; 0)

}
,

= −2πa { I(1,1; 0) cos θ } = Txz(r). (16.3.1)

Tzy(r) =
(

1
Gρ

)
∂gz
∂y

= −2πa
{(y

r

)
I(1,1; 0)

}
,

= −2πa { I(1,1; 0) sin θ }, = Tyz(r). (16.3.2)

Tzz(r) =
(

1
Gρ

)
∂gz
∂z

= 2πa I(1,0; 0), (16.3.3)

where I(1,0; 0), I(1,1;−1), I(1,1; 0) are Lipschitz–Hankel
integrals (Eason, Noble, and Sneddon 1955),

I(1,0; 0) =
∫ ∞

0
J1(ap) J0(rp)e−p|z| dp. (17)

I(1,1;−1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| p−1 dp. (18)

I(1,1; 0) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| dp. (19)

The equations for the gravity gradient tensor Γij(r);
i, j = x, y, z at a measurement point P(r) above a semi-
infinite right circular vertical cylinder with uniform den-
sity or density contrast ρ may be expressed in radial-
axial or cylindrical coordinates (r, θ , z) namely,


xx(r) = −πGρ a

{
I(1,0; 0) +

cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
. (20.1)


xy(r) = −πGρ a

{
sin 2θ

[
I(1,0; 0)

− 2
r
I(1,1;−1)

]}
= 
yx(r). (20.2)


xz(r) = −2πGρ a {I(1,1; 0) cos θ} = 
zx(r). (20.3)


yy(r) = −πGρ a

{
I(1,0; 0) −

cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
. (20.4)


yz(r) = −2πGρ a { I(1,1; 0) sin θ } = 
zy(r). (20.5)


zz(r) = 2πGρ a I(1,0; 0) = −{
xx(r) + 
yy(r)}.
(20.6)

By inspection of Equations (20.2), (20.3) and (20.5) it
is noted that the gravity gradient tensor is symmet-
ric, and, from Equations (20.1), (20.4) and (20.6), it may
be deduced that it is also traceless satisfying Laplace’s
equation since the sum of its three diagonal elements
is zero, i.e.
xx + 
yy + 
zz = 0. The expressions for the
gravity gradient tensor in equations (20.1)–(20.6) are in
agreementwith those given for a right circular plunging
cylinder in Rim and Li (2016).

The four Lipschitz–Hankel integrals I(1,0;−1),
I(1,1;−1), I(1,0; 0) and I(1,1; 0) which appear in expres-
sions for the gravity field vector, the gravity gradient
tensor, the magnetic scalar potential and the mag-
netic field vector have been evaluated in closed form
by Eason, Noble, and Sneddon (1955, equations (4.6),
(4.9) (4.7) and (4.2) respectively). The expressions for
these four Lipschitz–Hankel integrals are given as equa-
tions (A1.1), (A1.2), (A1.3), and (A1.4) respectively in
Appendix 1.

Themagnetic field b(r) due to a semi-infinite
right circular vertical cylinder

From Equation (13), it is immediately evident that the
components of the anomalousmagnetic field vector are
found as the dot or scalar product of the columns of the
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Green’s function tensor T with the magnetisation vec-
torM. Also since the tensor T is symmetric as shown in
equations (16.1.1)–(16.3.3), the magnetic field compo-
nents are found as the dot or scalar product of the rows
of the Green’s function tensor Twith themagnetisation
vectorM. Hence,

bx(r) = Cm( Txx Mx + Txy My + Txz Mz). (21.1)

by(r) = Cm( Tyx Mx + Tyy My + Tyz Mz). (21.2)

bz(r) = Cm( Tzx Mx + Tzy My + Tzz Mz). (21.3)

Then, by substitution of expressions for Txx , Txy ,
Txz in Equations (16.1.1)–(16.1.3) into Equation (21.1),
the full expression for the anomalous magnetic field
component bx due to a to a uniformly magnetised,
semi-infinite, vertical, right circular cylinder at an obser-
vation point P(r) is

bx(r) = −2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[( x
r

)2Mx +
(xy
r2

)
My

]
I(1,0; 0)

+
[(

1 − 2x2

r2

)
Mx −

(
2xy
r2

)
My

]
1
r I(1,1;−1)

+ ( xr )Mz I(1,1; 0)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
,

or in cylindrical coordinates,

bx(r) = −πaCm

⎧⎪⎨
⎪⎩

[Mxcos 2θ + Mysin 2θ ][
I(1,0; 0) − 2

r I(1,1;−1)
]+

MxI(1,0; 0) + 2Mzcos θ I(1,1; 0)

⎫⎪⎬
⎪⎭ .

(22.1)

Similarly, by substitution of expressions for Tyx , Tyy ,
Tyz in Equations (16.2.1)–(16.2.3) into Equation (21.2),
the full expression for the anomalous magnetic field
component by due to a uniformly magnetised, semi-
infinite, vertical, right circular cylinder at an observation
point P(r) is

by(r) = −2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[(xy
r2

)
Mx +

(y
r

)2
My

]
I(1,0; 0)

+
[(
1 −2y2

r2

)
My−

(
2xy
r2

)
Mx

]
1
r I(1,1; − 1)

+ ( yr )Mz I(1,1; 0)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
,

or in cylindrical coordinates,

by(r) = −πaCm

⎧⎪⎪⎨
⎪⎪⎩

[Mxsin 2θ − Mycos 2θ ][
I(1,0; 0) − 2

r I(1,1;−1)
]+

MyI(1,0; 0) + 2Mz sin θ I(1,1; 0)

⎫⎪⎪⎬
⎪⎪⎭ .

(22.2)

Similarly, by substitution of expressions for Tyx , Tyy ,
Tyz in Equations (16.3.1)–(16.3.3) into Equation (21.3),
the full expression for the anomalous magnetic field
component bz due to a uniformly magnetised, semi-

infinite right circular vertical cylinder at an observation
point P(r) is

bz(r) = 2πaCm
{
Mz I(1,0; 0) −

[x
r
Mx + y

r
My

]
I(1,1; 0)

}
,

or in cylindrical coordinates,

bz(r) = 2πaCm {Mz I(1,0; 0)

− (Mxcos θ + Mysin θ) I(1,1; 0)}. (22.3)

The expressions for the magnetic field components
in Cartesian coordinates may be further simplified by
defining a pair of radial Mr and transverse Mt compo-
nents of horizontal magnetisation namely,

bx(r) = −2πaCm
{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(x
r

)

−
[(x

r

)
Mr +

(y
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

by(r) = −2πaCm
{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(y
r

)

−
[(y

r

)
Mr −

(x
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

bz(r) = 2πaCm{Mz I(1,0; 0) − Mr I(1,1; 0)}.
((23.1)–(23.3))

where

Mr = MT · ur = Mx cos θ + My sin θ

= Mx

(x
r

)
+ My

(y
r

)
, (24.1)

and

Mt = MT · ut = −Mx sin θ + My cos θ

= −Mx

(y
r

)
+ My

(x
r

)
, (24.2)

and

ur = (cos θ , sin θ , 0)T ;

ut = (−sin θ , cos θ , 0)T ;MT = (Mx ,My ,Mz). (24.3)

andMT denotes the transpose of column vectorM.
The expressions for calculating the magnetic field

components in equations (22.1)–(22.3) and (23.1)–(23.3)
are generic in that they cover both the general case
where the external observation station P(r) is located
above and away from the axis of the semi-infinite right
circular cylinder, i.e. where r > 0 and z < 0, as well
as some particular or special cases. For some of these
particular cases, the expressions for the magnetic field
components and the magnetic gradient tensor may
be simplified and, when a measurement point lies on
the rim of the top surface of the cylinder, the expres-
sions become undefined. Broadly the particular cases
for calculating the anomalous magnetic potential and
magnetic field of a semi-infinite circular cylinder at an
observation station P(r) may be defined as follows:
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Table 1. Some particular cases for the Lipschitz–Hankel integrals which appear in the expressions for the magnetic scalar potential
and themagnetic field vector at ameasurement point P(r,z) due to a uniformlymagnetised semi-infinite right circular vertical cylinder
of radius a. The functions F0(k) = (2/π) F(k) and E0(k) = (2/π)E(k) are the complete elliptic integrals of the first and second kind
with modulus k and modular angle α as defined by equations (A1.7), (A1.8) and (A1.9) in Appendix 1.

P(r) sub-case I(1,0;−1) I(1,1;−1) I(1,0; 0) I(1,1;−1)/r I(1,1; 0)

axial r = 0; z < 0
√
a2+z2−|z|

a 0 1
a

(
1 − |z|√

a2+z2

)
1
2a

(
1 − |z|√

a2+z2

)
0

origin r = 0, z = 0 1 0
( 1
a

) ( 1
2a

)
0

coplanar-top 0 < r < a, z = 0

{
(a+r)
2a E0(k)+

(a−r)
2a F0(k)

} ( r
2a

) ( 1
a

) ( 1
2a

) 1
k
√
ar

{(
1 − k2

2

)
F0(k)

−E0(k)

}

coplanar-rim r = a, z = 0 1 1
2

( 1
2a

) ( 1
2a

) ∞
coplanar-external r > a, z = 0

{
(a+r)
2a E0(k)+

(a−r)
2a F0(k)

} ( a
2r

)
0

(
a
2r2

)
1

k
√
ar

{(
1 − k2

2

)
F0(k)

−E0(k)

}

1. general case r > 0; z < 0 sub-cases: 0 < r < a;
r = a; r > a.

2. axial cases r = 0; z ≤ 0 sub-cases: r = 0 and z < 0;
r = 0 and z = 0 (origin).

3. coplanar cases z = 0 sub-cases: 0 < r < a; r = a;
r > a.

Expressions for the five Lipschitz–Hankel integrals
I(1,0;−1), I(1,1;−1), I(1,0; 0), I(1,1; −1)/r and I(1,1; 0)
in each of the two axial cases and the three copla-
nar cases are shown in Table 1. A derivation of these
particular cases is outlined in Appendices 3 and 4.

Themagnetic gradient tensor due to a
semi-infinite right circular vertical cylinder

The magnetic gradient tensor B(r) is defined as the
gradient of themagnetic field vectorb(r)or as thedirec-
tional derivatives of the magnetic field components
bx , by , bz along each of the three Cartesian directions x,
y, z respectively, namely,

B(r) = ∇b(r) =
[(

∂b(r)
∂x

)
,
(

∂b(r)
∂y

)
,
(

∂b(r)
∂z

)]
,

(25)

where
(

∂b(r)
∂x

)
,
(

∂b(r)
∂y

)
,
(

∂b(r)
∂z

)
are column vectors.

Omitting the r dependence of the magnetic field
components and tensor elements, which is implicit,
then in matrix notation the magnetic gradient tensor is

B(r) =

⎡
⎢⎢⎣

Bxx Bxy Bxz

Byx Byy Byz

Bzx Bzy Bzz

⎤
⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∂bx
∂x

∂bx
∂y

∂bx
∂z

∂by
∂x

∂by
∂y

∂by
∂z

∂bz
∂x

∂bz
∂y

∂bz
∂z

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂2V

∂x2
∂2V

∂x∂y

∂2V

∂x∂z

∂2V

∂y∂x

∂2V

∂y2
∂2V

∂y∂z

∂2V

∂z∂x

∂2V

∂z∂y

∂2V

∂z2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (26)

From Equations (23.1) and (26), expressions for the
elements in the first row of the gradient tensor are
formulated by taking the x, y, z directional derivatives
of bx . Hence for a point r = (x, y, z) on or above a semi-
infinite right circular vertical cylinder

Bxx(r) = −2πaCm
∂

∂x

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(x
r

)

−
[(x

r

)
Mr +

(y
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

Bxy(r) = −2πaCm
∂

∂y

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(x
r

)

−
[(x

r

)
Mr +

(y
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

Bxz(r) = −2πaCm
∂

∂z

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(x
r

)

−
[(x

r

)
Mr +

(y
r

)
Mt

](1
r

)
I(1,1;−1)

}
(27.1.1–27.1.3)

Similarly from Equations (23.2) and (26), expressions
for the elements in the second row of the gradient
tensor are formulated by taking the x, y, z directional
derivatives of by . Hence

Byx(r) = −2πaCm
∂

∂x

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(y
r

)

−
[(y

r

)
Mr −

(x
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

Byy(r) = −2πaCm
∂

∂y

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(y
r

)

−
[(y

r

)
Mr −

(x
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

Byz(r) = −2πaCm
∂

∂z

{
[Mr I(1,0; 0) + Mz I(1,1; 0)]

(y
r

)

−
[(y

r

)
Mr −

(x
r

)
Mt

](1
r

)
I(1,1;−1)

}
.

(27.2.1–27.2.3)
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Finally from Equations (23.3) and (26), expressions for
the elements in the third row of the gradient tensor are
formulated by taking the x, y, z directional derivatives of
bz . Hence

Bzx(r) = 2πaCm
∂

∂x

{
Mz I(1,0; 0) − Mr I(1,1; 0)

}
.

(27.3.1)

Bzy(r) = 2πaCm
∂

∂y

{
Mz I(1,0; 0) − Mr I(1,1; 0)

}
.

(27.3.2)

Bzz(r) = 2πaCm
∂

∂z

{
Mz I(1,0; 0) − Mr I(1,1; 0)

}
.

(27.3.3)

Expressions for the r, z spatial derivatives of the
I(1,0; 0), I(1,1;−1), I(1,1; 0) Lipschitz–Hankel integrals
are derived in Appendix 3. By the chain rule of differen-
tiation their x, y partial derivatives are as follows:

∂I(1,0; 0)
∂x

= ∂I(1,0; 0)
∂r

∂r

∂x
= −

(x
r

)
I(1,1; 1), (28.1)

∂I(1,0; 0)
∂y

= ∂I(1,0; 0)
∂r

∂r

∂y
= −

(y
r

)
I(1,1; 1), (28.2)

∂I(1,1; −1)
∂x

= ∂I(1,0; 0)
∂r

∂r

∂x

=
(x
r

) [
I(1,0; 0) − 1

r
(1,1; −1)

]
, (29.1)

∂I(1,1; −1)
∂y

= ∂I(1,0; 0)
∂r

∂r

∂y

=
(y
r

) [
I(1,0; 0) − 1

r
I(1,1;−1)

]
, (29.2)

∂I(1,1; 0)
∂x

= ∂I(1,1; 0)
∂r

∂r

∂x

=
(x
r

) [
I(1,0; 1) − 1

r
I(1,1; 0)

]
, (30.1)

∂I(1,1; 0)
∂y

= ∂I(1,1; 0)
∂r

∂r

∂y

=
(y
r

) [
I(1,0; 1) − 1

r
I(1,1; 0)

]
, (30.2)

∂I(1,1;−1)
∂z

= I(1,1; 0);
∂I(1,0; 0)

∂z
= I(1,0; 1);

∂I(1,1; 0)
∂z

= I(1,1; 1) , (31)

where I(1,0; 1), and I(1,1; 0) are Lipschitz–Hankel inte-
grals (Eason, Noble, and Sneddon 1955), namely,

I(1,0; 1) =
∫ ∞

0
J1(ap) J0(rp)e−p|z| pdp, (32)

I(1,1; 1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| pdp, (33)

and

∂Mr

∂x
= − y

r2
Mt ;

∂Mt

∂x
= y

r2
Mr ;

∂

∂x

(x
r

)

= y2

r3
;

∂

∂x

(y
r

)
= −

(xy
r3

)
, (34)

∂Mr

∂y
= x

r2
Mt ;

∂Mt

∂y
= − x

r2
Mt ;

∂

∂y

(y
r

)

= x2

r3
;

∂

∂y

(x
r

)
= −

(xy
r3

)
. (35)

The formulae for the x partial derivatives in Equa-
tions (28.1)–(30.1) and (34) may now be used to
derive expressions for the three elements in the first
column of the magnetic gradient tensor. Then from
Equation (27.1.1), the expression for Bxx = ∂bx/∂x is:

Bxx(r) = 2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[(
x2−y2

r2

)
Mr +

(
2xy
r2

)
Mt

]
[
1
r I(1,0; 0) − 2

r2
I(1,1; −1)

]
+Mz

[(
x2−y2

r2

)
1
r I(1,1; 0)

−
(
x2

r2

)
I(1,0; 1)

]
+
(
x2

r2

)
Mr I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

Similarly, from Equation (27.2.1), the expression for
Byx = ∂by/∂x is:

Byx(r) = 2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[(
2xy
r2

)
Mr −

(
x2−y2

r2

)
Mt

]
[
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
+Mz

(
xy
r2

) [ 2
r I(1,1; 0)

−I(1,0; 1)
]

+
(
xy
r2

)
Mr I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
.

Similarly, from Equation (27.3.1), the expression for
Bzx = ∂bz/∂x is:

Bzx(r) = 2πaCm

{ [(x
r

)
Mr +

(y
r

)
Mt

] 1
r
I(1,1; 0)

−
(x
r

)
[Mr I(1,0; 1) + Mz I(1,1; 1)]

}
.

(36.1.1)–(36.1.3)

The formulae for the y partial derivatives in Equa-
tions (28.2), (29.2), (30.2) and (35) may now be used to
derive expressions for the three elements in the sec-
ond columnof themagnetic gradient tensor. Then from
Equation (27.2.1), the expression for Bxy = ∂bx/∂y is:

Bxy(r) = 2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[(
2xy
r2

)
Mr −

(
x2−y2

r2

)
Mt

]
[
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
+Mz

(
xy
r2

) [ 2
r I(1,1; 0) −I(1,0; 1)

]
+
(
xy
r2

)
Mr I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
,

= Byx(r). (36.2.1)
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Similarly, from Equation (27.2.2), the expression for
Byy = ∂by/∂y is:

Byy(r) = 2πaCm

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
[(

x2−y2

r2

)
Mr +

(
2xy
r2

)
Mt

]
[
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
−Mz

[(
x2−y2

r2

)
1
r I(1,1; 0)

+
(
y2

r2

)
I(1,0; 1)

]
+
(
y2

r2

)
Mr I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(36.2.2)

Similarly, from Equation (27.3.2), the expression for
Bzy = ∂bz/∂y is:

Bzy(r) = 2πaCm

{ [(y
r

)
Mr −

(x
r

)
Mt

] 1
r
I(1,1; 0)

−
(y
r

)
[Mr I(1,0; 1) + Mz I(1,1; 1)]

}
. (36.2.3)

The formulae for the z partial derivatives of the
I(1,1; −1), I(1,0; 0), I(1,1; 0) Lipschitz–Hankel integrals
are shown in Equation (31). These formulae may be
used to derive expressions for elements in the third
column of the magnetic gradient tensor. Then from
Equation (27.1.3), the expression for Bxz = ∂bx/∂z is:

Bxz(r) = 2πaCm

{[(x
r

)
Mr +

(y
r

)
Mt

] 1
r
I(1,1; 0)

−
(x
r

)
[Mr I(1,0; 1) + Mz I(1,1; 1)]

}
,

= Bzx(r). (36.3.1)

Similarly fromEquation (27.2.3), theexpression forByz =
∂by/∂z is:

Byz(r) = 2πa Cm

{ [(y
r

)
Mr −

(x
r

)
Mt

] 1
r
I(1,1; 0)

−
(y
r

)
[Mr I(1,0; 1) + Mz I(1,1; 1)]

}
,

= Bzy(r). (36.3.2)

Similarly fromEquation (27.3.3), the expression forBzz =
∂bz/∂z is:

Bzz(r) = 2πa Cm{Mz I(1,0; 1) − Mr I(1,1; 1)}. (36.3.3)

Inspection of pairs of Equations (36.1.2) and (36.2.1);
(36.1.3) and (36.3.1); and (36.2.3) and (36.3.2) respec-
tively, confirms that the magnetic gradient tensor is
symmetric for all observation points above the top sur-
face of a semi-infinite, right circular vertical cylinder, i.e.
Bxy = Byx ; Bxz = Bzx ; Byz = Bzy and B = BT.

Furthermore by inspection of equations (36.1.1) and
(36.2.2), it is immediately evident that terms involving
the I(1,1; −1), I(1,0; 0), I(1,1; 0) integrals in expres-
sions for elements Bxx and Byy of the magnetic gradient

tensor have opposite signs and therefore cancel upon
addition. Thus

Bxx + Byy = 2πaCm

{
−
(
x2 + y2

r2

)
[Mz I(1,0; 1)

− Mr I(1,1; 1) ]
}
,

= −2πaCm{Mz I(1,0; 1)

− Mr I(1,1; 1)},= −Bzz ,

and therefore, I am able to demonstrate that the
magnetic gradient tensor is traceless, i.e. Bxx + Byy
+ Bzz = 0.

The tracelessness and symmetry properties of the
magnetic gradient tensor confirm that the magnetic
scalar potential V(r) due to a uniformly magnetised,
semi-infinite right circular vertical cylinder source is a
harmonic potential field function satisfying Maxwell’s
magnetostatic equations in the absence of electric cur-
rents, i.e. div b(r) = 0 and curl b(r) = 0, and therefore,
Laplace’s equation for all external points P(r) above the
top of the cylinder. This harmonic property of the mag-
netic scalar potential due to the semi-infinite cylinder
means that its gradient tensor is completely specified
by only five of the nine tensor elements, namely, by
its three upper triangular or three lower triangular ele-
ments and by two of its three diagonal elements.

The two Lipschitz–Hankel integrals I(1,0; 1) and
I(1,1; 1) in equations (36.1.1)-(36.3.3) have been eval-
uated in closed form by Eason, Noble, and Sneddon
(1955). These expressions for I(1,0; 1) and I(1,1; 1) are
given as equations (A1.5) and (A1.6) in Appendix 1
respectively.

General expressions for the gradient tensor in
radial-axial or cylindrical coordinates

The expressions for magnetic gradient tensor elements
in Equations (36.1.1)–(36.3.3) which arewritten in Carte-
sian coordinatesmay also be expressed in radial-axial or
cylindrical coordinates, i.e. (r, θ , z) using the following
trigonometric identities,

cos 2θ = cos2θ − sin2θ =
(
x2 − y2

r2

)

and sin 2θ = 2 sin θ cos θ =
(
2xy
r2

)
.

This leads to expressions for a plunging semi-infinite
right circular cylinder as detailed in the next section
where the radial, azimuthal and axial coordinates of the
observation station P(r, θ , z) are defined in the body
axis coordinate system of the plunging right circular
cylinder (see Figure 2).

From Equation (36.1.1), the expression for the Bxx
magnetic gradient tensor element is:
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Figure 2. The three-dimensional schematic in (a) shows the body axis coordinate systemwith direction cosines x̂1, x̂2, x̂3 along the
x1, x2, x3. axes respectively for a plunging right circular cylinder of radius a, axial length h, plunge (90° − δ) and plunge azimuth
(α±180°). The external measurement station relative to the origin O at the centre of the top face of the cylinder is shown as
P(x1, x2, x3) or P(r′, θ ′, z′). (b) shows a vertical x1 − x3 section through the cylinder in the direction of downward dip of the top face.
The body axis coordinate system is defined with respect to the top face of the cylinder, i.e. the x1 axis is in the direction of downward
dip δ of the top face of the cylinder with azimuth α; the x3 axis is along the downward pointing central axis of the cylinder with
plunge (90° − δ) and azimuth (α ± 180°); and the x3 axis is along the direction of strike of the cylinder given by x̂2 = x̂3 x x̂1. The

radial distance of P from the origin is r′ =
√

(x21 + x22) and θ ′ is the azimuth of P measured positive clockwise from the x̂1 body axis
in the plane of the top surface of the cylinder.

Bxx(r) = 2π a Cm⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[Mr cos 2θ + Mt sin 2θ ][
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
+ Mz

2

[
cos 2θ

( 2
r I(1,1; 0) − I(1,0; 1)

)
− I(1,0; 1)

] + Mr cos2θ I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.

(37.1)

Similarly, from Equation (36.2.1), the expression for gra-
dient tensor elements Bxy and Byx is:

Bxy(r) = 2π aCm⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[Mr sin 2θ − Mt cos 2θ ][
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
+ Mz

2 sin 2θ
[ 2
r I(1,1; 0) − I(1,0; 1)

]
+ 1

2Mr sin 2θ I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

,

= Byx(r) . (37.2)

Similarly, from Equation (36.3.1), the expression for gra-
dient tensor elements Bxz and Bzx is:

Bxz(r) = 2π aCm⎧⎪⎪⎨
⎪⎪⎩

[Mx cos 2θ + My sin 2θ ][ 1
r I(1,1; 0) − 1

2 I(1,0; 1)
]

− 1
2Mx I(1,0; 1) − Mz cos θ I(1,1; 1)

⎫⎪⎪⎬
⎪⎪⎭ ,

= Bzx(r) . (37.3)

Similarly, from Equation (36.2.2), the expression for gra-
dient tensor elements Byy is:

Byy(r) = 2π aCm⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

− [Mr cos 2θ + Mt sin 2θ ][
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
−

Mz
2

[
cos 2θ

( 2
r I(1,1; 0) − I(1,0; 1)

)
+ I(1,0; 1)

] + Mr sin2θ I(1,1; 1)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.

(37.4)

Similarly, from Equation (36.3.2), the expression for gra-
dient tensor elements Byz and Bzy is:

Byz(r) = 2π aCm⎧⎪⎪⎨
⎪⎪⎩
[Mx sin 2θ − My cos 2θ ][ 1
r I(1,1; 0) − 1

2 I(1,0; 1)
]

− 1
2My I(1,0; 1) − Mz sin θ I(1,1; 1)

⎫⎪⎪⎬
⎪⎪⎭ ,

= Bzy(r). (37.5)

Similarly, from Equation (36.3.3), the expression for gra-
dient tensor elements Bzz is:

Bzz(r) = 2π aCm{Mz I(1,0; 1)

− (Mx cos θ + My sin θ) I(1,1; 1)}. (37.6)
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Themagnetic gradient tensor due to a finite
length right circular vertical cylinder

In the case of a finite length circular cylinder, the mag-
netic field and gradient tensor are calculated using the
superposition theorem or principle of superposition. I
will also invoke the principle of reciprocity since I will
be shifting the position of the origin located at the top
surface of a semi-infinite pair of cylinders. More specif-
ically for a finite length right circular vertical cylinder
of radius a total magnetisation M and axial length h,
any harmonic component of its magnetic field or gra-
dient tensor bc(x, y, z ; a, h ,M) at an observation point
r = (x, y, z)T is calculated as the difference between the
field componentor tensor elementdue to apair of semi-
infinite cylinders of identical radii and magnetisations
separated by a vertical or axial length h. Therefore

bc(x, y, z ; a, h ,M) = bc(x, y, z ;a, ∞,M)−
bc(x, y, z − h ; a,∞,M), (38)

where bc(x, y, z ;a, ∞,M) is any harmonic magnetic field
component or tensor element due to a semi-infinite,
right circular vertical cylinder at a measurement point
r = (x, y, z)T defined with respect to an origin on the
top surface of the finite length cylinder and bc(x, y, z −
h ; a,∞,M) is the magnetic field component or tensor
element due to a second semi-infinite right circular ver-
tical cylinder, coaxial with the first, and at the same
measurement point whose vertical coordinate is z − h
relative to a new origin on the top surface of the second
cylinder. In this instance the top surface of the second
cylinder is coincident with the base of the first so that
the separation distance between top surfaces of the
pair of coaxial cylinders is h. This follows the reciprocity
principle where source and sensor are interchangeable
or in this case, the measurement point is fixed but the
sourceposition rather than the sensor position is shifted
downwards a distance h.

Computation of themagnetic field and
gradient tensor for a plunging right circular
cylinder

The generalisation of theory to the plunging right cir-
cular cylinder is straightforward for both the magnetic
and gravity cases. The expressions for both the fields
and the gradient tensors of the right circular vertical
cylinder may be used to calculate the field components
and gradient tensor elements for a plunging right cir-
cular cylinder. In this instance however the equations
for the field components and gradient tensor elements
mustbeexpressed in thebodyaxis coordinate systemof
the plunging circular cylinder. This is shown in Figure 2.
Previously the equations for themagnetic field and gra-
dient tensor were defined within the survey coordinate
system rs = (x, y, z)T (i.e. north, south, down) which is

coincident with the body axis coordinate system of the
right circular vertical cylinder, i.e. rb = (x1, x2, x3)T .

The orientation of a plunging right circular cylinder
may be defined by the orientation of its top planar sur-
face. The orientation of this surface is defined by two
angles, first by an azimuthof downwarddipαmeasured
clockwise from north (0 ≤ α < 360°), and second, by a
dip angle δmeasured positive from the horizontal in the
downward pointing dip direction (0° ≤ δ ≤ 90°). The
transformationmatrixU from the survey coordinate sys-
tem rs = (x, y, z)T to the new body coordinate system
rb = (x1, x2, x3)T of the plunging cylinder is given by

U =
⎡
⎣ cos α cos δ sin α cos δ sin δ

− sin α cosα 0
−cos α sin δ −sin α sin δ cos δ

⎤
⎦ =

⎛
⎜⎜⎝
x̂T1

x̂T2

x̂T3

⎞
⎟⎟⎠ ,

(39)

where x̂1, x̂2, x̂3 (shown above as row vectors) are
the direction cosines along the x1, x2, x3 body axes of
the plunging right circular cylinder respectively (see
Figure 2).

I note that the x1 body axis points in the down dip
direction of the top face; the x3 body axis is directed
along the plunge axis of the cylinder and the x2 body
axis is horizontal forming a right hand clockwise triad
such that x̂2 = x̂3 × x̂1. The choice of a body axis
system based on the orientation of the top surface
means that when the cylinder is vertical the orientation
angles of the topplanar surface areα = 0◦ and δ = 0◦
respectively, and therefore, the transformationmatrixU
is equal to the identity matrix I and rb reverts to rs.

Computation of themagnetic field and themagnetic
gradient tensor due to a plunging right circular cylinder
is accomplished by the following steps:

1. Determine the total magnetisation vector M(rs) in
the survey coordinate system. The total magneti-
sation vector is defined as the vector sum of the
inducedMind and remanentMrem magnetisations.
The phenomenon of self-demagnetisation is not
considered in this paper. The induced magnetisa-
tion vector Mind, which includes the unusual case
of intrinsic anisotropy of magnetic susceptibility, is
discussed in Emerson, Clark, and Saul (1985) and
McKenzie (2020).

2. Calculate the orthogonal matrix U for transfor-
mations from the survey coordinate system rs =
(x, y, z)T to the body axis coordinate system rb =
(x1, x2, x3)T .

3. Transformation of the total magnetisation vec-
tor M(rs) = (Mx,My,Mz)

T to the body axis coordi-
nate systemM(rb) = (M1,M2,M3)

T and then com-
pute M′

r and M′
t ,M(rb) = UM(rs);M′

r = M1cos θ ′ +
M2sin θ ′;M′

t = −M1sin θ ′ + M2cos θ ′.
4. Transformation of each observation point rs =

(x, y, z)T to the body axis coordinate system rb =
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(x1, x2, x3)T using rb = Urs, and then reset the cylin-
drical coordinates rb = (r′, θ ′, z′)T as:

r′ =
√
x21 + x22; θ ′ = arctan

(
x2
x1

)
; z′ = x3

5. Computationof themagnetic field vectorb(rb) and
the magnetic gradient tensor B(rb) at each obser-
vation point rb in the body axis coordinate sys-
tem using Equations (23.1)–(23.3) and (37.1–37.6)
respectively with the x1 body axis replacing x; x2
replacing y x3 replacing z, r′ replacing r and θ ′
replacing θ . Importantly the magnetisation M(rb)
replaces M(rs). These computations depend upon
the case type for each observation point relative to
the origin at the centre of the top surface of the
cylinder (see Table 3) and secondly, whether the
circular cylinder is finite or semi-infinite.

6. Transformation of the magnetic field vector b(rb)
and the magnetic gradient tensor B(rb) from the
body axis coordinate system to the survey axis
coordinate system rs. Since U is an orthogonal
matrix, i.e.U−1 = UT, then themagnetic field vec-
tor and the magnetic gradient tensor B(rs) at each
observation point in the survey axis coordinate sys-
tem are computed as b(rs) = UTb(rb) and B(rs) =
UTB(rb)U respectively.

For a right circular vertical cylinder the computation
of the magnetic field and the gradient tensor involve
steps (1) and (5) only.

Computational accuracies for the
Lipschitz–Hankel integrals

The calculation of the magnetic scalar potential, the
magnetic field components and the magnetic gradi-
ent tensor at a measurement point P(r) involves the
numerical computation of six Lipschitz–Hankel inte-
grals, namely, I(1,0; −1), I(1,1; −1), I(1,0; 0), I(1,1; 0),
I(1,0; 1) and I(1,1; 1). The first two integrals I(1,0; −1),
I(1,1; −1) appear in expressions for the gravitational
field and the magnetic scalar potential while the last
five integrals appear in expressions for the magnetic
field vector and the magnetic gradient tensor. Eason,
Noble, and Sneddon (1955) have derived closed form
expressions for these six integrals which are shown in
Appendix 1 as equations (A1.1), (A1.2), (A1.3), (A1.4),
(A1.5) and (A1.6), respectively. The closed form expres-
sions for the Lipschitz–Hankel integrals involve com-
puting the complete and incomplete elliptic integrals
of the first and second kind (see Appendix 1). These
elliptic integrals have been computed in double pre-
cision using an algorithm based on Landen’s transfor-
mation (Abramowitz and Stegun 1964 and Press et al.
1992). The accuracy of these computations has been
tested against tables of I(1,0;−1), I(1,1;−1) I(1,1;−1),
aI(1,0; 0), aI(1,1; 0),a2I(1,0; 1), and a2I(1,1; 1) (where a is

the radius of the circular cylinder) for values of r/a and
|z|/a ranging from 0.0 to 3.0 in steps of 0.2 in Eason,
Noble, and Sneddon (1955) (see Figure 3). The tables
in Eason, Noble, and Sneddon (1955) only show accu-
racies to four significant figures. However these tables
are in complete agreement with my algorithm which
computes the Lipschitz–Hankel integrals in full double
precision. The first and second complete elliptic inte-
grals F0(k) and E0(k) have been successfully tested to
at least 12 significant figures or more by comparison
with tables in Abramowitz and Stegun (1964, Tables
17.1 and 17.2) while the pair of incomplete elliptic inte-
grals F0(k,β) and E0(k,β) and Heuman’s lambda func-
tion�0(k,β) have been successfully tested to eight and
six significant figures respectively by comparison with
tables in Abramowitz and Stegun (1964, Tables 17.5,
17.6 and 17.8 respectively; Byrd and Friedman 1971,
Appendix).

Importantly, the Lipschitz–Hankel integrals I(1,0;−1),
I(1,1;−1), aI(1,0; 0), aI(1,1; 0) and a2I(1,0; 1), a2I(1,1; 1)
shown inFigure3are radially symmetric functionsof the
horizontal distance parameter r for a particular observa-
tion height |z|. This is because the elliptic integral func-
tions F0(k,β) and E0(k,β) are also radially symmetric
functions for a particular value of |z|/a in the expres-
sions for the modulus k and the amplitude angle β [see
Equations (A1.9) and (A1.10)].

Numerical verification of results

For purposes of the numerical verification of the theo-
retical equations for the magnetic field and magnetic
gradient tensor, I have calculated the magnetic field
and gradient tensor components due to a right cir-
cular vertical cylinder of radius a = 100m and finite
length h = 1000m possessing a high total magnetisa-
tion of 23.077 A/m (Pipe Model 1a). The results for bz
and Bzz have been compared with those derived from
a facetted quasi-circular vertical pipe in which the num-
ber of sides in transverse section ns is 18, 36, 72 and 144.
The magnetic field components and gradient tensor
elements for the facetted quasi-circular cylinder were
calculated in ModelVision Pro 15.1 (Pratt et al. 2005)
based on theory for computing the gravity and mag-
netic response due to a triangular facet (Barnett 1976).
The absolute value of relative departures between the
reference right circular vertical cylinder model and the
facettedquasi-circular cylinders for bothbz andBzz have
been calculated over a 1 km square horizontal grid for
anobservationheight of 50m. Statistics for the absolute
relative departures are shown in Table 2. This includes
an estimate of the departures due to volume differ-
ences |V fp – Vcp)|/Vcp between the true circular cylinder
model and its facetted equivalent. Quantile plots of the
relative departures |(Bfpzz − Bzz)/Bzz| from the theoreti-
cally computed gradient tensor element Bzz for a series
of facetted quasi-circular cylinder models with ns = 18,
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Figure 3. Lipschitz–Hankel integrals at a standardised observation height |z|/a = 0.5 for the magnetic scalar potential, magnetic
field and gradient tensor due to a semi-infinite right circular cylinder Note that the Lipschitz–Hankel integrals I(1,0;−1), I(1,1;−1),
aI(1,0; 0), aI(1,0; 0), a2I(1,0; 1) and a2I(1,1; 1) are dimensionless.

Table 2. Absolute value of relative departures (rel−dep) in percent from the theoretical model for Bzz and bz calculated using a
equivalent facetted model in which the number of sides in polygonal section ns is 18, 36, 72 and 144. The sample size is 2121 points
for the mean statistic. The trimmedmean is calculated for all percentiles from 0 to 95 (2150 points). All quantities are in percent.

Statistic rel−dep{|Bzz|} ns = 18 rel−dep{|Bzz|} ns = 36 rel−dep{|Bzz|} ns = 72 rel−dep{|Bzz|} ns = 144

|V fp – Vcp|/Vcp 2.018446 0.506923 0.126876 0.031728
Trimmed−Mean 2.028800 0.509785 0.127597 0.031896
Median (md) 2.074641 0.521188 0.130351 0.032437
Vdiff/Median 95.84442 95.76759 95.74819 95.74321
Percentile q95 2.421054 0.612045 0.153317 0.038348
(q95 – md/md) 14.9619 15.6272 15.7027 15.7213

Statistic rel−dep{|bz|} ns = 18 rel−dep{|bz|} ns = 36 rel−dep{|bz|} ns = 72 rel−dep{|bz|} ns = 144

|V fp – Vcp|/Vcp 2.018446 0.506923 0.126876 0.031728
Trimmed−Mean 2.065267 0.519028 0.129927 0.032492
Median (md) 2.105961 0.529326 0.132510 0.033139
Vdiff/Median 97.29134 97.26293 97.33389 97.81474
Percentile q95 2.739717 0.692217 0.173505 0.043393
(q95 – md/md) 32.0574 32.8152 33.1058 33.7781

36 and 72 are shown in Figure 4(a). The distribution
of the relative departures with standardised radial dis-
tance r/a from the axis of the cylinder are shown for Bzz
(ns = 18) in Figure 4(b).

From Table 2, I note that the bulk of relative depar-
tures from the theoretical model are due to volume
differences between the true right circular cylinder
and its equivalent facetted model. For example, the
relative departures from the theoretical model for
bz and Bzz are 95.8± 0.05% and 97.5± 0.3%, respec-
tively. Furthermore the relative differences do not
change greatly as ns increases and the slight increase
in the relative error for Bzz is expected since the
tensor calculations have higher computational over-
heads. The quantile plots in Figure 4(a) for Bzz show
that the 5 and 95 percentiles lie within ±15% of
the median. The rapid increase in relative depar-
tures beyond the 95 percentile is attributable to
near zero values for Bzz (i.e. near the zero cross-over

points) near the edges of the right circular vertical
pipes.

This is confirmed in Figure 4(b) which shows that
the highest relative departures for Bzz (ns = 18), i.e.
those > 2.60 which lie beyond the 95 percentile,
occur at standardised radial distances r/a ≈ 1. Figure 5
shows the absolute values of relative departures from
the theoretically computed gradient tensor elements
Bxy , Bxz , Byz , Bzz for the facetted quasi-circular cylinder
model with ns = 144 for a west–east principal profile
50m above Pipe Model 1a.

In summary I note the following points. First, the
magnetic field components and gradient tensor ele-
ments for the reference model have been correctly cal-
culated. Second, the discrepancies between the refer-
ence right circular vertical cylinder and the facetted
quasi-circular, vertical cylinder models decline rapidly
as thenumberof sidesns in transverse section increases.
Third, the magnetic fields and the magnetic gradient
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Figure 4. (a) shows quantile plots of the relative departures between the theoretically computed Bzz for a finite length right circular
vertical cylinder of radius a = 100m and axial length h = 1000m (Pipe Model 1a) and Bzz computed for a series of equivalent
facetted vertical cylinders in which the number of sides ns in polygonal section is 18, 36 and 72. (b) displays plots of the relative
departures in Bzz (sorted into ascending order for ns = 18) versus standardised radial distance.

tensor aremodelledmore accurately as the observation
height |z| is increased. Fourth, the errors in the com-
puted magnetic field components and gradient tensor
elements are generally larger for near-surface stations
above the rim of the cylinder (at r/a = 1) where there is
a singularity. This is especially the case for the Bxz and
Byz tensor elements at stations close to the rim of each
vertical, right circular cylinder. This is not unexpected,
since as previously noted, the Bxz and Byz tensor ele-
ments are undefined for stations located on the rim of
the top surface of the cylinder.

Symmetry relations and some important
special cases for themagnetic field

For a general magnetisation direction both the mag-
netic scalar potential and the components of the mag-
netic field vector are asymmetrical for aparticular obser-
vation height |z| above the top surface of a semi-infinite

(and finite length) right circular vertical cylinder source.
However some interesting symmetries exist for partic-
ular cases of the magnetisation direction, for example,
when the magnetisation direction in the cylinder is
directed along each one of the three orthogonal direc-
tions (x-north, y-east and z-vertically down). These sym-
metries may be deduced from the expressions for the
magnetic scalar potential and the magnetic field vec-
tor when these are expressed in radial axial coordinates.
Figure 6 shows contoured grid images of the magnetic
field components for a series of semi-infinite right circu-
lar vertical cylinders of radiusa = 100mandpossessing
uniform 1Am−1 magnetisations M in the north M =
|M| x̂, eastM = |M| ŷ, and downward verticalM = |M| ẑ
directions respectively. The plane of observation is 50m
above the top surface of the cylinder.

For a series of uniformmagnetisations of equal mag-
nitude M = Mx̂ ;M = Mŷ;M = Mẑ Mr along the north,
east and vertically down directions respectively, the
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Figure 5. Absolute relative departures between the theoretically computed gradient tensor elements Bxy , Bxz , Byz , Bzz for a finite
length, right circular vertical cylinder of radius a = 100m and axial length h = 1000m and those computed for an equiva-
lent facetted vertical cylinder in which the number of sides ns in polygonal section is 144. The magnetisation in both models is
|M| = 23.8 A/m with declination DM = 0° and inclination IM = −60° and the observation height is |z| = 50m.

Figure 6. Contoured grid images (north is up the page) of the magnetic field components bx , by , bz for a series of uniform mag-
netisations of equal magnitude |M| = 1A/m. (a–c) in the top row show bx , by , bx respectively forM = Mx̂; (d–f) in the second row
show bx , by , bx for M = Mŷ; (g–i) in the bottom row show bx , by , bx respectively for M = Mẑ. The notation bx ;Mx is short for field
component bx(r;M = Mx̂) and so on.



16 K. BLAIR MCKENZIE

following relations may be deduced:

bx(r;M = Mx̂) = −πaCmM

{
I(1,0; 0)

+ cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
, (40.1)

bx(r;M = Mŷ) = −πaCmM

×
{
sin 2θ

[
I(1,0; 0) − 2

r
I(1,1;−1)

]}

= by(r;M = Mx̂), (40.2)

bx(r;M = Mẑ) = −2πaCmM cos θ I(1,1; 0)

= bz(r;M = Mx̂), (40.3)

by(r;M = Mŷ) = −πaCmM

{
I(1,0; 0)

− cos 2θ
[
I(1,0; 0) − 2

r
I(1,1;−1)

]}
, (40.4)

by(r;M = Mẑ) = −2πaCmM sin θ I(1,1; 0)

= bz(r;M = Mŷ), (40.5)

bz(r;M = Mẑ) = 2πaCmMI(1,0; 0) = CmM� , (40.6)

where � is the solid angle subtended at the upper sur-
face of the right circular cylinder (Singh and Sabina
1978). Hence for observation stations at the origin
on the top surface of the cylinder (r = 0), the ver-
tical field component bz(0,0,0;M = Mẑ) = 2πCmM =
2πCmMz . This is confirmed by the limit for I(1,0; 0) in
Table 1 which is 1/a.

Furthermore the expressions for the three magnetic
field components in equations (40.1)–(40.6) may be
expressed in matrix form, namely,

BM(r) =

⎛
⎜⎜⎝

bMx
x bMx

y bMx
z

bMy
x bMy

y bMy
z

bMz
x bMz

y bMz
z

⎞
⎟⎟⎠

= CmM

⎛
⎝ Txx Txy Txz

Tyx Tyy Tyz
Tzx Tzy Tzz

⎞
⎠ = CmM T(r), (41)

where T(r) is the symmetric matrix of Green’s functions
given in Equations (16.1.1)–(16.3.3) and where bMx

x =
bx(r;M = Mx̂) represents the magnetic field compo-
nent bx due to a magnetisation M = Mx̂. Since T(r) is
related to the gravity gradient tensor of a semi-infinite
right circular vertical cylinder by the relation �(r) =
GρT(r) as shown in Equation (14), then Equation (41)
may be expressed as follows:

BM(r) =
(
CmM
Gρ

)
�(r). (42)

Hence there is equivalence between the gravity gradi-
ent tensor�(r) and the (3× 3)matrixBM(r)ofmagnetic
field components for the three orthogonal magnetisa-
tion directions with the constant of the proportionality

between BM(r) and �(r) being
(
CmM
Gρ

)
. This equiva-

lence is reflected in the symmetry patterns shown for
BM(r) in Figure 6 and also in the elements of the grav-
ity gradient tensor �(r). The results shown here are in
agreement with Pedersen and Bastani (2016).

The expressions in Equations (40.1)–(40.3) and in row
1 of Equation (41) represent themagnetic field reduced
to the equator as shown in Figure 6(a–c) while Equa-
tions (40.3), (40.5) and (40.6) and row 3 of Equation (48)
represent themagnetic field reduced to the northmag-
netic pole (see Figure 6(g–i)). From Table 1, expressions
for
[
I(1,0; 0) − 2

r I(1,1;−1)
]
and I(1,1; 0) are identically

zero on the axis of a right circular vertical cylinder.
Therefore the expressions for the magnetic field com-
ponents on the axis r = (0, 0, z)T of a semi-infinite right
circular vertical cylinder are:

bx(r)r= 0 = −πaCmMxI(1,0; 0)r= 0

= −πCmMx

{
1 − |z|√

a2 + z2

}
. (43.1)

by(r)r= 0 = −πaCmMyI(1,0; 0)r= 0

= −πCmMy

{
1 − |z|√

a2 + z2

}
. (43.2)

bz(r)r= 0 = 2πaCmMz I(1,0; 0)r= 0

= 2πCmMz

{
1 − |z|√

a2 + z2

}
. (43.3)

By inspection of Equations (43.1)–(43.3), it is imme-
diately evident that expressions for the declination and
inclinationofmagnetisation for a uniformlymagnetised
right circular vertical cylinder or pipemay be derived by
taking ratios of the bx , by , and bz field components at
points on its vertical axis. The declination of magnetisa-
tionDM which is defined from the ratio of the horizontal
components ofmagnetisation, i.e.Mx andMy , is given as

DM = arctan
(
My

Mx

)

= arctan
(−by

−bx

)
( for 0 ≤ DM < 2π ). (44)

The inclination of magnetisation IM which is defined
from the ratio of the horizontal and vertical compo-

nents of magnetisation, i.e. Mh =
√
M2

x + M2
y and Mz , is

given as

IM = arctan

⎛
⎝ Mz√

M2
x + M2

y

⎞
⎠

= arctan

⎛
⎝ bz

2
√
b2x + b2y

⎞
⎠ ( for − π

2
≤ IM ≤ π

2
).

(45)

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere with magnetisation M (McKenzie
2020).
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Table 3. Particular cases for the Lipschitz–Hankel integrals appearing in expressions for themagnetic gradient tensor at an observa-
tion height |z| above the top surface of a uniformly magnetised, semi-infinite right circular vertical cylinder source of radius awhere
F0(k) and E0(k) are the complete elliptic integrals of the first and second kind with modulus k and modular angle α as defined by
Equations (A1.8), (A1.9) and (A1.10) in Appendix 1.

P(r,z) sub-case I(1,0; 0) I(1,1;−1)/r I(1,1; 0) I(1,0; 1) I(1,1; 1)

axial r = 0; z < 0 1
a

(
1 − |z|√

a2+z2

)
1
2a

(
1 − |z|√

a2+z2

)
0 a

(a2+z2)3/2
0

Origin r = 0, z = 0
( 1
a

) ( 1
2a

)
0

(
1
a2

)
0

coplanar-top 0 < r < a, z = 0
( 1
a

) ( 1
2a

) 1
k
√
ar

{ (
1 − k2

2

)
F0(k)

−E0(k)

}
1
a

{
E0(k)
(a−r) +
F0(k)
(a+r)

}
0

coplanar-rim r = a, z = 0
( 1
2a

) ( 1
2a

) ∞ ±∞ ∞
coplanar-external r > a, z = 0 0

(
a
2r2

)
1

k
√
ar

{ (
1 − k2

2

)
F0(k)

−E0(k)

}
1
a

{
E0(k)
(a−r) +
F0(k)
(a+r)

}
0

Particular cases for themagnetic gradient
tensor

Some particular cases for the magnetic gradient ten-
sor arise due to the position of the observation station
P(r) relative to the centre of the top face of the cylin-
der or when the total resultant magnetisation direction
of the circular cylinder is aligned along the north, east
or vertical directions. In the former, the relative obser-
vation position determines the Lipschitz–Hankel inte-
gral functions in the expressions for the gradient tensor
in Equations (37.1)–(37.6). The nature of these integral
functions is summarised in Table 3 for various axial and
coplanar cases. In particular for observation stations
located on the axis of the cylinder, it may be shown
that in the limit as the radial distance r approaches

zero, the pair of terms
[
1
r I(1,0; 0) − 2

r2
I(1,1;−1)

]
and[ 1

r I(1,1; 0) − 1
2 I(1,0; 1)

]
in Equations (37.1)–(37.5) are

both identically zero [seeAppendix 4, equations (A4.9.7)
and (A4.9.11) respectively]. Furthermore from Table 3,
the axial limits for the I(1,0; 1) and I(1,1; 1) integrals
are a/(a2 + z2)

3/2
and 0 respectively. Hence the mag-

netic gradient tensor for an axial observation station
r = (0, 0, z) including the origin at (0,0,0) is

B(r)r= 0 =
⎡
⎣ Bxx Bxy Bxz

Byx Byy Byz
Bzx Bzy Bzz

⎤
⎦

= πa2 Cm

(a2 + z2)3/2

⎡
⎣ −Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ .

(46)

An application to the determination of
magnetisation direction from the gradient
tensor

From Equation (46), it is immediately evident that
expressions for the declination and inclination of mag-
netisation for a uniformly magnetised pipe may be
derived by taking ratios of the Bxz ,Bxz , and Bzz tensor
elements at points on the vertical axis of a right circular

vertical cylinder. First for the declination of magnetisa-
tionDM which is defined from the ratio of the horizontal
componentsMx andMy of magnetisation, namely,

DM = arctan
(
My

Mx

)

= arctan
(−Byz

−Bxz

)
( for 0 ≤ DM < 2π ). (47)

The inclination of magnetisation IM is defined from the
ratio of the horizontal and vertical components of mag-
netisation, namely,

IM = arctan

⎛
⎝ Mz√

M2
x + M2

y

⎞
⎠

= arctan

⎛
⎝ Bzz

2
√
B2xz + B2yz

⎞
⎠ ( for − π

2
≤ IM ≤ π

2
).

(48)

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere (McKenzie 2020).

The effect of plunge on field and gradient
tensor computations

As I noted earlier, the theory presented here for the
gravity and magnetic fields and gradient tensors due
to a right circular vertical pipe only allows for poten-
tial field calculations level with or above the top face of
the pipe. For this reason, the theory presented here for
themodelling of plunging right circular pipes should be
used with caution at low sensor heights when plunge
angles are significantly non-vertical. This is illustrated
in Figure 7 which shows the region of coverage at a
height of 50m above a series of plunging right circular
pipes with radius a = 100m and plunge angles of 75°,
80° and 85°, respectively. In this example, the coverage
region is significantly reduced for plunge angles below
75°. The regions of unrestricted coverage are shown in
blue while regions where coverage is invalid are shown
in red.



18 K. BLAIR MCKENZIE

Figure 7. East-north grid images showing the region of coverage at a height of 50m above a series of plunging right circular pipes
with radius a = 100m, plunge azimuth 45° and plunge angles of 75°, 80° and 85°. (a–c) show the vertical coordinates z of the obser-
vation stations relative to the plane of the top surface for each of the plunging pipemodels. (d–f) display the region of valid coverage
(shown in blue) for each of the plunging pipe models.

In addition to the theoretical restriction on observa-
tion points, there is another possible pitfall associated
with the use of the plunging circular pipe model in cer-
tain geological situations. Most importantly the plung-
ing right circular cylinder model should only be used in
the investigation of plunging pipes which are approx-
imately right circular. Geological situations where a
plungingpipemaynot be right circularmayoccurwhen
the top surface of the plunging pipe has been removed
by erosion or effectively demagnetised by weathering.

Symmetry properties of themagnetic gradient
tensor for special magnetisation directions

The elements of the magnetic gradient tensor exhibit
reflective and rotational symmetries for particular cases
of the magnetisation direction, for example, when the
magnetisation direction in a right circular vertical cylin-
der is directed along each one of the three orthogonal
directions (x-north, y-east and z-vertically down). These
symmetries may be deduced from expressions for the
Bxx , Bxy , Bxz , Byy , Byz , Bzz gradient tensor elements due to
a semi-infinite right circular vertical cylinder as given in
Equations (37.1) to (37.6) respectively.

Figures 8–10 show contoured grid images of the six
main elements of the magnetic gradient tensor for a
series of semi-infinite right circular vertical cylinders of

radius a = 100mand possessing uniform 1Am−1 mag-
netisations M in the north M = |M| x̂, east M = |M| ŷ,
and downward vertical M = |M| ẑ directions, respec-
tively. The plane of observation is 50m above the top
surface of the cylinder. The expressions for the Bxx ,
Bxy , Bxz , Byy , Byz , Bzz gradient tensor elements for these
three magnetisation directions are given in Appendix
5. The grid images for B(r;M = M x̂) in Figure 8(a–f)
and also Equations (A5.1.1)–(A5.1.6) in Appendix 5 rep-
resent those for the magnetic gradient tensor B(r)
reduced to the equator (RTE) while the grid images
for B(r;M = M ẑ) in Figure 10(a–f) and also Equations
(A5.3.1)–(A5.3.6) in Appendix 5 represent those for the
magnetic gradient tensor B(r) reduced to the north
magnetic pole (RTP).

By inspection of Figures 8–10 and also from Equa-
tions (A5.1.1)–(A5.3.6) in Appendix 5, I note the fol-
lowing symmetries when the intensity of magnetisa-
tion |M| is set to a constant in each of the north, east
anddownward vertical directions, i.e. when |M| = M =
Mx = My = Mz .

These symmetries are as follows:

Bxy(r;M = M x̂) = Bxx(r;M = M ŷ).

(see Figures 8(b) and 9(a))

Byy(r;M = M x̂) = Bxy(r;M = M ŷ).
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Figure 8. Contoured grid images (north is up the page) of themagnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius a = 100m, uniform magnetisation M = Mx̂ and intensity M = 1 Am−1. (a–c) in the top row show tensor
elements Bxx ,Bxy ,Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

Figure 9. Contoured grid images (north is up the page) of themagnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius a = 100m, uniform magnetisation M = Mŷ and intensity M = 1 Am−1. (a–c) in the top row show tensor
elements Bxx , Bxy , Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

(see Figures 8(d) and 9(b))

Bxz(r;M = M x̂) = Bxx(r;M = M ẑ).

(see Figures 8(c) and 10(a))

Byz(r;M = M ŷ) = Byy(r;M = M ẑ).

(see Figures 9(e) and 10(d))

Byz(r;M = M x̂) = Bxz(r;M = M ŷ).

(see Figures 8(e) and 9(c))

Byz(r;M = M x̂) = Bxy(r;M = M ẑ).
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Figure 10. Contoured grid images (north is up the page) of the magnetic gradient tensor elements due to a semi-infinite right
circular vertical pipe of radius a = 100m, uniform magnetisation M = Mẑ and intensity M = 1 Am−1. (a–c) in the top row show
tensor elements Bxx , Bxy , Bxz respectively. (d–f) in the bottom row show tensor elements Byy , Byz , Bzz respectively.

(see Figures 8(e) and 10(b))

Bxz(r;M = M ŷ) = Bxy(r;M = M ẑ).

(see Figures 9(c) and 10(b))

Bzz(r;M = M x̂) = Bxz(r;M = M ẑ).

(see Figures 8(f) and 10(c))

Bzz(r;M = M ŷ) = Byz(r;M = M ẑ).

(see Figures 9(f) and 10(e))
Rotational symmetries also exist between some of

the magnetic gradient tensor elements for the three
independent magnetisations of equal intensity |M| =
M = Mx = My = Mz . as shown in Figures 8–10. For
example,

Byy(r, θ + π

2
, z;M = M ŷ) = Bxx(r, θ , z;M = M x̂).

(see Figures 9(d) and 8(a))

Bxy(r, θ + π

2
, z;M = M x̂) = Byy(r, θ , z;M = M x̂) .

(see Figure 8(b,d))

Bxy(r, θ + π

2
, z;M = M x̂) = Bxy(r, θ , z;M = M ŷ) .

(see Figures 8(b) and 9(b))

Bxx(r, θ + π

2
, z;M = M ŷ) = Bxy(r, θ , z;M = M ŷ).

(see Figure 9(a,b))

Bxx(r, θ + π

2
, z;M = M ŷ) = Byy(r, θ , z;M = M x̂).

(see Figures 9(a) and 8(d))

Byz(r, θ ± π

2
, z;M = M ŷ) = Bxz(r, θ , z;M = M x̂).

(see Figures 9(e) and 8(c))

Byz(r, θ ± π

2
, z;M = M ŷ) = Bxx(r, θ , z;M = M ẑ).

(see Figures 9(e) and 10(a))

Byy(r, θ ± π

2
, z;M = M ẑ) = Bxz(r, θ , z;M = M x̂).

(see Figures 10(d) and 8(c))

Byy(r, θ ± π

2
, z;M = M ẑ) = Bxx(r, θ , z;M = M ẑ).

(see Figures 10(d) and 10(a))

Bzz(r, θ + π

2
, z;M = M ŷ) = Bzz(r, θ , z;M = M x̂).

(see Figures 9(f) and 8(f))

Bzz(r, θ + π

2
, z;M = M ŷ) = Bxz(r, θ , z;M = M ẑ).

(see Figures 9(f) and 10(c))

Byz(r, θ + π

2
, z;M = M ẑ) = Bzz(r, θ , z;M = M x̂).

(see Figures 10(e) and 8(f))

Byz(r, θ + π

2
, z;M = M ẑ) = Bxz(r, θ , z;M = M ẑ).

(see Figures 10(e) and 10(c))
From the above symmetries it is possible to construct

the elements of the magnetic gradient tensor B(r;M =
M ŷ) from the RTE and RTP gradient tensors B(r;M =
M x̂) and B(r;M = M ẑ) respectively.
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A note onmodel scaling with respect to the
radius a

For a pair of uniformly magnetised semi-infinite right
circular vertical pipes with radii a1 and a2 and mag-
netisation M, and for a pair of measurement points
P(r1, θ , z1) and P(r2, θ , z2) in which the standardised dis-
tances r/a and z/a are identical, the ratio Bij;2/Bij;1 of any
tensor element Bij for this pair of pipes is inversely pro-
portional to the ratio of their respective radii, namely,

Bij;2(r2, θ , z2; a2,M ) =
(
a1
a2

)
Bij;1(r1, θ , z1; a1,M )

for i, j = x, y, z and r1 = (a1/a2)r2. (49)

This follows from the fact that when the standard-
ised distances r/a and z/a are identical, then it may
be shown that the Green’s functions f1 and f2 for gra-
dient tensor elements Bij;1 and Bij;2 in pipes 1 and

2 respectively are related as f2 =
(
a1
a2

)2
f1 (see Eason,

Noble, and Sneddon 1955, Part II, 542–546). Since
the gradient tensor elements Bij;1 and Bij;2 can be
expressed as Bij;1(r1, θ , z1; a1,M ) = 2π a1 Cm |M|f1 and
Bij;2(r2, θ , z2; a2,M ) = 2π a2 Cm |M|f2 = 2π Cm|M|(a21/
a2)f1 , then the ratio Bij;2 / Bij;1 is (a1 / a2). For exam-
ple, if a1 = 100m and z1 = −50m in pipe 1 (Model
1a) and a2 = 10m and z2 = −5m in pipe 2 (Model
1b), then Bij;2 = 10 Bij;1 for all standardised observa-
tion points (r2/a2, z2/a2) and (r1/a1, z1/a1) respectively.
Importantly, I also note that the pair of right circular ver-
tical pipemodels can bemade scalable cylinder sources
by choosing amagnetisation intensity |M2| for pipe 2 in
Equation (49) that is |M2| = (a2/a1)|M1|. This scalability
property of right circular vertical cylinders relates to the
equivalence between confocal ellipsoids or magnetic
spheres with the same magnetic moment m = M v as
noted in Medeiros and Silva (1995) and illustrated in
Clark (2014).

For the magnetic field components bi and the grav-
ity gradient tensor elements 
ij, the pair of Green’s
functions f1 and f2 for bi;1 and bi;2 (and 
ij;1 and 
ij;2),

are related as f2 =
(
a1
a2

)
f1 so that ratio bi;2 / bi;1 (and


ij;2 / 
ij;1) is 1 when the standardised distances r/a and
z/a are identical, i.e.

bi;2(r2, θ , z2; a2,M ) = bi;1(r1, θ , z1; a1,M )

for i = x, y, z and r1 = (a1/a2)r2. (50)

Finally for the magnetic scalar potential and the grav-
ity field components, the pair of Green’s functions f1
and f2 for V1 and V2 are identical, i.e. f2 = f1, so that
the ratio V2 / V1 (and also gi;2 / gi;1 for i = x, y, z) is a2/a1
when standardised distances r/a and z/a are identical,
i.e.

V2(r2, θ , z2; a2,M ) =
(
a2
a1

)
V1(r1, θ , z1; a1,M )

for r1 = (a1/a2)r2. (51)

Thus the dimensionality of the Green’s functions are
L0, L−1, L−2 yielding scaling factors of a2/a1, 1 and a1/a2
for themagnetic scalar potential, themagnetic field and
the magnetic gradient tensor respectively.

The superposition of magnetic field
components and gradient tensor elements

The superposition principle applies to harmonic poten-
tial fields which satisfy Laplace’s Equation (Blakely
1995). It is used to calculate the gravity and magnetic
field components in source free regions. In the absence
of significant demagnetisation effects, the superposi-
tion principle may be used to calculate the magnetic
field and gradient tensor due to the following right
circular cylinder models:

1. a finite length, vertical or plunging right circular
cylinder

2. a concentrically zoned, semi-infinite or finite
length, right circular vertical cylinder with a specific
magnetisationM and outer radius a in each zone

3. a vertical stack of coaxial finite length vertical cylin-
ders each with a specific magnetisationM, radius a
and axial length h in each cylinder

4. a distributed multitude of finite-length and/or
semi-infinite, right circular vertical pipes each with
a specific diameter 2a, axial length h and magneti-
sationM

The finite length right circular vertical cylinder has
been discussed previously but for a plunging right
circular cylinder of radius a1, magnetisation M1 and
axial length h1, the magnetic field or gradient ten-
sor response for a particular harmonic component bc
of its magnetic field or gradient tensor bc(x1, x2, x3
; a1, h1,M1) at an observation point r′ = (x1, x2, x3)T in
the body axis coordinate system is

bc(x1, x2, x3; a1, h1,M1) = bc(x1, x2, x3; a1, ∞,M1)

−bc(x1, x2, x3 − h1; a1,∞,M1),
(52)

where bc(x1, x2, x3; a1, ∞,M1) is any harmonic mag-
netic field component or tensor element due to a semi-
infinite, right circular plunging cylinder at a measure-
ment point r′ defined with respect to an origin on the
top surface of the finite length cylinder and bc(x, y, z −
h; a,∞,M), is the magnetic field component or tensor
element due to a second semi-infinite right circular ver-
tical cylinder, coaxial with the first, and at the same
measurement point whose axial coordinate is x3 − h1
relative to a new origin on the top surface of the second
cylinder. In this instance the top surface of the second
cylinder is coincident with the base of the first so that
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the separationdistancebetween top surfaces of thepair
of coaxial cylinders is h1.

For a concentrically zoned, semi-infinite or finite
length, vertical, right circular cylinder of vertical depth
extent h1, which is comprised of an inner core or annu-
lus with radius a1 and magnetisation M1 and (n – 1)
outer rings with radius ai and magnetisation Mi as in
model case type 2 above, the calculated component
bc for both the semi-infinite and finite depth extent
models is

bc(x, y, z1) = bc(x, y, z1; a1,h1,M1)

+
n∑

i= 2

bc(x, y, z1; ai, h1,Mi)

− bc(x, y, z1; ai−1,h1,Mi) for n ≥ 2. (53)

For a coaxial stack of n cylinders in case model 3 above,
the calculated component bc for the finite depth extent
model is

bc(x, y, z1) =
n∑

i= 1

bc(x, y, zi; ai, ∞,Mi)

− bc(x, y, zi − hi; ai,∞,Mi) (hn < ∞) ,
(54)

where zk = z1 −
k− 1∑
i= 1

hi (2 ≤ k ≤ n) .

And for the semi-infinite depth extent model in case
3 in which hn = ∞

bc(x, y, z1) =
n−1∑
i=1

{bc(x, y, zi; ai, ∞,Mi)

− bc(x, y, zi − hi; ai,∞,Mi)}
+ bc(x, y, zn; an, ∞,Mn), (55)

where zk = z1 −
k− 1∑
i= 1

hi (2 ≤ k ≤ n) .

I also note that the superposition principlemay be used
to calculate the gravity fields and gradient tensors in
each of the above composite models except that the
magnetisation M is replaced by the density or density
contrast ρ in each of the above models.

Conclusions – Final overview

This paper has presented a set of closed form expres-
sions for the direct calculation of the magnetic gradi-
ent tensor due to a uniformly magnetised right circular
cylinder or pipe. My formulation is based on Poisson’s
relation beginning with an expression for the magnetic
scalar potential for a semi-infinite right circular vertical
cylinder or pipe. The expressions for all magnetic fields
and gradient tensors are applicable to either a vertical

or plunging right circular pipe provided that observa-
tionpoints lie aboveor are coplanarwith the top surface
of the pipe. I also provide expressions for calculating
both the gravity and magnetic gradient tensors for var-
ious particular cases including measurement stations
on the axis of the circular cylinder or stations coplanar
with its top surface. The expressions for the magnetic
field and its gradient tensor on the axis of the cylinder
are derived from Taylor’s series expansions of the Lip-
schitz–Hankel integrals near its central axis. At least six
Lipschitz–Hankel integrals are required to formulate the
magnetic scalar potential, the magnetic field compo-
nents and the magnetic gradient tensor for a uniform
magnetic pipe. The expressions for the gradient ten-
sor shown in my paper have passed the following tests,
namely,

1. The expressions for the magnetic gradient tensor
(shown here in both Cartesian and cylindrical coor-
dinates) satisfy the trace and symmetry relations for
all observation points outside the pipe, i.e. satisfy-
ing Laplace’s equations.

2. Singularities in the equations formagnetic field and
magnetic gradient tensor have been confirmed for
all points on the rim of the top surface of the cylin-
der.

3. Gradient tensors calculated for a facetted quasi-
circular pipe are in close agreement with those
computed from the closed form theoretical expres-
sions shown in this paper. Hence the theory pre-
sented here is correct.

4. The scalability of magnetic sources which is well
known for magnetic spheres possessing identical
magnetisations (but not moments) is shown to
apply to right circular vertical pipes.

5. The superposition principle allows for the compu-
tation of the magnetic and gravity potential fields
for a finite length or concentrically zoned circular
pipe.

The expressions for the magnetic field and gradi-
ent tensor on the axis of a vertical pipe are particularly
important because they lead to equations for determin-
ing the magnetisation direction in a uniform pipe.
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Appendix 1: Closed form expressions for the
Lipschitz–Hankel integrals

The six Lipschitz–Hankel integrals I(1,0;−1), I(1,1;−1),
I(1,0; 0) , I(1,1; 0), I(1,0; 1) and I(1,1; 1) which appear in expres-
sions for the gravity field vector, the gravity gradient tensor,
the scalar magnetic potential, the magnetic field vector and
the magnetic gradient tensor have been evaluated in closed
form by Eason, Noble, and Sneddon (1955), equations (4.6),
(4.9), (4.7), (4.2), (4.8), and (4.4) respectively.

For the I(1,0;−1), I(1,1;−1) and I(1,0; 0) integrals there are
three particular general cases, namely, 0 <

r < a, r = a, r > a.
The closed form expression for the I(1,0;−1) integral is

(Eason, Noble, and Sneddon 1955, equation 4.6):

I(1,0;−1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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ka
E0(k) + k (a2 − r2)

4a
√
ar

F0(k) + |z|
2a

�0(k,β)

−|z|
a

(r < a)
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2a
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The closed formexpression for the I(1,1;−1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.9):

I(1,1;−1) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|z|
2k

√
ar
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4ar
�0(k,β) + r

2a
(r < a)

|z|
2ka

E0(k) − k|z| (2a2 + z2/2)
4a3

F0(k) + 1
2

(r = a)

|z|
2k
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E0(k) − k|z| (a2 + r2 + z2/2)

4ar
√
ar

F0(k)

+ (r2 − a2)

4ar
�0(k,β) + a
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(r > a)
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.

(A1.2)

The closed form expression for the I(1,0; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.7):

I(1,0; 0) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
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− k|z|
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.

(A1.3)

The closed form expression for the I(1,1; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.2):

I(1,1; 0) = 1

k
√
ar

{(
1 − k2

2

)
F0(k) − E0(k)

}
(for r > 0).

(A1.4)

The closed form expression for the I(1,0; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.8)

I(1,0; 1) = k3( a2 − r2 − z2)

16 a k′2(ar)3/2
E0(k) + k

4a
√
ar

F0(k)

(for r > 0). (A1.5)

The closed form expression for the I(1,1; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.4)

I(1,1; 1) = k|z|
4(ar)3/2

[(
1 − k2

2

) (
1

k′2

)
E0(k) − F0(k)

]

(for r > 0). (A1.6)

where F0(k) = (2/π) F(k) and E0(k) = (2/π)E(k)are the com-
plete elliptic integrals of the first and second kind with modu-
lus k, namely,

F(k) =
π/2∫
0

1√
1 − k2 sin2θ

dθ (A1.7)

and

E(k) =
π/2∫
0

√
1 − k2 sin2 θ dθ (A1.8)

The modulus k and the modular angle α are defined as

k2 = sin2α = 4ar

(a + r)2 + z2
(A1.9)

Also �0(k,β) is Heuman’s lambda function with modulus k
and angular amplitude β (Heuman 1941; Eason, Noble, and
Sneddon 1955; Abramowitz and Stegun 1964; Byrd and Fried-
man 1971; Singh and Sabina 1978). Heuman’s Lambda func-
tion is defined in terms of the following elliptic integrals,

namely,

�0(k,β) = F0(k)E(k
′,β) − [ F0(k) − E0(k)] F(k′,β) , (A1.10)

where F(k′,β) and E(k′,β) are the incomplete elliptic inte-
grals of the first and second kind respectively with mod-
ular angle (π/2 − α), co-modulus k′ = √

1 − k2
′
and angu-

lar amplitude β which is defined as sin2β = z2

(a−r)2+z2
. The

incomplete elliptic integrals of the first and second kind
respectively with modulus k = sinα and angular amplitude β

are defined as follows:

F(k,β) =
β∫

0

1√
1 − k2 sin2θ

dθ (A1.11)

and

E(k,β) =
β∫

0

√
1 − k2sin2θ dθ (A1.12)

Appendix 2: Particular limiting cases for the
Lipschitz–Hankel integrals

In this Appendix I shall examine some important particular
cases for the Lipschitz–Hankel integrals which occur in the
generic expressions for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor of
the semi-infinite right circular vertical cylinder. Expressions
for the magnetic scalar potential require the following pair of
Lipschitz–Hankel integrals, namely, I(1,0;−1) and I(1,1;−1),
while expressions for the magnetic field components require
I(1,0; 0), I(1,1;−1)/r and I(1,1; 0), and expressions for themag-
netic gradient tensor also require I(1,0; 0)/r, I(1,1;−1)/r2,
I(1,1; 0)/r, I(1,0; 1) and I(1,1; 1). The particular cases to be con-
sidered are as follows:

(1) Any axial measurement point P(0,0,z) which is above the
top of the cylinder, i.e. where r =

√
x2 + y2 = 0 and z <

0.
(2) The axial measurement point P(0,0,0) which lies at the

origin on the top surface of the cylinder, i.e. where r =√
x2 + y2 = 0 and z = 0.

(3) The coplanar measurement point P(r, θ , 0) or P(x,y,0)
which lies on the top surface of the cylinder or is coplanar
with it, i.e. where r =

√
x2 + y2; θ = arctan (y/x); z = 0

and the three sub-cases 0 < r < a; r = a; r > a.

1. Axial cases

The expressions for the axial measurement cases in the
six Lipschitz–Hankel integrals I(1,0;−1), I(1,1;−1), I(1,0; 0),
I(1,1; 0), I(1,0; 1) and I(1,1; 1) are derived by setting r = 0 in
the integral forms of these functions. However the inte-
grals I(1,1;−1)/r, I(1,0; 0)/r, I(1,1;−1)/r2 and I(1,1; 0)/r which
have factors of 1/r or 1/r2 require a different treatment
involving expansions of the Lipschitz–Hankel integrals for
small r/a (see Appendix 4). For the axial cases in which
r = 0, the J0(rp) and J1(rp) Bessel functions are J0(rp) = 1
and J1(rp) = 0 (Abramowitz and Stegun 1964, Table 9.1,
p.390). Then for the I(1,1;−1) Lipschitz–Hankel integral in
Equation (A1.1)

I(1,1;−1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| p−1dp

=
∫ ∞

0
J1(ap) J1(0)e−p|z| p−1 dp = 0. (A2.1.1)
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Similarly for the I(1,1; 0) Lipschitz–Hankel integral in
Equation (A1.4)

I(1,1; 0) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| dp

=
∫ ∞

0
J1(ap) J1(0)e−p|z| dp = 0. (A2.1.2)

Similarly for the I(1,1; 1) Lipschitz–Hankel integral in
Equation (A1.6)

I(1, 1; 1) =
∫ ∞

0
J1(ap) J1(rp)e−p|z| pdp = 0. (A2.1.3)

For the I(1,0;−1) Lipschitz–Hankel integral in Equation (A1.1)
setting J0(rp) = 1 for r = 0,

I(1,0;−1) =
∫ ∞

0
J1(ap) J0(0)e−p|z| p−1 dp

=
∫ ∞

0
J1(ap) e−p|z| p−1 dp.

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.623.3) namely,

∫ ∞

0
e−αxJν(βx) x−1 dx =

(√
α2 + β2 − α

)ν

νβν
.

Hence for ν = 1, α = |z| , β = a, then

I(1,0;−1) =
∫ ∞

0
J1(ap) e−p|z| p−1 dp

=
√
z2 + a2 − |z|

a
(r = 0, z < 0). (A2.1.4)

For the I(1,0; 0) Lipschitz–Hankel integral in Equation (A1.3) on
setting J0(rp) = 1 for r = 0,

I(1,0; 0) =
∫ ∞

0
J1(ap) J0(0)e−p|z| dp =

∫ ∞

0
J1(ap) e−p|z| dp.

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.621.4) namely,

∫ ∞

0
e−αxJν(βx)dx =

(√
α2 + β2 − α

)v
βν
√

α2 + β2
.

Thus for ν = 1, α = |z| , β = a,

I(1, 0; 0) =
∫ ∞

0
J1(ap) e−p|z| dp =

√
z2 + a2 − |z|
a
√
z2 + a2

= 1
a

{
1 − |z|√

z2 + a2

}
(r = 0, z < 0). (A2.1.5)

Finally to determine the limit for the integral I(1,1;−1)/r in
the axial case, it is necessary to find a series expansion of the
integral I(1,1;−1) for small values of (r/a). Following Eason,
Noble, and Sneddon (1955, 535), it may be shown that for
ζ = |z|/a

I(1,1;−1) =
√
1 + ζ 2 − ζ

2
√
1 + ζ 2

( r
a

)
+ O

( r
a

)3

= 1
2

[
1 − ζ√

1 + ζ 2

] ( r
a

)
+ O

( r
a

)3
.

Hence I(1,1;−1)/r = 1
2a

[
1 − ζ√

1 + ζ 2

]
+ O

( r
a

)2

= 1
2a

[
1 − |z|√

a2 + z2

]
+ O

( r
a

)2
,

so that I(1,1;−1)/r = 1
2a

[
1 − |z|√

a2 + z2

]

= 1
2
I(1,0; 0) (for r = 0). (A2.1.6)

2. Origin cases

For an observation station at the origin or centre of the top
face of the semi-infinite right circular vertical cylinder, the
expressions for the three Lipschitz–Hankel integrals I(1,0;−1),
I(1,0; 0) and I(1,1;−1)/r respectively are derived by setting
z = 0 in the expressions for these functions in equations
(A2.1.4)–(A2.1.6) above. Thus from Equation (A2.1.4), the
I(1,0;−1) Lipschitz–Hankel integral at the origin is

I(1,0;−1) =

√
z2 + a2 − |z|

a
= 1 (for r = 0, z = 0).

(A2.2.1)

Similarly from Equation (A2.1.5), the I(1,0; 0) Lipschitz–Hankel
integral is

I(1,0; 0) = 1
a

{
1 − |z|√

z2 + a2

}
= 1

a
(r = 0, z = 0) ,

(A2.2.2)

and from Equation (A2.1.6), the I(1,1;−1)/r Lipschitz–Hankel
integral is

I(1,1;−1)/r = 1
2a

[
1 − |z|√

z2 + a2

]
= 1

2
I(1,0; 0)

= 1
2a

(for r = 0, z = 0). (A2.2.3)

The I(1,1;−1), I(1,1; 0) and I(1,1; 1) Lipschitz–Hankel integrals
are identically zero at the origin as in the axial cases above,

I(1,1;−1) = 0; I(1,1; 0) = 0 ; I(1,1; 1) = 0 (r = 0, z ≤ 0).
(A2.2.4)

3. Coplanar cases

The I(1,0;−1), I(1,1;−1) and I(1,0; 0) Lipschitz–Hankel inte-
grals contain terms involving Heuman’s Lambda function
�0(k,β) where sin2 β = z2/{ (a − r)2 + z2} [see Equation
(A1.10)]. In each of the three coplanar cases |z| = 0 so that
sin2 β = 0. Therefore Heuman’s Lambda function �0(k,β)

and the incomplete elliptic integrals F0(k,β) and E0(k,β)

are all identically zero in equations (A1.1), (A1.2), and (A1.3)
respectively (Abramowitz and Stegun 1964, Tables 17.5 and
17.6).

The expressions for the I(1,0;−1) integral in the three par-
ticular coplanar cases above are derived by setting |z| = 0 in
Equation (A1.1), namely,

I(1,0;−1) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(a + r)

2a
E0(k) + (a − r)

2a
F0(k) (r < a)

1 (r = a)

(a + r)

2a
E0(k) + (a − r)

2a
F0(k) (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
,

(A2.3.1)

k2 = sin2α = 4ar

(a + r)2
; sin2β = 0 ; �0(k, 0) = 0. (A2.3.2)

Similarly, the expressions for the three particular coplanar
cases belonging to the I(1,1;−1) and I(1,1;−1)/r integrals are
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derived by setting |z| = 0 in Equation (A1.2), namely,

I(1,1;−1) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

r

2a
(r < a)

1
2

(r = a)

a

2r
(r > a)
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,

and

I(1,1;−1)/r =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

1
2a

(r < a)

1
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(r = a)

a

2r2
(r > a)
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⎪⎪⎪⎪⎪⎪⎭
. (A2.3.3)

Similarly, the expressions for the I(1,0; 0) and I(1,0; 0)/r inte-
grals in the three coplanar cases above are derived by setting
|z| = 0 in Equation (A1.3). Hence

I(1,0; 0) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
a

(r < a)

1
2a

(r = a)

0 (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
,

and

I(1,0; 0)/r =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
ar

(r < a)

1
2a2

(r = a)

0 (r > a)

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭
. (A2.3.4)

It is noted that the limit for r = a is exactly the Dirichlet limit
for the (r < a) and (r > a) particular cases as r approaches a,
i.e.

I(1,0; 0)|r=a = 1
2

{
lim
r→a

[I(1,0; 0)| r<a + I(1,0; 0)| r>a]
}
,

= 1
2

(
1
a

+ 0
)

= 1
2a

.

The expressions for the I(1,1; 0) and I(1,1; 0)/r integrals for
the (0 < r < a) and (r > a) particular coplanar cases remain
unchanged from Equation (A1.4) except at a measurement
point P(a, θ , 0) on the rim of the top surface where it is unde-
fined. Hence

I(1,1; 0) =

⎧⎪⎨
⎪⎩

1

k
√
ar

[(
1 − k2

2

)
F0(k) − E0(k)

]
(r �= a)

∞ (r = a)

⎫⎪⎬
⎪⎭ ,

(A2.3.5)

and

I(1,1; 0)/r =

⎧⎪⎨
⎪⎩

1

kr
√
ar

[(
1 − k2

2

)
F0(k) − E0(k)

]
(r �= a)

∞ (r = a)

⎫⎪⎬
⎪⎭ .

(A2.3.6)

The expression for the I(1,0; 1) integral for the (0 < r < a)
and (r > a) coplanar cases remains unchanged from Equation
(A1.5) except at measurement points P(a, θ , 0) on the rim of
the top surface of the right circular cylinder where it is unde-
fined. Since the I(1,0; 1) integral changes sign from positive
to negative for measurement points where r > a then

I(1,0; 1) =

⎧⎪⎨
⎪⎩

1
2a

[
E0(k)

(a − r)
+ F0(k)

(a + r)

]
(r �= a)

±∞ (r = a)

⎫⎪⎬
⎪⎭ . (A2.3.7)

Appendix 3: Derivatives of the
Lipschitz–Hankel integrals I(1,0;−2), I(1,0;−1),
I(1,1;−1), I(1,0; 0), I(1,1; 0)
Expressions for the gravity field, gravity gradient tensor,
magnetic field and magnetic gradient tensor for a semi-
infinite right circular vertical cylinder involve finding the par-
tial derivatives of the Lipschitz–Hankel integrals I(1,0;−2),
I(1,0;−1), I(1,1;−1), I(1,0; 0), and I(1,1; 0) with respect to the x,
y, z Cartesian coordinates. These integrals take the following
general form:

I(m,n; l) =
∫ ∞

0
Jm(ap) Jn(rp)e−p|z| pl dp. (A3.1)

where Jm(ap) and Jn(rp) are Bessel functions of the first kind
and of integer order m and n respectively and where m = 1;
n = 0, 1; l = −2, −1, 0 for the five Lipschitz Hankel integrals
shown above.

By inspection, it is evident that only the Bessel function
Jn(rp) in Equation (A3.1) is dependent on the radial coordi-
nate r. Furthermore, since r =

√
x2 + y2 then ∂r

∂x = x/r and
∂r
∂y = y/r, and by the chain rule of partial differentiation:

∂

∂x
I(m,n; l) = ∂

∂r
I(m,n; l)

(
∂r

∂x

)
=
( x
r

) ∂

∂r
I(m,n; l). (A3.2.1)

∂

∂y
I(m,n; l) = ∂

∂r
I(m,n; l)

(
∂r

∂y

)
=
( y
r

) ∂

∂r
I(m,n; l). (A3.2.2)

Hence expressions for the x, y partial derivatives of I(m,n; l)
may be derived from expressions for its radial or r par-
tial derivative. By inspection, it is evident that only the
J0(rp) and J1(rp) Bessel functions for n = 0, 1 respectively in
Equation (A3.1) are dependent on r. From Abramowitz and
Stegun (1964, equation 9.1.28), the r partial derivative of the
Bessel function J0(rp) is

∂

∂r
J0(rp) = −p J1(rp) , (A3.3.1)

while the r partial derivative of the Bessel function J1(rp) is
(Abramowitz and Stegun, 1964, Equation 9.1.30),

∂

∂r
J1(rp) = p J0(rp) − 1

r
J1(rp). (A3.3.2)

Hence from Equation (A3.3.1) the r partial derivative of the
I(1,0; l) integral is given by

∂

∂r
I(1,0; l) =

∫ ∞

0
J1(ap)

∂

∂r
J0(rp)e−p|z| pl dp

=
∫ ∞

0
J1(ap) − p J1(rp)e−p|z| pl dp

= −
∫ ∞

0
J1(ap) J1(rp)e−p|z| pl+1 dp

= −I(1,1; l + 1). (A3.4.1)

And from Equation (A3.3.2) the r partial derivative of the
I(1,1; l) integral is given by

∂

∂r
I(1,1; l) =

∫ ∞

0
J1(ap)

∂

∂r
J1(rp)e−p|z| pl dp

=
∫ ∞

0
J1(ap)

{
p J0(rp) − 1

r
J1(rp)

}
e−p|z| pl dp

=
∫ ∞

0
J1(ap)p J0(rp)e−p|z| pl dp

−
∫ ∞

0
J1(ap)

1
r
J1(rp)e−p|z| pl dp,
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and therefore,

∂

∂r
I(1,1; l) =

∫ ∞

0
J1(ap)J0(rp)e−p|z| pl+1 dp

− 1
r

∫ ∞

0
J1(ap) J1(rp)e−p|z| pl dp, or

∂

∂r
I(1,1; l) = I(1,0; l + 1) − 1

r
I(1,1; l) for l = −2, −1, 0.

(A3.4.2)

The expressions for the r partial derivatives of Lipschitz–
Hankel integrals I(1,0; −2), I(1,0; −1), I(1,1; −1), I(1,0; 0)
and I(1,0; 0)may now be written from equations (A3.4.1) and
(A3.4.2). First for the three Lipschitz–Hankel integrals involv-
ing Equation (A3.4.1) where n = 0 and l = −2, −1, 0 respec-
tively,

∂

∂r
I(1,0;−2) = −I(1,1;−1). (A3.5.1)

∂

∂r
I(1,0;−1) = −I(1,1; 0). (A3.5.2)

∂

∂r
I(1,0; 0) = −I(1,1; 1). (A3.5.3)

And second for the pair of Lipschitz–Hankel integrals
involving Equation (A3.4.2) where n = 1 and l = −1, 0

∂

∂r
I(1,1;−1) = I(1,0; 0) − 1

r
I(1,1;−1). (A3.5.4)

∂

∂r
I(1,1; 0) = I(1,0; 1) − 1

r
I(1,1; 0). (A3.5.5)

The expressions for the z partial derivatives are straightfor-
ward since only the exponential term exp( − p|z|) in the
I(m,n; l) Lipschitz–Hankel integral is dependent on z. Since
∂|z|
∂z = −1 for z < 0, the expression for the z partial derivative
of exp( − p|z|) is p exp( − p|z|). Therefore,

∂

∂z
I(m,n; l) =

∫ ∞

0
Jm(ap)

∂

∂r
Jn(rp)pl

∂

∂z
e−p|z| dp

=
∫ ∞

0
Jm(ap)Jn(rp)pl+ 1e−p|z| dp,

= I(m,n; l + 1) ;m = 1; n = 0, 1 ; l = −2,−1, 0, . . .
(A3.6)

Hence from Equation (A3.6)

∂

∂z
I(1,0;−2) = I(1,0;−1) form = 1, n = 0; l = −2.

(A3.7.1)

∂

∂z
I(1,0;−1) = I(1,0; 0) form = 1, n = 0; l = −1. (A3.7.2)

∂

∂z
I(1,1;−1) = I(1,1; 0) form = 1, n = 1; l = −1. (A3.7.3)

∂

∂z
I(1,0; 0) = I(1,0; 1) form = 1, n = 0; l = 0. (A3.7.4)

∂

∂z
I(1,1; 0) = I(1,1; 1) form = 1, n = 1; l = 0. (A3.7.5)

Appendix 4: Evaluation of the
Lipschitz–Hankel integrals for small r/a
including r = 0.

The general form of the Lipschitz–Hankel integral I(μ,ν; λ) is
defined by Eason, Noble, and Sneddon (1955) as:

I(μ,ν; λ) =
∫ ∞

0
Jμ(at) Jv(bt)e−ct tλ dt , (A4.1)

where Jμ(at) and Jv(bt) are Bessel functions of the first kind
with order μ and ν respectively. A necessary condition for

the convergence of the I(μ,ν; λ) integral is that μ − ν + λ >

−1 (Eason, Noble, and Sneddon 1955). An alternative form of
Equation (A4.1) is (Eason et al., 1955, equation 1.2)

J(μ,ν; λ) =
∫ ∞

0
Jμ(ξ)Jv(ρξ)e−ζ ξ ξλ dξ , (A4.2)

where ρ = b/a, ζ = c/a, ξ = at, and therefore,

I(μ,ν; λ) = a−λ−1J(μ,ν; λ). (A4.3)

The parameters b and c in Equation (A4.2) are equivalent to r
and |z| respectively in Equation (1) of this paper so that ρ =
r/a and ζ = |z|/ a.

The Lipschitz–Hankel integralswhich appear in the expres-
sions for themagnetic scalar potential, themagnetic field vec-
tor and the magnetic gradient tensor have integer values for
μ, ν; λ. Therefore, I shall adopt the notation of Eason, Noble,
and Sneddon (1955) wherem,n; l replaceμ,ν; λ respectively in
equations (A4.1)−(A4.3). Hence

I(m,n; l) = a−l−1J(m,n; l) (form − n + l > −1). (A4.4)

When the parameter ρ = r/a is small, then the Jv(ρξ) Bessel
function in Equation (A4.2) may be replaced by its series
expansion (Eason, Noble, and Sneddon 1955, 535), namely,

J(m,n; l)

= ρn

2nn!

{
j(m; l + n) − ρ2

4(n + 1)
j(m; l + n + 2) + . . .

}
,

(A4.5)

where j(m; q) =
∫ ∞

0
Jm(ξ)ξq e−ζ ξ dξ . (A4.6)

The integrals j(m; q) have been evaluated by Watson (1943,
386) for various integer values of m and q. Eason, Noble, and
Sneddon (1955, 535) have listed formulae for calculatingmany
of these integrals. These formulae are used to derive approx-
imate expressions for the Lipschitz–Hankel integrals which
appear in the equations for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor. In
particular for small ρ = r/a and ζ = |z|/a,

J(m,n;−n) =
{√

1 + ζ 2 − ζ
}m

2n n !
√
1 + ζ 2

ρn + O(ρn+2). (A4.7.1)

J(m,n; − n − 1) =
{√

1 + ζ 2 − ζ
}m

2n n !m
ρn + O(ρn+2).

(A4.7.2)

J(m,n;m − n) = 1.3 . . . (2m − 1)

2n n ! (1 + ζ 2)
m+ 1

2

ρn + O(ρn+2). (A4.7.3)

J(m,n;m − n + 1) = 1.3 . . . (2m + 1) ζ

2n n ! (1 + ζ 2)
m+ 3

2

ρn + O(ρn+2) ,

(A4.7.4)

where O(ρn+2) = − ρn+ 2

2n+ 2 (n + 1)!
j(m; l + n + 2). (A4.7.5)

Substitution of m = 1, n = 0 and l = −n − 1 in Equa-
tions (A4.4) and (A4.7.2), yields the following expression for
I(1,0; −1) when ρ is small

I(1,0;−1) = J(1,0;−1) =
{√

1 + ζ 2 − ζ
}

+ O(ρ2).

The first higher order O(ρ2) term is found from
Equation (A4.7.5), so that

I(1,0;−1) = J(1,0;−1) ∼=
{√

1 + ζ 2 − ζ
}

− ρ2

4
j(1;1).

(A4.8.1)
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Substitution of m = 1, n = 1 and l = −n = −1 in Equa-
tions (A4.4) and (A4.7.1), yields the following expression for
I(1,1; −1) when ρ is small

I(1,1;−1) = J(1,1;−1) =
{√

1 + ζ 2 − ζ
}

2
√
1 + ζ 2

ρ + O(ρ3).

The first higher order O(ρ3) term is found from Equation
(4.7.5), so that

I(1,1;−1) = J(1,1;−1) ∼=

{√
1 + ζ 2 − ζ

}
2
√
1 + ζ 2

ρ − ρ3

16
j(1; 2).

(A4.8.2)

Also for I(1,1; −1)/r

I(1,1;−1)/r = J(1,1;−1)/r

∼= 1
2a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

− ρ2

8
j(1; 2)

⎤
⎦ . (A4.8.3)

Substitution of m = 1, n = 0 and l = −n = 0 in Equations
(A4.4) and (A4.7.1), yields the following expression for I(1,0; 0)
when ρ is small

I(1,0; 0) = 1
a
J(1,0; 0) = 1

a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

+ O(ρ2)

⎤
⎦ .

The first higher order O(ρ2) term is found from
Equation (4.7.5), so that

I(1,0; 0) = 1
a
J(1,0; 0) ∼= 1

a

⎡
⎣
{√

1 + ζ 2 − ζ
}

√
1 + ζ 2

− ρ2

4
j(1; 2)

⎤
⎦ .

(A4.8.4)

Substitution ofm = 1, n = 1 and l = m − n = 0 in equations
(A4.4) and (A4.7.3), yields the following expression for I(1,1; 0)
when ρ is small

I(1,1; 0) = 1
a
J(1,1; 0) = 1

a

[
1

2(1 + ζ 2)
3/2 ρ + O(ρ3)

]
.

The first higher order O(ρ3) term is found from
Equation (4.7.5), so that

I(1,1; 0) = 1
a
J(1,1; 0) ∼= 1

2a

[
1

(1 + ζ 2)
3/2 ρ − ρ3

8
j(1; 3)

]
.

(A4.8.5)

Also for I(1,1; 0)/r

I(1,1; 0)/r = 1
a
J(1,1; 0)/r ∼= 1

2a2

[
1

(1 + ζ 2)
3/2 − ρ2

8
j(1; 3)

]
.

(A4.8.6)

Substitution ofm = 1, n = 0 and l = m − n = 1 in equations
(A4.4) and (A4.7.3), yields the following expression for I(1,0; 1)
when ρ is small

I(1,0; 1) = 1
a2

J(1,0; 1) = 1
a2

[
1

(1 + ζ 2)
3/2 + O(ρ2)

]
.

The first higherorderO(ρ2) term is found fromEquation (4.7.5),
so that

I(1,0; 1) = 1
a2

J(1,0; 1) ∼= 1
a2

[
1

(1 + ζ 2)
3/2 − ρ2

4
j(1; 3)

]
.

(A4.8.7)

Substitution of m = 1, n = 1 and l = m − n + 1 = 1 in
Equations (A4.4) and (A4.7.4), yields the following expression

for I(1,1; 1) when ρ is small

I(1,1; 1) = 1
a2

J(1,1; 1) = 1
a2

[
3ζ

2(1 + ζ 2)
5/2 ρ + O(ρ3)

]
.

The first higherorderO(ρ3) term is found fromEquation (4.7.5),
so that

I(1,1; 1) = 1
a2

J(1,1; 1) ∼= 1
2a2

[
3ζ

(1 + ζ 2)
5/2 ρ − ρ3

8
j(1; 4)

]
.

(A4.8.8)

Lipschitz–Hankel integrals at axial
measurement points on and above a vertical
cylinder

The series expansions for the Lipschitz–Hankel integrals
developed in Equations (A4.8.1)–(A4.8.8) may now be used to
derive expressions for the Lipschitz–Hankel integrals at axial
measurement points by setting ρ = r/a = 0 and ζ = |z|/a.
From Equation (A4.8.1), the expression for the I(1,0; −1) Lips-
chitz–Hankel integral at an axial station P(0,0,z) is

I(1,0; −1) =
[√

1 + ζ 2 − ζ
]

= 1
a

[√
z2 + a2 − |z|

]
(for r = 0). (A4.9.1)

and at the origin on the top surface of the cylinder

I(1,0;−1) = 1 (for r = 0, z = 0). (A4.9.2)

From Equation (A4.8.2), the expression for the I(1; 1; −1) Lip-
schitz–Hankel integral at an axial station P(0,0,z) including the
origin is

I(1,1; −1) = 0 (for r = 0, z ≤ 0). (A4.9.3)

From Equation (A4.8.4), the expression for the I(1,0; 0) Lips-
chitz–Hankel integral at an axial station P(0,0,z) is

I(1,0; 0) = 1
a

[
1 − ζ√

1 + ζ 2

]
= 1

a

[
1 − z√

z2 + a2

]
.

(A4.9.4)

And at the origin on the top surface of the cylinder

I(1,0; 0) = 1
a

(for r = 0, z = 0). (A4.9.5)

Also from Equation (A4.8.3) the expression for I(1,1; −1)/r at
an axial station P(0,0,z) is

I(1,1; −1)/r = 1
2a

[
1 − ζ√

1 + ζ 2

]
= 1

2a

[
1 − z√

z2 + a2

]
,

= 1
2
I(1,0; 0). (A4.9.6)

And at the origin on the top surface of the cylinder

I(1,1; −1)/r = 1
2a

= 1
2
I(1,0; 0) (for r = 0, z = 0). (A4.9.7)

From Equation (A4.8.5), the expression for the Lipschitz–
Hankel integral I(1; 1; 0) at an axial station P(0,0,z) including
the origin is

I(1; 1; 0) = 0 (for r = 0, z ≤ 0). (A4.9.8)

And fromEquation (A4.8.6), the expression for I(1,1; 0)/r at an
axial station P(0,0,z) is

I(1,1; 0)/r = 1
2a2

[
1

(1 + ζ 2)
3/2

]
=
[

a

2 (z2 + a2)3/2

]
.

(A4.9.9)
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And at the origin on the top surface of the cylinder

I(1,1; 0)/r = 1
2a2

(for r = 0, z = 0). (A4.9.10)

From Equation (A4.8.7), the expression for I(1,0; 1) at an axial
station P(0,0,z) is

I(1,0; 1) = 1
a2

[
1

(1 + ζ 2)
3/2

]
=
[

a

(z2 + a2)3/2

]
,

= 2
r
I(1,1; 0) . (A4.9.11)

And at the origin on the top surface of the cylinder

I(1,0; 1) = 1
a2

= 2
r
I(1,1; 0) (for r = 0, z = 0). (A4.9.12)

From Equation (A4.8.8), the expression for I(1,1; 1) at an axial
station P(0,0,z) including the origin is

I(1,1; 1) = 0 (for r = 0, z ≤ 0). (A4.9.13)

Appendix 5: Symmetry properties of the
magnetic gradient tensor for three for special
magnetisation directions

For a magnetisation M = |M| x̂ = M x̂; M = Mx in the north
or x direction, the magnetic gradient tensor elements at an
observation point r = (r, θ , z) are as follows:

Bxx(r;M = M x̂)

= 2πaCm M

{
cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos3θ I(1,1; 1)
}
. (A5.1.1)

Bxy(r;M = M x̂)

= 2πaCm M

{
sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin θ cos2θ I(1,1; 1)
}
,

= Byx(r;M = M x̂). (A5.1.2)

Bxz(r;M = M x̂)

= πaCm M

{
cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Bzx(r;M = M x̂). (A5.1.3)

Byy(r;M = M x̂)

= 2πaCm M

{
−cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos θsin2θ I(1,1; 1)
}
. (A5.1.4)

Byz(r;M = M x̂)

= πaCm M

{
sin 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]}
,

= Bzy(r;M = M x̂). (A5.1.5)

Bzz(r;M = M x̂) = −2πaCm Mcos θ I(1,1; 1). (A5.1.6)

For a magnetisation M = |M| ŷ = M ŷ ;M = My in the east
or y direction, the magnetic gradient tensor elements at an
observation point r = (r, θ , z) are as follows:

Bxx(r;M = M ŷ)

= 2πaCmM
{
sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin θ cos2θ I(1,1; 1)
}
,

= Bxy(r;M = M x̂). (A5.2.1)

Bxy(r;M = M ŷ)

= 2πaCmM
{
−cos 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ cos θ sin2θ I(1,1; 1)
}
,

= Byy(r;M = M x̂). (A5.2.2)

Bxz(r;M = Mŷ)

= πaCmM
{
sin 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]}
,

= Byz(r;M = Mx̂). (A5.2.3)

Byy(r;M = M ŷ)

= 2πaCm M

{
−sin 3θ

[
1
r
I(1,0; 0) − 2

r2
I(1,1; −1)

]

+ sin3θ I(1,1; 1)
}
. (A5.2.4)

Byz(r;M = M ŷ)

= πaCm M

{
−cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
.

(A5.2.5)

Bzz(r;M = M ŷ) = −2πaCm M sin θ I(1,1; 1). (A5.2.6)

For a magnetisation M = |M|ẑ = M ẑ ;M = Mz in the down-
ward vertical or z direction, the magnetic gradient tensor
elements at an observation point r = (r, θ , z) are as follows:

Bxx(r;M = M ẑ)

= πaCm M

{
cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Bxz(r;M = Mx̂). (A5.3.1)

Bxy(r;M = M ẑ)

= πaCm M sin 2θ
[
2
r
I(1,1; 0) − I(1,0; 1)

]
,

= Byz(r;M = M x̂) = Bxz(r;M = M ŷ). (A5.3.2)

Bxz(r;M = M ẑ)

= −2πaCm M cos θ I(1,1; 1) , = Bzz(r;M = M x̂). (A5.3.3)

Byy(r;M = M ẑ)

= πaCmM
{
−cos 2θ

[
2
r
I(1,1; 0) − I(1,0; 1)

]
− I(1,0; 1)

}
,

= Byz(r;M = Mŷ). (A5.3.4)

Byz(r;M = M ẑ)

= −2πaCm M sin θ I(1,1; 1) , = Bzz(r;M = M ŷ). (A5.3.5)

Bzz(r;M = M ẑ) = 2πaCmMz I(1,0; 1). (A5.3.6)

The expressions for B(r;M = M x̂) in equations (A5.1.1)-
(A5.1.6) represent those for the magnetic gradient tensor
B(r) reduced to the equator (RTE) while the expressions for
B(r;M = M ẑ) in equations (A5.3.1)-(A5.3.6) represent those
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for the magnetic gradient tensor B(r) reduced to the north
magnetic pole (RTP).

In addition to the symmetry relations derived here and
detailed previously in this paper, I also note that it is

possible to define six symmetry classes for the set of ten-
sor elements (18 in all) shown in Equations (A5.1.1)–(A5.1.6),
(A5.2.1)–(A5.2.6), (A5.3.1)–(A5.3.6). The characteristics of these
six symmetry classes are outlined in detail in Table 4.

Table 4. Image symmetry classes for the gradient tensor elementsBxx , Bxy , Bxz , Byy , Byz , Bzz due to a semi-infinite right circular vertical
cylinderwithmagnetisation intensityM = 1 Am−1 along three orthogonal directions, i.e.M = Mx̂,M = Mŷ,M = Mẑ respectively.
The notation is BMxxx short for tensor element Bxx(r;M = Mx̂) and so on.

Image symmetry class Gradient tensor elements Lines of symmetry Moment direction Min–Max range (nT/m) Image pattern

1A BMxxx 0° 0° ±2.4704 S–N dipole antisymmetric
across the centre

1B BMyyy 090° 090° ±2.4704 W–E dipole antisymmetric
across the centre

2A BMxyy , BMyxy 0° 0° ±0.9345 S–N major dipole
antisymmetric across
centre with a pair of
N–S minor dipoles
equidistant from the
centre

2B BMyxx , BMxxy 090° 090° ±0.9345 W–E major dipole
antisymmetric across
centre with a pair of
E–W minor dipoles
equidistant from the
centre

3A BMxxz , BMzxx 0°, 090° 0°, 180° −2.2479, 1.3372 Pair of S–N and N–S
opposed dipoles which
emanate from a global
minimum at the centre

3B BMyyz , BMzyy 0°,090° 090°, 270° −2.2479, 1.3372 Pair of W–E and E–W
opposed dipoles which
emanate from a global
minimum at the centre

4 BMxyz , BMyxz , BMzxy 045°, 135° 0°, 180°; 090°, 270° ±1.2443 Quadrupole: pairs of
opposed S–N and W–E
dipoles equidistant from
the centre

5A BMxzz , BMzxz 0° 180° ±3.3135 N–S dipole antisymmetric
across the centre

5B BMyzz , BMzyz 090° 270° ±3.3135 E–W dipole antisymmetric
across the centre

6 BMzzz all all −0.4550, 4.9509 Point pole with radial
symmetry about a
central maximum
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