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The magnetic field and magnetic gradient tensor for a right circular cylinder
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ABSTRACT

Expressions for the magnetic scalar potential, the magnetic field vector and the magnetic gra-
dient tensor due to a uniformly magnetised semi-infinite right circular vertical cylinder are
presented based on an application of Poisson’s relation to the gravity gradient tensor. The
superposition principle allows for the theory to be extended to finite length and concentrically
zoned right circular cylinders. This formulation provides an accurate and computationally effi-
cient means of modelling the magnetic response of vertical or plunging right circular cylinders
or pipes in which the total magnetisation is assumed to be homogeneous. This modelling tech-
nique lends itself to inversion applications in magnetic exploration. Furthermore, the theory
presented here considers some important special cases including expressions for the magnetic
gradient tensor on the axis of a vertical cylinder or pipe. This leads to expressions for estimating
the direction of magnetisation within a uniformly magnetised pipe. This theory provides a basis
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for mapping magnetisation directions over quasi-vertical pipe-like bodies.

Introduction

The finite and semi-infinite, right circular cylinder
model in geophysical exploration can provide a use-
ful representation of pipe-like bodies in both grav-
ity and magnetic modelling. For example right circu-
lar vertical pipes provide a useful representation for
many quasi-circular kimberlite pipes, some near-vertical
basaltic pipe swarms and some pipe-like magnetite and
pyrrhotite bearing ore bodies (Clark 2012, 2013, 2014;
Pratt, McKenzie, and White 2014).

In this paper, | derive expressions for the magnetic
scalar potential, the magnetic field vector and the mag-
netic gradient tensor of the semi-infinite right circular
vertical cylinder or pipe. Expressions for the finite length
circular cylinder (or pipe) may then be deduced using
the principle of superposition. Importantly, | note that
the following two descriptive terms referred to through-
out this paper, namely, right circular vertical cylinder
and right circular vertical pipe are identical magnetic
sources.

This work has its basis in papers by Singh (1977b) and
Singh and Sabina (1978) who used a Fourier-Hankel
transform of Poisson’s equation to derive a closed form
expression for the gravitational potential at points on
or above the top face of the cylinder. This develop-
ment enabled Singh and Sabina (1978) to derive closed
form expressions for the total anomalous magnetic
field due to a right circular vertical cylinder with uni-
form total magnetisation via an application of Pois-
son’s relation. Prior to this research, papers on the

magnetic response of right circular vertical cylinders
were rather uncommon in the literature with most
attention focussed on the derivation of expressions for
the vertical component of gravitational attraction due
to right circular vertical cylinder sources [see for exam-
ple, Nabighian 1962; Nagy 1965; Singh 1977a,b]. Reilly
(1969) and Woodward (1973) presented expressions
for the anomalous gravitational and magnetic effects
of right circular cylinders. Importantly, Reilly (1969)
derived expressions for the anomalous gravitational
potential, the gravitational field, the gravity gradient
tensor and the components of the anomalous magnetic
field due to a finite length right circular cylinder with
arbitrary orientation and uniform magnetisation but his
formulation was based on infinite series of Legendre
polynomials which presented some computational dif-
ficulties and convergence problems (Woodward 1973;
Siew 1990).

More recently Damiata and Lee (20023, 2002b) have
derived expressions for the components of the grav-
itational field due to both vertical and plunging cir-
cular cylinders using the gravitational potential given
in Singh (1977b). In their second paper, Damiata and
Lee (2002b) noted but did not elaborate in detail how
this theory may be extended to computation of the
magnetic field components. Finally, Rim and Li (2016)
have derived expressions for the gravity gradient ten-
sor due to a plunging circular cylinder, however, these
expressions were not extended to the magnetic field or
magnetic gradient tensor cases.
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Animportant theoretical investigation of the anoma-
lous magnetic field due to a vertical cylinder was given
in Siew (1990) and also in Siew (1997) in which he out-
lined a methodology for differentiating between cylin-
ders and discs. In his earlier paper, Siew (1990) showed
that expressions for the anomalous potential due to a
vertical cylinder can be expressed as a pair of axisym-
metric and non-symmetric potentials which arise from
its top planar surface and from its curved vertical face
respectively. Siew (1990) did not provide explicit expres-
sions for the magnetic field components in his paper
but he was able to confirm that for low susceptibility
sources, the expressions for the pair of axisymmetric
and non-symmetric magnetic scalar potentials (in Equa-
tions (5.6) and (5.7) of his paper) were in agreement
with Singh and Sabina (1978). An important aspect of
Siew’s (1990) paper is an investigation of the logarith-
mic singularity on the rim of the cylinder which leads
to expressions for the magnetic scalar potential both
inside and outside a permeable magnetic cylinder with
the former providing a basis for the computing the self
demagnetisation effects of a vertical cylinder in which
the relative magnetic permeability 11/ o exceeds 1.

As noted above the development of theory for cal-
culating both the full gravitational and magnetic fields
and their respective gradient tensors for a right circular
cylinder has been both slow and fragmented. This paper
presents a more unified overview of the theory filling in
gaps not covered in previous papers and culminating in
theory for the magnetic gradient tensor of a right cir-
cular cylinder. First | will use Poisson’s relation to derive
an expression for the magnetic scalar potential due to
a right circular cylinder using expressions for its gravi-
tational field components. Second | will again use Pois-
son’s relation to derive expressions for the magnetic
field components due to a uniformly magnetised cylin-
der using expressions for the gravity gradient tensor
due to a right circular cylinder. The expressions for the
magnetic gradient tensor may be derived from either
the scalar magnetic potential or from the gravity gradi-
enttensor. Here | use the second approach which allows
me to highlight the relation between the gravity gradi-
ent tensor and the magnetic field components for three
orthogonal magnetisation directions which leads to a
definition of the magnetic field-magnetisation matrix
for a vertical cylinder.

The expressions for the magnetic scalar potential,
the magnetic field vector and the magnetic gradient
tensor of a circular pipe contain a total of six Lips-
chitz-Hankel integrals which involve products of pairs
of Bessel functions. Closed form expressions for each
of these integrals which necessarily involve elliptic inte-
gral functions have been derived by Eason, Noble, and
Sneddon (1955). In addition to presenting these results,
I shall discuss the numerical accuracy of these formulae
for various geometries of observation points relative to
the centre of the top face of the cylinder. The results will

be compared with those derived from using a facetted
circular pipe model where the number of sides in polyg-
onal section is allowed to increase.

The theory presented in this paper gives expressions
for the magnetic field and gradient tensor at an exter-
nal observation point in both Cartesian and cylindrical
coordinates. This includes some important special cases
including observation points which may be axial or
coplanar with a right circular vertical pipe. Most impor-
tantly the axial cases lead to expressions for calculating
the direction of magnetisation in a vertical pipe. Fur-
thermore, the use of cylindrical coordinates facilitates
the extension of theory to calculating the anomalous
magnetic field and the magnetic gradient tensor for a
plunging right circular cylinder or pipe.

In addition | shall show that the superposition prin-
ciple not only allows for the modelling of the magnetic
fields and gradient tensors due to finite length right cir-
cular pipes, but it also facilitates the modelling of circu-
lar pipes which possess concentric zoning of magnetisa-
tion properties or alternatively it enables the modelling
of pipes which change radius and bulk magnetisation
properties vertically or along the axis of the pipe.

Finally | present images showing the symmetry rela-
tions between various magnetic field components and
gradient tensor elements when the resultant magneti-
sation directions in a right circular vertical pipe are
aligned north, east and vertically down.

Theory

A closed expression for the gravitational potential U(r)
due to a semi-infinite right circular vertical cylinder
of radius a and uniform density or density contrast
o at a measurement point P(r);r = (x,y,z)T located
on or above the top surface of the cylinder (z < 0)
was derived by Singh (1977b) and restated in Singh
and Sabina (1978) using a new nomenclature and a
new Cartesian coordinate system (consistent with geo-
magnetism) in which the vertical or z axis is defined
as positive downwards rather than positive upwards.
The expression derived by Singh (1977b) for the grav-
itational potential comprises an integral of the Lips-
chitz-Hankel type involving the product of a pair of
Bessel functions which often arise from systems of axial
or cylindrical symmetry (Eason, Noble, and Sneddon
1955). In this instance,

U(r) =27 Gpa / Ji(ap) Jo(rp)e P p~2dp, (1)
0

where the radial coordinate r = /x2 + y2 is the hori-
zontal distance from the origin located at the centre of
the top face of the cylinder (see Figure 1), zis the vertical
coordinate of the observation station P(r), and G is the
universal gravitational constant. As shown in Figure 1,
the Cartesian coordinate system adopted here follows
the normal geomagnetic field convention, namely, it
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Figure 1. Coordinate system for evaluating the magnetic
response of a right circular vertical cylinder of radius a, axial
length h at a measurement station P(r). In cylindrical coordi-
nates the observation point is P(r,0,z) where r is the radial or
horizontal distance of P from the origin; 6 is the horizontal
azimuth of P measured positive clockwise from north; and |z
is the elevation of P above the top surface of the cylinder.

is a right-hand clockwise system in which the x axis
points north (x—N), the y axis points east (y—E) and
the z axis points vertically down (z—D). The integral
equation in (1) may be rewritten more efficiently fol-
lowing Eason, Noble, and Sneddon (1955), in which the
Lipschitz—Hankel integral I(u, v; 1) is defined as:

I(uv; A) = / J,(at) J, (be et dt, 2)
0

where J,,(at) and J,,(bt) are Bessel functions of the first
kind and order u and v respectively and A is a real
exponent of the integrand t.

From this definition, the expression for the gravita-
tional potential in Equation (1) may be written as (Singh
and Sabina 1978):

U(r) = 2r Gpal(1,0; —2). 3)

The development by Singh (1977b) was important
because it has allowed for the formulation of expres-
sions for the anomalous gravity field vector and its asso-
ciated gravity gradient tensor. Even more importantly,
the expressions for the gravity field vector and grav-
ity gradient tensor may be used to derive expressions
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for the anomalous magnetic scalar potential V(r) and
the anomalous magnetic field vector b(r) respectively
via an application of Poisson’s relation. This was recog-
nised by Singh and Sabina (1978) who derived expres-
sions for the total anomalous magnetic field intensity
br(r) due to a right circular vertical cylinder with uni-
form intrinsic total magnetisation M where the effect of
self-demagnetisation is neglected. Here, it is noted that
Poisson’s relation may be applied to any uniformly mag-
netised homogeneous body with magnetisation M and
density or density contrast p (Blakely 1995).

The magnetic scalar potential V(r) dueto a
semi-infinite right circular vertical cylinder

Expressions for the magnetic scalar potential V(r) and
the anomalous magnetic field vector b(r) = (bx,by,bz)T
at a measurement point P(r) external to a uniform right
circular cylinder with magnetisation M = (MX,My,Mz)T
and density p may be derived from the gravity field vec-
tor g (r) = (gx.gy.9-)" and the gravity gradient tensor
I (r) respectively via an application of Poisson'’s relation
(Blakely 1995, 91-93). An expression for the magnetic
scalar potential may derived from the following relation:

V) = —C (l>VU(r) M——(C—m) Tr) - M
- Gp T Gp 9 o
(4)

where g’ (r) denotes the transpose of column vector
g (r) and Cy, is a constant which depends on the system
of electromagnetic units used [see Blakely 1995, 67-68].
In the International Standard (SI) system of units used
here, Cy, is a constant which has a value of 100 nH/m
or 100 nTm/A for magnetic fields expressed in nanotesla
(nT) and magnetisations expressed in ampere per metre
(A/m). The magnetic scalar potential is expressed in
nWb/m or nTm.

The expressions for the gravitational field vector
g (r) at a measurement point P(x,y,z), a radial dis-
tance r = \/x2 4+ y2 and axial coordinate z < 0 above
a semi-infinite right circular vertical cylinder of radius
a as shown in Figure 1 are derived by taking direc-
tional derivatives of the gravitational potential given by
Equation (1), namely,

(r) = VU(r) —(%/)H(%)Ur(%/)i
gin= — \ox ay y az) "~

(5)

where X,y,Z are the direction cosines along the x, y, z
axes, respectively.

Since % =x/rand 3—)’/ = y/r, then by the chain rule
of partial differentiation:

o= (3) - () (5) -0 (5)

X) 01(1,0; —2)

=27G - . 6.1
npa(r - (6.1)
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vo= () = () (5) -0 ()

31(1,0; —2
ga(r) = (i—u> — 21Gpa 0 =2 6.3)
z 0z

From Appendix 3, the r and z partial derivatives of
I(1,0; —2) are

31(1,0; —2) o0 b
— =—f Ji(ap) J1(rp)e P p=1 dp
r 0
= —11,1;—1). 7)
01(1,0; —2) o0 _ _
s f J1(@p) Jo(rp)e P p= 1 dp
74 0

=I1(1,0; —1). (8)

Hence from Equations (6.1)-(6.3) and (7)-(8), the
components of the gravitational field due to the semi-
infinite right circular vertical cylinder may be expressed
in Cartesian or cylindrical coordinates:

gx(r) = —2nGpa ();() 01,1, =1)

= —2mGpacos6 I(1,1; —1). (9.1)
_ y .
gy(r) = =27 Gpa (r) I(1,1; —1)
= —2mGpasin61(1,1;,—1). (9.2)
gz(r) = 2w Gpal(1,0; —1). (9.3)

The expression for the magnetic scalar potential at
an observation point P(r) on or above the top surface
of a semi-infinite right circular vertical cylinder may
be derived by substitution of Equations (9.1)-(9.3) into
Equation (4):

y

V(r) = 2raC { [(;) My + (7) My] 101,1;-1)

— M21(1,0;—1)}. (10)

This expression for the magnetic scalar potential may
be further simplified by defining a radial component of
magnetisation M,:

where M; = My cos 6 + My sin6 = My (%) + M, (%) .
These expressions for the magnetic scalar potential

are in agreement with those derived by Siew (1990).

The magnetic field vector b(rp) and the gravity
gradient tensor I'(r)

The anomalous magnetic field vector b(r) = (bx,by,bz)T
at a point r external to a uniformly magnetised body is

defined as the gradient of the magnetic scalar potential
V(r)

b(r) =—VV(r)

[ @)
- ax dy Y7 \%z '

where X, y,Z are the direction cosines along the x, y, z
axes, respectively. Expressions for the anomalous mag-
netic field vector may also be derived from its gravity
gradient tensor I'(r) via an application of Poisson’s rela-
tion (Blakely 1995). For example, on taking the gradient
of the magnetic scalar potential in Equation (4), then

b(r) = — (2—2) I'r) - M=—-C,T(r)-M, (13)

where I'(r) = Vg(r) is the gravity gradient tensor at an
external measurement pointr. Further on in this section
| will show that the matrix T(r) is a symmetric tensor of
Green'’s functions associated with the gravity gradient
tensor. Omitting the r dependence of elements in the
T(r) and I'(r) tensors which is implicit, then

Tox Txy Tz

1
T(r) = (@) T =Ty Ty Ty|,
Tox sz Tz
where
ax dy 0z
d d d
TR =GpTr) = | 2 %9 %
ax dy 0z
L X ay 0z |
[ 92U 32U 92U
ax2  Oxdy 0x0z
2 2 2
_ a°U u/ da°U (14)
dydx  dy? dydz
32U U U
| 9zox 0z9y  0z2

Hence in matrix notation the magnetic field vector is

TXX Txy TXZ MX
b)) =Cn [T Ty Ty| M| (15)
TZX sz TZZ MZ

The expressions for the Green’s functions T;(r); i, j = X,
y, z at a measurement point P(r) which may be on
or above or coplanar with the top surface of a semi-
infinite right circular vertical cylinder source of radius
a as shown in Figure 1 may now be derived by differ-
entiation of Equations (9.1)-(9.3). This involves using
the chain rule to obtain expressions for the x, y, and z
partial derivatives of the I(1,1; —1) and I(1,0; —1) Lips-
chitz—Hankel integrals as outlined in Appendix 3. Thus



9gx
o= (1)

= —27a {(;)21(1,0; 0)

+ (1 _2%2) Yian; —1)},
= —ma {I(1,0;0)+c0529
x [1(1,0;0) - %1(1,1;—1)”.
o-(2)%
_27a {(’g) [(1 0;0) —%1( ; 1)]},

—ma {sin 260 |:I(1,0;O) —%I(1,1;—1)} }

(16.1.1)

(16.1.2)
_ 1 dgyx _ X )
T (r) = <@> Sx = ~2ma {(7) 1(1,1,0)},
= —2ma{I(1,1;0) cos6}. (16.1.3)

_ (1) %9y
Tyx(r) = (Gp) X
_2na {(’%) [(1 0;0) —%1( 1 1)]},

= —7a { sin 260 |:I(1,0;O) —%I(1,1;—1):|}

= Txy(r)~ (16.2.1)
ag
Ty = (Gp) o
2
— _2ra {(’;') 1(1,0: 0)
+ (1 _ ZrL) r1(1,1;—1)},
= —7ma {I(1,0;0)—c0526
2
x [1(1,0;0) _ 71(1,1;—1)] } (16.2.2)

= _2na [(’;) 1(1,1;0)},

(16.2.3)

_ 99y
Tyz(r) = (G,O) Py

—2ma{I(1,1;0)sin6 }.

Toe(F) = (Gp> aaiz = —2na {(’;) 1(1,1;0)},

= —2ma{I(1,1;0) cos 6 } = Ty, (r). (16.3.1)
_ 99z _ y .
Toy(F) = (Gp> 5y = 27 [(;) 1(1,1,0)},
= —27a({I(1,1;0)sin0}, = Ty,(r. (16.3.2)
agz
T, (r) = (Gp> W = = 2ma I1(1,0;0), (16.3.3)

where 1(1,0;0),I(1,1; —1), I(1,1; 0) are Lipschitz—Hankel
integrals (Eason, Noble, and Sneddon 1955),
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101,0,0) = / J1(@p) Jo(rp)e 7 dp. (17)
0

I(1,1;—1)=/ Ji(ap) J1(rp)e P p~Tdp.  (18)
0

1(1,1;0) = / OOh(ap)h(rp)e""z‘ dp. (19)
0

The equations for the gravity gradient tensor I;(r);
i,j = X, y, z at a measurement point P(r) above a semi-
infinite right circular vertical cylinder with uniform den-
sity or density contrast p may be expressed in radial-
axial or cylindrical coordinates (r, 8, z) namely,

I'x(r) = —mGpa {1(1,0;0) +
2
cos 20 |:I(1,0;O) — 71(1,1;—1)] } (20.1)
Ly = —nGpa {sin 20 [1(1,0;0)

- %1(1,1; —1)} } = Tyx(r). (20.2)

I'vz(r) = =27 Gpa {I(1,1;0) cos 0} = I'x(r). (20.3)

Tyy(r) = —7Gpa {1(1,0,- 0) —

cos 26 [1(1,0; 0) — %I(1,1;—1)j| } (20.4)

Lyz(r) = —27nGpa{1(1,1;0)sin6 } = I'zy(r). (20.5)
2z (r) =27Gpa I(1,0;0) = —{ Ty (r) + Cyy (O}
(20.6)

By inspection of Equations (20.2), (20.3) and (20.5) it
is noted that the gravity gradient tensor is symmet-
ric, and, from Equations (20.1), (20.4) and (20.6), it may
be deduced that it is also traceless satisfying Laplace’s
equation since the sum of its three diagonal elements
iszero,i.e.I'yxx + I'yy + I';; = 0.The expressions for the
gravity gradient tensor in equations (20.1)-(20.6) are in
agreement with those given for a right circular plunging
cylinder in Rim and Li (2016).

The four Lipschitz-Hankel integrals 1(1,0;—1),
1(1,1; —=1), I(1,0; 0) and I(1,1; 0) which appear in expres-
sions for the gravity field vector, the gravity gradient
tensor, the magnetic scalar potential and the mag-
netic field vector have been evaluated in closed form
by Eason, Noble, and Sneddon (1955, equations (4.6),
(4.9) (4.7) and (4.2) respectively). The expressions for
these four Lipschitz—Hankel integrals are given as equa-
tions (A1.1), (A1.2), (A1.3), and (A1.4) respectively in
Appendix 1.

The magnetic field b(r) due to a semi-infinite
right circular vertical cylinder

From Equation (13), it is immediately evident that the
components of the anomalous magnetic field vector are
found as the dot or scalar product of the columns of the
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Green’s function tensor T with the magnetisation vec-
tor M. Also since the tensor T is symmetric as shown in
equations (16.1.1)-(16.3.3), the magnetic field compo-
nents are found as the dot or scalar product of the rows
of the Green'’s function tensor T with the magnetisation
vector M. Hence,

bx(r) = Cim( Tox My + Ty My + Tyz Mz).

by(r) = Cn(Tyx My + Tyy My + Tz My).
bz(r) = Cin (T My + sz My + Tz My).

(21.1)
(21.2)
(21.3)

Then, by substitution of expressions for Ty, Tyy,
Txz in Equations (16.1.1)-(16.1.3) into Equation (21.1),
the full expression for the anomalous magnetic field

component by due to a to a uniformly magnetised,
semi-infinite, vertical, right circular cylinder at an obser-

vation point P(r) is
(5704 (2)w a0

)= () mll,
10,1, -1)
) Mz 1(1,1;0)

by(r) = —27aCy,

|_\\

~Ix =

+(

or in cylindrical coordinates,

[ Mycos 260 + M)sin 20]
[11,0;0) — 2101,1; =] +
MyI(1,0;0) 4+ 2Mcos 6 1(1,1; 0)
(22.1)

by(r) = —maCy,

Similarly, by substitution of expressions for Ty, T,
Tyz in Equations (16.2.1)-(16.2.3) into Equation (21.2),
the full expression for the anomalous magnetic field
component b, due to a uniformly magnetised, semi-
infinite, vertical, right circular cylinder at an observation

point P(r) is
[(’%) M, + (%)Zmy} 1(1,0;0)

o2 ()
I’ r !
11,0, = 1)
+ (¥) M, 1(1,1;0)

by(r) = —2maCy,

or in cylindrical coordinates,

[Mysin 20 — Mycos 20 ]
[11,0;0) — 2101,1; = D)] +

MyI1(1,0;0) + 2M_ sin 6 1(1,1; 0)
(22.2)

by(r) = —maCy,

Similarly, by substitution of expressions for Ty, T,
Tyz in Equations (16.3.1)-(16.3.3) into Equation (21.3),
the full expression for the anomalous magnetic field
component b, due to a uniformly magnetised, semi-

infinite right circular vertical cylinder at an observation
point P(r) is

by(r) = 27aCpm [Mz 101,0;0) — [)F(MX n %My] 1(1,1;0)] ,
or in cylindrical coordinates,

b,(r) = 2maCy, { M, I1(1,0;0)

— (Myxcos 6 + Mysin6) I(1,1;0)}. (22.3)

The expressions for the magnetic field components
in Cartesian coordinates may be further simplified by
defining a pair of radial M, and transverse M; compo-
nents of horizontal magnetisation namely,

by(r) = —27aC {[M, 1(1,0;0) + M, I(1,1;0)]

i
[ Gy (7) s}
)

by(r) = —2maCp, {[Mr 1(1,0;0) + M, 1(1,1;0)]

)
~[C)m- ()m (7) 10

by(r) = 2waCm{M, I(1,0;0) — M, I(1,1; 0)}.
((23.1)-(23.3))

where
M, =M" - uy = My cos6 + M, sin6
_MX( )+My(y) (24.1)
and
M;=M" - ug = —Mysin + My, cos 6
= My (y ) +m, ( %), (24.2)
and
u, = (cos®,sing, 0) ;
ug = (—sin 6,cos6, 0)";M™ = (My, My, M,). (24.3)

and M denotes the transpose of column vector M.
The expressions for calculating the magnetic field
componentsin equations (22.1)-(22.3)and (23.1)-(23.3)
are generic in that they cover both the general case
where the external observation station P(r) is located
above and away from the axis of the semi-infinite right
circular cylinder, i.e. where r > 0 and z < 0, as well
as some particular or special cases. For some of these
particular cases, the expressions for the magnetic field
components and the magnetic gradient tensor may
be simplified and, when a measurement point lies on
the rim of the top surface of the cylinder, the expres-
sions become undefined. Broadly the particular cases
for calculating the anomalous magnetic potential and
magnetic field of a semi-infinite circular cylinder at an
observation station P(r) may be defined as follows:
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Table 1. Some particular cases for the Lipschitz—Hankel integrals which appear in the expressions for the magnetic scalar potential
and the magnetic field vector at a measurement point P(r,z) due to a uniformly magnetised semi-infinite right circular vertical cylinder

of radius a. The functions Fo(k) = (2/7) F(k) and Eq (k)

= (2/m)E(k) are the complete elliptic integrals of the first and second kind

with modulus k and modular angle « as defined by equations (A1.7), (A1.8) and (A1.9) in Appendix 1.

P(r) sub-case 101,0; —1) 11,1, -1) 1(1,0;0) I0,;=1/r 1(1,1;0)

axialr = 0;z < 0 @ 0 1 (1 _ aIZZ‘HZ) L (1 \/‘%) 0

originr =0,z=10 (GH); ) 0 (%) (21,”) 0
coplanar-top0 < r < a,z="0 {(u or Ek;-l-I (L) 1) (L) kj/ﬁ :QEO—(k)) Fo(k)}
coplanar-rimr =g,z = 0 (Hr) 1 ) 3 () (%) oc;(;
coplanar-externalr > a,z = 0 { & ’),‘E Ek;+} (2) 0 (#) k\}E !_1E0—(k)> Fo(k)}

1. general case r > 0; z < 0 sub-cases: 0 <r < a;

r=a, r>a.

2. axial casesr = 0;z < Osub-cases:r =0andz < O;

r = 0and z = 0 (origin).

3. coplanar cases z =0 sub-cases: 0 <r < a;r =a;

r>a.

Expressions for the five Lipschitz—Hankel integrals
11,0, —1), I(1,1;=1), I(1,0;0), I(1,1; —1)/rand I(1,1;0)
in each of the two axial cases and the three copla-
nar cases are shown in Table 1. A derivation of these
particular cases is outlined in Appendices 3 and 4.

The magnetic gradient tensor due to a
semi-infinite right circular vertical cylinder

The magnetic gradient tensor B(r) is defined as the
gradient of the magnetic field vector b(r) or as the direc-
tional derivatives of the magnetic field components
by, by, b; along each of the three Cartesian directions x,
y, z respectively, namely,

ob ob ob
s [(30).(30).(30)]

(25)

where (db(r)) , (%)(/r)) . (db(r)> are column vectors.

Omitting the r dependence of the magnetic field
components and tensor elements, which is implicit,

then in matrix notation the magnetic gradient tensor is

[ dby 0bx 0byx ]
B By Bxy Bys 0x ay 0z
ob, db, 0ab
Bon=| By B, B - = == =
® e sy Ty ox ay 90z
L Bx By Bz ab, db, 0b,
ox oy 0z
[ 82v 3%v 8%V ]
0x2  0xdy 0x0z
2 2 2
_ oV u a7V ‘ (26)
dyox  dy?  dydz
32V v BV
L 0z0x 0zdy  0z2

From Equations (23.1) and (26), expressions for the
elements in the first row of the gradient tensor are
formulated by taking the x, y, z directional derivatives
of by. Hence for a point r = (x,y, z) on or above a semi-
infinite right circular vertical cylinder

Bux(r) = —2maCn 0 {[M, 101,0;0) + M, 1(1,1;0)] (’;()

- [Cymer (] () o]

0 X
By(1) = ~2maCno A IM/11,00) + M, 1(1,1;0)] (;)

~[Gwer Cm] (7) i}

0
Be(r) = —2maCr - {[Mr 11,0;0) + M, I(1,1;0)] ();()

Gy (7)o}

(27.1.1-27.1.3)

Similarly from Equations (23.2) and (26), expressions
for the elements in the second row of the gradient
tensor are formulated by taking the x, y, z directional
derivatives of b,. Hence

By(r) = —27aCr aa {[M, 1(1,0;0) + M, I(1,1;0)] (’F')
[ Cym] (2) o]
By (r) = —27raCmaa—y {[M,I(LO; 0) + M, I(1,1;0)] (’;’)

_ [(%)M - ()7() m:] G) 1(1,1;—1)}.

9 ) ) Y
Bye(r) = —2maCrn {[M, 1(1,0:0) + M, I(1,1;0)] (7)

- [ ym](2) -],

(27.2.1-27.2.3)
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Finally from Equations (23.3) and (26), expressions for
the elements in the third row of the gradient tensor are
formulated by taking the x, y, z directional derivatives of
b,. Hence

Box(¥) = 2maCrn 9 {MZ (1,0;0)—/\/1,1(1,1;0)}.
(27.3.1)

d
Boy(1) = 27aCrn— | M, 101,0,0) — M, 101,1;0)}.
ay
(27.32)

Box(r) = 2waCon {MZ 101,0:0) — M,I(1,1;O)}.
(27.33)

Expressions for the r, z spatial derivatives of the
1(1,0;0), 1(1,1; —1), I(1,1;0) Lipschitz—Hankel integrals
are derived in Appendix 3. By the chain rule of differen-
tiation their x, y partial derivatives are as follows:

9I(1,0; 0)  9I(1,0;0) ar X
- D (5Y11:1), @81
0x or ax (r) ( ) (28.7)
91(1,0:0)  9I(1,0;0) d
(1.0:0) _ 911,0;0) dr —(X)1(1,1;1), (28.2)
ay ar By r
d1(1,1; —1) _ 91(1,0;0) or
ox T %
i : )
= (%) 00—~ -], @91
r L r |
d1(1,1; 1) 91(1,0;0) r
dy oy
) : ]
=(’-’) 11,0:0) — —~11,1: =) |, (29.2)
r L r |
d1(1,1;0) _ 91(1,1;0) ar
ax  or  ox
1
= (’-() [1(1,0;1) _ —1(1,1,-0)] (30.1)
r r
d1(1,1;0) _ 9I(1,1;0) ar
ay  dr 3y
1
- ()-') [1(1,0; 1) — -1(1,1;0)] (30.2)
r r
I(1,1: —1) 31(1,0; 0)
— =1I(1,1; 0); ——— =I1(1,0; 1);
0z 9z
dI(1,1; 0
0z

where I(1,0; 1), and I(1,1; 0) are Lipschitz-Hankel inte-
grals (Eason, Noble, and Sneddon 1955), namely,

101,0,1) = / J1(@p) Jop)e P pdp,  (32)
0

101,1;1) = / Ji(ap) (e P pdp,  (33)
0

and

= — — t'—:— ,'—
ax P ax 2 ax

oM, y oMy y a (X)

@ e

(-G e

The formulae for the x partial derivatives in Equa-
tions (28.1)-(30.1) and (34) may now be used to
derive expressions for the three elements in the first
column of the magnetic gradient tensor. Then from
Equation (27.1.1), the expression for By, = dby/0x is:

[() =+ (32 m]
[ 101,0;0) — 21(1,1; ]
+M; [(Tﬁ) 1101,1;0)
- (%) 1.00)]

+ (%) Me101;1)

Similarly, from Equation (27.2.1), the expression for

Byx = 0by/ox is:
(%) M= (=) mi]
[110,0;0) = Z10,1;-1)]
+M; (%) [210,1;0)
—1(1,0;1)]
+ (%) mMe101;1)

Byux(r) = 2maCy,

Byx(r) = 2maCp,

Similarly, from Equation (27.3.1), the expression for
BZX = abz/ax iSZ

B, (F) = 27aCpm { [(;) M, + (};') Mt] 171(1,1;0)

= () m 10,01 + mera,010 )
(36.1.1)-(36.1.3)
The formulae for the y partial derivatives in Equa-
tions (28.2), (29.2), (30.2) and (35) may now be used to
derive expressions for the three elements in the sec-

ond column of the magnetic gradient tensor. Then from
Equation (27.2.1), the expression for By, = db,/dy is:

()~ ()]
[} 1(1,0;0) — ,%1(1,1;—1)]
+ My (%) [210,1;0) ~101,0;1)]

+(%) M0,

= Byx(r).

Byy(r) = 2maCpy,

(36.2.1)



Similarly, from Equation (27.2.2), the expression for

Byy = dby /oy is:

(<) (7))
(110,000 = 3101,1;-1)]
- M [ (5F5) 110,50)
+ (rLj) 1(1,0;1)]

+<y—2) M, 1(1,1:1)
f2 r rtr

Byy(r) =2maCn

(36.2.2)

Similarly, from Equation (27.3.2), the expression for

B, (r) = 2maCr { [()7’) M, — <)F(> m] ;1(1,1;0)
- (};') M, 101,0;1) + M, I(1,1; 1] } (36.2.3)

The formulae for the z partial derivatives of the
I1(1,1; —1), I(1,0; 0), I(1,1; 0) Lipschitz—Hankel integrals
are shown in Equation (31). These formulae may be
used to derive expressions for elements in the third
column of the magnetic gradient tensor. Then from
Equation (27.1.3), the expression for By, = dby/0z is:

X y 1
B (r) = 27aCp, {[(7) M, + (;) Mt] ~10,1;0)
X
- () m 10,00+ MZI(1,1;1)]},

= Boy(F). (36.3.1)

Similarly from Equation (27.2.3), the expression for B, =
aby/ozis:

B, (r) = 27aCpy { [()7’) M, — <)F(> m] ;1(1,1,-0)

_ (%’) [M, 11,0; 1) + M 1(1,1;1)] }

= Byy (D). (36.3.2)

Similarly from Equation (27.3.3), the expression for B, =
0b,/0zis:

By (r) = 2maCn{M,I1(1,0; 1) — M, I(1,1;1)}. (36.3.3)

Inspection of pairs of Equations (36.1.2) and (36.2.1);
(36.1.3) and (36.3.1); and (36.2.3) and (36.3.2) respec-
tively, confirms that the magnetic gradient tensor is
symmetric for all observation points above the top sur-
face of a semi-infinite, right circular vertical cylinder, i.e.
By = Byx; Bxz = By By, = B,yand B = B.
Furthermore by inspection of equations (36.1.1) and
(36.2.2), it is immediately evident that terms involving
the 1(1,1; —1), I1(1,0; 0), I(1,1; 0) integrals in expres-
sions for elements By, and B, of the magnetic gradient
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tensor have opposite signs and therefore cancel upon
addition. Thus

X2 +y2

BXX +Byy = Zﬂacm {_ <I’—2> [MZI(1IOI 1)

- M 11,1, 1)] } /

— M, 1(1,1;1)}, = =B,

and therefore, | am able to demonstrate that the
magnetic gradient tensor is traceless, i.e. By + Byy
+ B, =0.

The tracelessness and symmetry properties of the
magnetic gradient tensor confirm that the magnetic
scalar potential V(r) due to a uniformly magnetised,
semi-infinite right circular vertical cylinder source is a
harmonic potential field function satisfying Maxwell’s
magnetostatic equations in the absence of electric cur-
rents, i.e.divb(r) = 0andcurl b(r) = 0, and therefore,
Laplace’s equation for all external points P(r) above the
top of the cylinder. This harmonic property of the mag-
netic scalar potential due to the semi-infinite cylinder
means that its gradient tensor is completely specified
by only five of the nine tensor elements, namely, by
its three upper triangular or three lower triangular ele-
ments and by two of its three diagonal elements.

The two Lipschitz—Hankel integrals 1(1,0;1) and
I(1,1; 1) in equations (36.1.1)-(36.3.3) have been eval-
uated in closed form by Eason, Noble, and Sneddon
(1955). These expressions for 1(1,0; 1) and I(1,1;1) are
given as equations (A1.5) and (A1.6) in Appendix 1
respectively.

General expressions for the gradient tensor in
radial-axial or cylindrical coordinates

The expressions for magnetic gradient tensor elements
in Equations (36.1.1)-(36.3.3) which are written in Carte-
sian coordinates may also be expressed in radial-axial or
cylindrical coordinates, i.e. (r,6,z) using the following
trigonometric identities,

2
X
€0s20 = cos%0 — sin% = <

2
and sin20 = 2sin0 cosf = (g)
r

This leads to expressions for a plunging semi-infinite
right circular cylinder as detailed in the next section
where the radial, azimuthal and axial coordinates of the
observation station P(r,0,z) are defined in the body
axis coordinate system of the plunging right circular
cylinder (see Figure 2).

From Equation (36.1.1), the expression for the Byy
magnetic gradient tensor element is:
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P(r.0.z2)

z 7 x-north
\ I B)
e “ (b)

/ plunge top face dip
7 azimuth - " azimuth (o)

o (0. £180°)

) V4
X2 axis ~1 axis

~1 axis

X3 axis
(toh=w)

X3 axis 2D
(toh=w)

Figure 2. The three-dimensional schematic in (a) shows the body axis coordinate system with direction cosines X1, X2, X3 along the
X1, X2, X3. axes respectively for a plunging right circular cylinder of radius a, axial length h, plunge (90° — §) and plunge azimuth
(180°). The external measurement station relative to the origin O at the centre of the top face of the cylinder is shown as
P(x1,X2,X3) or P(r',0’,2). (b) shows a vertical x; — x3 section through the cylinder in the direction of downward dip of the top face.
The body axis coordinate system is defined with respect to the top face of the cylinder, i.e. the x; axis is in the direction of downward
dip 8 of the top face of the cylinder with azimuth «; the x3 axis is along the downward pointing central axis of the cylinder with
plunge (90° — §) and azimuth (o & 180°); and the x3 axis is along the direction of strike of the cylinder given by X, = X3 x X;1. The

radial distance of P from the originis r' =
in the plane of the top surface of the cylinder.
By (r) = 2w aCy,
[My cos 260 + M sin 20]
1 . 2 .
(110,000 = 3101,1;-1)]
+ Y [cos20 (2101,1;0) — I1(1,0; 1))

—I(1,0;1)] + M, cos?01(1,1;1)
(37.1)

Similarly, from Equation (36.2.1), the expression for gra-
dient tensor elements B,y and By is:

By (r) = 2maCp
[M;sin260 — M; cos 20]
1 . 2 .
(110,000 - 3101,1:-1)]
+ % sin26 [2101,1;0) — 101,0;1)]
+ M, sin20 1(1,1;1)
= Byx(r).

Similarly, from Equation (36.3.1), the expression for gra-
dient tensor elements By, and By is:

(37.2)

By (r) = 21 aCry
[Mycos20 + My sin 20]
[1101,1;0) — 3101,0;1)] ,
— IMI(1,0;1) — My cos 61(1,1;1)

\/ (x]2 + x%) and 6’ is the azimuth of P measured positive clockwise from the X; body axis

= BZX(r) . (373)

Similarly, from Equation (36.2.2), the expression for gra-
dient tensor elements Byy is:

Byy(r) = 2maCy
— [M;cos20 + M sin 26]
[ 110,00 = 310,1;-1)] -
Y2 [cos26 (2101,1;0) — 1(1,0; 1))
+11,0;1)] + M,sin?01(1,1; 1)
(37.4)

Similarly, from Equation (36.3.2), the expression for gra-
dient tensor elements By, and By is:

By:(r) = 2raCn
[Mysin20 — My cos20]

1 . 1 .
[T 1(11110) - 51(1101 1)] ’
— IM, 1(1,0;1) — M;sin61(1,1;1)
= By (M. (37.5)

Similarly, from Equation (36.3.3), the expression for gra-
dient tensor elements B, is:

Bzz(r) = 2w aCn{M, 1(1,0; 1)

— (My cos® + My sin9) I(1,1; 1)}. (37.6)



The magnetic gradient tensor due to a finite
length right circular vertical cylinder

In the case of a finite length circular cylinder, the mag-
netic field and gradient tensor are calculated using the
superposition theorem or principle of superposition. |
will also invoke the principle of reciprocity since | will
be shifting the position of the origin located at the top
surface of a semi-infinite pair of cylinders. More specif-
ically for a finite length right circular vertical cylinder
of radius a total magnetisation M and axial length h,
any harmonic component of its magnetic field or gra-
dient tensor b.(x,y,z; a, h,M) at an observation point
r=(y, z)T is calculated as the difference between the
field component or tensor element due to a pair of semi-
infinite cylinders of identical radii and magnetisations
separated by a vertical or axial length h. Therefore

bc(x,y,z;a,h, M) = b.(x,y,z;a, oo,M) —
bC(XI y;z - h ; GIOO/M)I (38)

where bc(x, y, z;a, 00,M) is any harmonic magnetic field
component or tensor element due to a semi-infinite,
right circular vertical cylinder at a measurement point
r= (x,y,z)T defined with respect to an origin on the
top surface of the finite length cylinder and b.(x,y,z —
h; a,00,M) is the magnetic field component or tensor
element due to a second semi-infinite right circular ver-
tical cylinder, coaxial with the first, and at the same
measurement point whose vertical coordinate is z — h
relative to a new origin on the top surface of the second
cylinder. In this instance the top surface of the second
cylinder is coincident with the base of the first so that
the separation distance between top surfaces of the
pair of coaxial cylinders is h. This follows the reciprocity
principle where source and sensor are interchangeable
or in this case, the measurement point is fixed but the
source position rather than the sensor position is shifted
downwards a distance h.

Computation of the magnetic field and
gradient tensor for a plunging right circular
cylinder

The generalisation of theory to the plunging right cir-
cular cylinder is straightforward for both the magnetic
and gravity cases. The expressions for both the fields
and the gradient tensors of the right circular vertical
cylinder may be used to calculate the field components
and gradient tensor elements for a plunging right cir-
cular cylinder. In this instance however the equations
for the field components and gradient tensor elements
must be expressed in the body axis coordinate system of
the plunging circular cylinder. This is shown in Figure 2.
Previously the equations for the magnetic field and gra-
dient tensor were defined within the survey coordinate
system r; = (x,y,2)" (i.e. north, south, down) which is
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coincident with the body axis coordinate system of the
right circular vertical cylinder, i.e.r, = (X1,X2,X3)T.
The orientation of a plunging right circular cylinder
may be defined by the orientation of its top planar sur-
face. The orientation of this surface is defined by two
angles, first by an azimuth of downward dip « measured
clockwise from north (0 < o < 360°), and second, by a
dip angle § measured positive from the horizontal in the
downward pointing dip direction (0° < § < 90°). The
transformation matrix U from the survey coordinate sys-
temrs = (x,,2)" to the new body coordinate system
r, = (x1,x2,x3)" of the plunging cylinder is given by

AT
COS o COS S sinxcosé siné X
U= —sin o cos o 0 = )A(; ,
—cosasind —sinasind cosd &
3
(39)

where X1, X2, X3 (shown above as row vectors) are
the direction cosines along the x1,x2,x3 body axes of
the plunging right circular cylinder respectively (see
Figure 2).

| note that the x; body axis points in the down dip
direction of the top face; the x3 body axis is directed
along the plunge axis of the cylinder and the x, body
axis is horizontal forming a right hand clockwise triad
such that X2 = X3 x X;. The choice of a body axis
system based on the orientation of the top surface
means that when the cylinder is vertical the orientation
angles of the top planar surfacearea = 0°and§ = 0°
respectively, and therefore, the transformation matrix U
is equal to the identity matrix I and rp, reverts to rs.

Computation of the magnetic field and the magnetic
gradient tensor due to a plunging right circular cylinder
is accomplished by the following steps:

1. Determine the total magnetisation vector M(rs) in
the survey coordinate system. The total magneti-
sation vector is defined as the vector sum of the
induced Mj,q and remanent My, magnetisations.
The phenomenon of self-demagnetisation is not
considered in this paper. The induced magnetisa-
tion vector Mjnq, Which includes the unusual case
of intrinsic anisotropy of magnetic susceptibility, is
discussed in Emerson, Clark, and Saul (1985) and
McKenzie (2020).

2. Calculate the orthogonal matrix U for transfor-
mations from the survey coordinate system rg =
(x,¥,2)T to the body axis coordinate system rp, =
(x1,X2,%3)".

3. Transformation of the total magnetisation vec-
tor M(rs) = (My, My, M;)" to the body axis coordi-
nate system M(rp) = (Mq, M2, M3)” and then com-
pute M, and M}, M(rp) = UM(rs); M, = Mycos 6’ +
Masin0’; My = —Misin 6’ 4+ Mpcos6'.

4. Transformation of each observation point rs =
x,y, 2)7 to the body axis coordinate system r, =
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(x1,x2,x3)" using r, = Urs, and then reset the cylin-
drical coordinates r, = (',6’,2))" as:

X2
r'=/x? +x3; 6 = arctan <—> ;7 =x3
X

1

5. Computation of the magnetic field vector b(r) and
the magnetic gradient tensor B(rp) at each obser-
vation point rp in the body axis coordinate sys-
tem using Equations (23.1)-(23.3) and (37.1-37.6)
respectively with the x; body axis replacing x; x2
replacing y x3 replacing z, r’ replacing r and 6’
replacing 6. Importantly the magnetisation M(ryp)
replaces M(rs). These computations depend upon
the case type for each observation point relative to
the origin at the centre of the top surface of the
cylinder (see Table 3) and secondly, whether the
circular cylinder is finite or semi-infinite.

6. Transformation of the magnetic field vector b(rp)
and the magnetic gradient tensor B(rp) from the
body axis coordinate system to the survey axis
coordinate system rs. Since U is an orthogonal
matrix, i.e. U~ = UT, then the magnetic field vec-
tor and the magnetic gradient tensor B(rs) at each
observation point in the survey axis coordinate sys-
tem are computed as b(rs) = UTb(rp) and B(rs) =
UTB(rp) U respectively.

For a right circular vertical cylinder the computation
of the magnetic field and the gradient tensor involve
steps (1) and (5) only.

Computational accuracies for the
Lipschitz-Hankel integrals

The calculation of the magnetic scalar potential, the
magnetic field components and the magnetic gradi-
ent tensor at a measurement point P(r) involves the
numerical computation of six Lipschitz-Hankel inte-
grals, namely, 1(1,0; —1), I(1,1; —1), 1(1,0; 0), I(1,1; 0),
1(1,0; 1) and I(1,1; 1). The first two integrals 1(1,0; —1),
I(1,1; —1) appear in expressions for the gravitational
field and the magnetic scalar potential while the last
five integrals appear in expressions for the magnetic
field vector and the magnetic gradient tensor. Eason,
Noble, and Sneddon (1955) have derived closed form
expressions for these six integrals which are shown in
Appendix 1 as equations (A1.1), (A1.2), (A1.3), (A1.4),
(A1.5) and (A1.6), respectively. The closed form expres-
sions for the Lipschitz—Hankel integrals involve com-
puting the complete and incomplete elliptic integrals
of the first and second kind (see Appendix 1). These
elliptic integrals have been computed in double pre-
cision using an algorithm based on Landen’s transfor-
mation (Abramowitz and Stegun 1964 and Press et al.
1992). The accuracy of these computations has been
tested against tables of 1(1,0; —1),1(1,1; —1) I(1,1; — 1),
al(1,0;0), aI(1,1;0),a%1(1,0; 1), and a%I(1,1; 1) (where a is

the radius of the circular cylinder) for values of r/a and
|z|/a ranging from 0.0 to 3.0 in steps of 0.2 in Eason,
Noble, and Sneddon (1955) (see Figure 3). The tables
in Eason, Noble, and Sneddon (1955) only show accu-
racies to four significant figures. However these tables
are in complete agreement with my algorithm which
computes the Lipschitz-Hankel integrals in full double
precision. The first and second complete elliptic inte-
grals Fo(k) and Eg(k) have been successfully tested to
at least 12 significant figures or more by comparison
with tables in Abramowitz and Stegun (1964, Tables
17.1 and 17.2) while the pair of incomplete elliptic inte-
grals Fo(k, B) and Ey(k, B) and Heuman's lambda func-
tion Ag(k, B) have been successfully tested to eight and
six significant figures respectively by comparison with
tables in Abramowitz and Stegun (1964, Tables 17.5,
17.6 and 17.8 respectively; Byrd and Friedman 1971,
Appendix).

Importantly, the Lipschitz—Hankel integrals I(1,0; — 1),
101,1;—1),a1(1,0;0), aI(1,1;0) and a?1(1,0;1), a%1(1,1;1)
shown in Figure 3 are radially symmetric functions of the
horizontal distance parameter r for a particular observa-
tion height |z|. This is because the elliptic integral func-
tions Fo(k, B) and Eqo(k, B) are also radially symmetric
functions for a particular value of |z|/a in the expres-
sions for the modulus k and the amplitude angle S [see
Equations (A1.9) and (A1.10)].

Numerical verification of results

For purposes of the numerical verification of the theo-
retical equations for the magnetic field and magnetic
gradient tensor, | have calculated the magnetic field
and gradient tensor components due to a right cir-
cular vertical cylinder of radius a = 100 m and finite
length h = 1000 m possessing a high total magnetisa-
tion of 23.077 A/m (Pipe Model 1a). The results for b,
and B, have been compared with those derived from
a facetted quasi-circular vertical pipe in which the num-
ber of sides in transverse section n; is 18,36, 72 and 144.
The magnetic field components and gradient tensor
elements for the facetted quasi-circular cylinder were
calculated in ModelVision Pro 15.1 (Pratt et al. 2005)
based on theory for computing the gravity and mag-
netic response due to a triangular facet (Barnett 1976).
The absolute value of relative departures between the
reference right circular vertical cylinder model and the
facetted quasi-circular cylinders for both b, and B, have
been calculated over a 1 km square horizontal grid for
an observation height of 50 m. Statistics for the absolute
relative departures are shown in Table 2. This includes
an estimate of the departures due to volume differ-
ences |V, — Vp)l/Vp between the true circular cylinder
model and its facetted equivalent. Quantile plots of the
relative departures |(B§’; — B;;)/B;;| from the theoreti-
cally computed gradient tensor element B, for a series
of facetted quasi-circular cylinder models with ng = 18,
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Figure 3. Lipschitz—Hankel integrals at a standardised observation height |z|/a = 0.5 for the magnetic scalar potential, magnetic
field and gradient tensor due to a semi-infinite right circular cylinder Note that the Lipschitz—Hankel integrals I(1,0; —1), I(1,1; —1),
al(1,0;0), al(1,0; 0), a%1(1,0; 1) and a?I(1,1; 1) are dimensionless.

Table 2. Absolute value of relative departures (rel_dep) in percent from the theoretical model for B, and b, calculated using a
equivalent facetted model in which the number of sides in polygonal section ns is 18, 36, 72 and 144. The sample size is 2121 points
for the mean statistic. The trimmed mean is calculated for all percentiles from 0 to 95 (2150 points). All quantities are in percent.

Statistic rel_dep{|Bz|} ns = 18 rel_dep{|B;|} ns = 36 rel_dep{|Bz|} ns = 72 rel_dep{|B;;|} ns = 144
WVip =Vepl/Vep 2.018446 0.506923 0.126876 0.031728
Trimmed_Mean 2.028800 0.509785 0.127597 0.031896
Median (md) 2.074641 0.521188 0.130351 0.032437

V 4itt/Median 95.84442 95.76759 95.74819 95.74321
Percentile q95 2421054 0.612045 0.153317 0.038348

(995 — md/md) 14.9619 15.6272 15.7027 15.7213
Statistic rel_dep{|b;|} ns = 18 rel_dep{|b;|} ns = 36 rel_dep{|b;|} ns = 72 rel_dep{|b;|} ns = 144
Wi =Vepl/Vep 2.018446 0.506923 0.126876 0.031728
Trimmed_Mean 2.065267 0.519028 0.129927 0.032492
Median (md) 2.105961 0.529326 0.132510 0.033139
Vgirt/Median 97.29134 97.26293 97.33389 97.81474
Percentile q95 2.739717 0.692217 0.173505 0.043393

(995 — md/md) 32.0574 32.8152 33.1058 33.7781

36 and 72 are shown in Figure 4(a). The distribution
of the relative departures with standardised radial dis-
tance r/a from the axis of the cylinder are shown for B,
(ns = 18) in Figure 4(b).

From Table 2, | note that the bulk of relative depar-
tures from the theoretical model are due to volume
differences between the true right circular cylinder
and its equivalent facetted model. For example, the
relative departures from the theoretical model for
b, and B, are 95.8 +£0.05% and 97.5 4 0.3%, respec-
tively. Furthermore the relative differences do not
change greatly as ns increases and the slight increase
in the relative error for B,, is expected since the
tensor calculations have higher computational over-
heads. The quantile plots in Figure 4(a) for B,, show
that the 5 and 95 percentiles lie within £15% of
the median. The rapid increase in relative depar-
tures beyond the 95 percentile is attributable to
near zero values for B,, (i.e. near the zero cross-over

points) near the edges of the right circular vertical
pipes.

This is confirmed in Figure 4(b) which shows that
the highest relative departures for B, (ns = 18), i.e.
those > 2.60 which lie beyond the 95 percentile,
occur at standardised radial distances r/a ~ 1. Figure 5
shows the absolute values of relative departures from
the theoretically computed gradient tensor elements
Bxy, Bxz, Byz, Bz, for the facetted quasi-circular cylinder
model with n; = 144 for a west-east principal profile
50 m above Pipe Model 1a.

In summary | note the following points. First, the
magnetic field components and gradient tensor ele-
ments for the reference model have been correctly cal-
culated. Second, the discrepancies between the refer-
ence right circular vertical cylinder and the facetted
quasi-circular, vertical cylinder models decline rapidly
as the number of sides ng in transverse section increases.
Third, the magnetic fields and the magnetic gradient
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Figure 4. (a) shows quantile plots of the relative departures between the theoretically computed B; for a finite length right circular
vertical cylinder of radius a = 100 m and axial length h = 1000 m (Pipe Model 1a) and B,, computed for a series of equivalent
facetted vertical cylinders in which the number of sides ng in polygonal section is 18, 36 and 72. (b) displays plots of the relative
departures in B, (sorted into ascending order for ny = 18) versus standardised radial distance.

tensor are modelled more accurately as the observation
height |z| is increased. Fourth, the errors in the com-
puted magnetic field components and gradient tensor
elements are generally larger for near-surface stations
above the rim of the cylinder (at r/a = 1) where there is
a singularity. This is especially the case for the By, and
By tensor elements at stations close to the rim of each
vertical, right circular cylinder. This is not unexpected,
since as previously noted, the By, and By, tensor ele-
ments are undefined for stations located on the rim of
the top surface of the cylinder.

Symmetry relations and some important
special cases for the magnetic field

For a general magnetisation direction both the mag-
netic scalar potential and the components of the mag-
netic field vector are asymmetrical for a particular obser-
vation height |z| above the top surface of a semi-infinite

(and finite length) right circular vertical cylinder source.
However some interesting symmetries exist for partic-
ular cases of the magnetisation direction, for example,
when the magnetisation direction in the cylinder is
directed along each one of the three orthogonal direc-
tions (x-north, y-east and z-vertically down). These sym-
metries may be deduced from the expressions for the
magnetic scalar potential and the magnetic field vec-
tor when these are expressed in radial axial coordinates.
Figure 6 shows contoured grid images of the magnetic
field components for a series of semi-infinite right circu-
lar vertical cylinders of radiusa = 100 m and possessing
uniform 1 Am~" magnetisations M in the north M =
IM| X, east M = |M| ¥, and downward vertical M = |M| 2
directions respectively. The plane of observation is 50 m
above the top surface of the cylinder.

For a series of uniform magnetisations of equal mag-
nitude M = Mx ; M = My; M = Mz M, along the north,
east and vertically down directions respectively, the
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Figure 5. Absolute relative departures between the theoretically computed gradient tensor elements Byy, Byz, Byz, Bz, for a finite
length, right circular vertical cylinder of radius a = 100 m and axial length h = 1000 m and those computed for an equiva-
lent facetted vertical cylinder in which the number of sides ns in polygonal section is 144. The magnetisation in both models is
M| = 23.8 A/m with declination Dyy = 0° and inclination Iy = —60° and the observation height is |z] = 50 m.
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Figure 6. Contoured grid images (north is up the page) of the magnetic field components by, by, b, for a series of uniform mag-
netisations of equal magnitude [M| = TA/m. (a—c) in the top row show by, by, by respectively for M = Mx; (d-f) in the second row
show by, by, by for M = My; (g-i) in the bottom row show by, by, by respectively for M = Mz. The notation by; My is short for field
component by (r; M = Mx) and so on.
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following relations may be deduced:
bx(bM = MxX) = —raCm M {1(1,0;0)
+ cos 20 [1(1,0; 0) — 51(1,1; —1)]} , (40.1)
by(rM =My) = —raCyM

X {sin 20 [1(1,0;0) - 51(1,1;—1)]}

= by (M = MX), (40.2)
by(r;M =M2) = —2maCyMcos8I(1,1;0)
= by,(kM = M), (40.3)

by(r; M = M) = —naCmM{I(LO;O)

— cos 20 [1(1,0;0) — %1(1,1; —1)} } , (40.4)

by(r;M = M2) = —2maCy Msin6 I(1,1;0)
= b,(r;M = My), (40.5)
b,(r; M = M2) = 2mraCy MI(1,0;0) = CnM 2, (40.6)

where 2 is the solid angle subtended at the upper sur-
face of the right circular cylinder (Singh and Sabina
1978). Hence for observation stations at the origin
on the top surface of the cylinder (r = 0), the ver-
tical field component b,(0,00;M = Mz) = 27 C\M =
2t CyM;. This is confirmed by the limit for 1(1,0;0) in
Table 1 whichis 1/a.

Furthermore the expressions for the three magnetic
field components in equations (40.1)-(40.6) may be
expressed in matrix form, namely,

plix  pix  pMx
Bu( = | 6y b)Y b)Y

Mz Mz Mz
bz bMz bl

Tix Txy Tz
M| T Ty T, | =CaMT®, ©41)
Txx sz T2z

where T(r) is the symmetric matrix of Green’s functions
given in Equations (16.1.1)-(16.3.3) and where bM* =
by(r; M = Mx) represents the magnetic field compo-
nent by due to a magnetisation M = Mx. Since T(r) is
related to the gravity gradient tensor of a semi-infinite
right circular vertical cylinder by the relation T'(r) =
GpT(r) as shown in Equation (14), then Equation (41)
may be expressed as follows:

CM
Bm(r) = (G_,o> rm. (42)

Hence there is equivalence between the gravity gradi-
enttensor I'(r) and the (3 x 3) matrix B (r) of magnetic
field components for the three orthogonal magnetisa-
tion directions with the constant of the proportionality

between Bn(r) and I'(r) being (CC';“—S/') . This equiva-
lence is reflected in the symmetry patterns shown for
Bm(r) in Figure 6 and also in the elements of the grav-
ity gradient tensor I'(r). The results shown here are in
agreement with Pedersen and Bastani (2016).

The expressions in Equations (40.1)-(40.3) and in row
1 of Equation (41) represent the magnetic field reduced
to the equator as shown in Figure 6(a-c) while Equa-
tions (40.3), (40.5) and (40.6) and row 3 of Equation (48)
represent the magnetic field reduced to the north mag-
netic pole (see Figure 6(g-i)). From Table 1, expressions
for [1(1,0;0) — 21(1,1;—1)] and 1(1,1;0) are identically
zero on the axis of a right circular vertical cylinder.
Therefore the expressions for the magnetic field com-
ponents on the axis r = (0,0,z)" of a semi-infinite right
circular vertical cylinder are:

bx(r) =0 = —ma CyMyl(1,0;0),— o

|z| }
=—-aCMy{ 1 — ——1¢. (43.1)
m/Vix { o
by (=0 = —maCmM,I(1,0;0),—0
2| }
=—-aCMy{ 1 — ———1. (43.2)
™ { Va2 + 72
|| }
=2nC Mz {1 — ——¢. (43.3)
ot |1

By inspection of Equations (43.1)-(43.3), it is imme-
diately evident that expressions for the declination and
inclination of magnetisation for a uniformly magnetised
right circular vertical cylinder or pipe may be derived by
taking ratios of the by, by, and b;, field components at
points on its vertical axis. The declination of magnetisa-
tion Dy which is defined from the ratio of the horizontal
components of magnetisation, i.e. My and My, is givenas

D t My
= arctan —
M M,

= arctan <_zy> (for0 <Dy < 27). (44)

X

The inclination of magnetisation /y; which is defined
from the ratio of the horizontal and vertical compo-

nents of magnetisation, i.e. Mp, = . /M2 + M}Z, and M, is
given as

M,
M2+ M
b, T T

——| (for =~ <y < =)
2, /b}+b;

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere with magnetisation M (McKenzie
2020).

Iy = arctan

= arctan

(45)
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Table 3. Particular cases for the Lipschitz—Hankel integrals appearing in expressions for the magnetic gradient tensor at an observa-
tion height |z| above the top surface of a uniformly magnetised, semi-infinite right circular vertical cylinder source of radius a where
Fo(k) and Eq(k) are the complete elliptic integrals of the first and second kind with modulus k and modular angle « as defined by

Equations (A1.8), (A1.9) and (A1.10) in Appendix 1.

P(r,z) sub-case 1(1,0;0) 0,1, =1)/r 1(1,1;0) 1(1,0; 1) I1,1;1)
: — 0 2| 12|
axialr =0,z < 0 %(1— J{lf?) i(1 \Zﬁz) 0 m 0

N

I

Originr =0,z=10 (%) (217,)
coplanartop0 < r < a,z =0 ) (%)
coplanar-rimr = a,z = 0 (%) (%)
coplanar-externalr > a,z = 0 0 (Lz)
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Particular cases for the magnetic gradient
tensor

Some particular cases for the magnetic gradient ten-
sor arise due to the position of the observation station
P(r) relative to the centre of the top face of the cylin-
der or when the total resultant magnetisation direction
of the circular cylinder is aligned along the north, east
or vertical directions. In the former, the relative obser-
vation position determines the Lipschitz—Hankel inte-
gral functions in the expressions for the gradient tensor
in Equations (37.1)-(37.6). The nature of these integral
functions is summarised in Table 3 for various axial and
coplanar cases. In particular for observation stations
located on the axis of the cylinder, it may be shown
that in the limit as the radial distance r approaches
zero, the pair of terms [17 1(1,0;0) — %1(1,1;—1)] and

[ 1(1,1;0) — 5 1101,0; 1)] in Equations (37.1)-(37.5) are
both |dent|cally zero [see Appendix 4, equations (A4.9.7)
and (A4.9.11) respectively]. Furthermore from Table 3,
the axial limits for the I(1,0;1) and I(1,1; 1) integrals
are a/(a® + z2)*? and 0 respectively. Hence the mag-
netic gradient tensor for an axial observation station
r = (0,0, 2) including the origin at (0,0,0) is

By Bxy Bxz
B()r=0=| Bx By By
Bx Bz Bz

T 21 2302 Mz Wy

(@ +29) My —M, 2M,

An application to the determination of
magnetisation direction from the gradient
tensor

From Equation (46), it is immediately evident that
expressions for the declination and inclination of mag-
netisation for a uniformly magnetised pipe may be
derived by taking ratios of the By,By;, and B, tensor
elements at points on the vertical axis of a right circular

vertical cylinder. First for the declination of magnetisa-
tion Dy which is defined from the ratio of the horizontal
components My and M, of magnetisation, namely,

(i)
arctan | —>
My

—B
arctan (—yz> (forO <Dy < 2m). (47)

Xz

Dy

The inclination of magnetisation Iy is defined from the
ratio of the horizontal and vertical components of mag-
netisation, namely,

M,
Iy = arctan | ——
M2+ M
B
= arctan | ——2 | (for _z <lIy< z)
2./B2, + B2, 2 2
(48)

These expressions are identical to those derived for a
point magnetic dipole with moment m or a uniformly
magnetised sphere (McKenzie 2020).

The effect of plunge on field and gradient
tensor computations

As | noted earlier, the theory presented here for the
gravity and magnetic fields and gradient tensors due
to a right circular vertical pipe only allows for poten-
tial field calculations level with or above the top face of
the pipe. For this reason, the theory presented here for
the modelling of plunging right circular pipes should be
used with caution at low sensor heights when plunge
angles are significantly non-vertical. This is illustrated
in Figure 7 which shows the region of coverage at a
height of 50 m above a series of plunging right circular
pipes with radius a = 100 m and plunge angles of 75°,
80° and 85°, respectively. In this example, the coverage
region is significantly reduced for plunge angles below
75°. The regions of unrestricted coverage are shown in
blue while regions where coverage is invalid are shown
in red.
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Figure 7. East-north grid images showing the region of coverage at a height of 50 m above a series of plunging right circular pipes
with radius a = 100 m, plunge azimuth 45° and plunge angles of 75°, 80° and 85°. (a—c) show the vertical coordinates z of the obser-
vation stations relative to the plane of the top surface for each of the plunging pipe models. (d—f) display the region of valid coverage

(shown in blue) for each of the plunging pipe models.

In addition to the theoretical restriction on observa-
tion points, there is another possible pitfall associated
with the use of the plunging circular pipe model in cer-
tain geological situations. Most importantly the plung-
ing right circular cylinder model should only be used in
the investigation of plunging pipes which are approx-
imately right circular. Geological situations where a
plunging pipe may not be right circular may occur when
the top surface of the plunging pipe has been removed
by erosion or effectively demagnetised by weathering.

Symmetry properties of the magnetic gradient
tensor for special magnetisation directions

The elements of the magnetic gradient tensor exhibit
reflective and rotational symmetries for particular cases
of the magnetisation direction, for example, when the
magnetisation direction in a right circular vertical cylin-
der is directed along each one of the three orthogonal
directions (x-north, y-east and z-vertically down). These
symmetries may be deduced from expressions for the
Byx: Bxy: Bxz: Byy, Byz, Bzz gradient tensor elements due to
a semi-infinite right circular vertical cylinder as given in
Equations (37.1) to (37.6) respectively.

Figures 8-10 show contoured grid images of the six
main elements of the magnetic gradient tensor for a
series of semi-infinite right circular vertical cylinders of

radius a = 100 m and possessing uniform 1 Am~' mag-
netisations M in the north M = |M| x, east M = |M|y,
and downward vertical M = |M| z directions, respec-
tively. The plane of observation is 50 m above the top
surface of the cylinder. The expressions for the By,
By Bxz: Byy, By, Bz, gradient tensor elements for these
three magnetisation directions are given in Appendix
5. The grid images for B(r; M = Mx) in Figure 8(a-f)
and also Equations (A5.1.1)-(A5.1.6) in Appendix 5 rep-
resent those for the magnetic gradient tensor B(r)
reduced to the equator (RTE) while the grid images
for B(r;, M = M2) in Figure 10(a-f) and also Equations
(A5.3.1)-(A5.3.6) in Appendix 5 represent those for the
magnetic gradient tensor B(r) reduced to the north
magnetic pole (RTP).

By inspection of Figures 8-10 and also from Equa-
tions (A5.1.1)-(A5.3.6) in Appendix 5, | note the fol-
lowing symmetries when the intensity of magnetisa-
tion |M| is set to a constant in each of the north, east
and downward vertical directions, i.e.when |M| = M =
My =M, =M.

These symmetries are as follows:

By (r;M = MX) = B (r; M =My).
(see Figures 8(b) and 9(a))
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Figure 8. Contoured grid images (north is up the page) of the magnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius @ = 100 m, uniform magnetisation M = Mx and intensity M = 1 Am~". (a—c) in the top row show tensor
elements Byy,Byy,Bx; respectively. (d-f) in the bottom row show tensor elements B,y, By,, B, respectively.
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Figure 9. Contoured grid images (north is up the page) of the magnetic gradient tensor elements due to a semi-infinite right circular
vertical pipe of radius @ = 100m, uniform magnetisation M = My and intensity M = 1 Am~". (a—c) in the top row show tensor
elements Byy, Byy, By, respectively. (d—f) in the bottom row show tensor elements By, By,, B, respectively.

(see Figures 8(d) and 9(b))

sz(r; M = Mﬁ) = Bxx(r; M = Mi).

(see Figures 8(c) and 10(a))

By (r; M = M) = B,y (r; M = M3).

(see Figures 9(e) and 10(d))
(see Figures 8(e) and 9(c))
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Figure 10. Contoured grid images (north is up the page) of the magnetic gradient tensor elements due to a semi-infinite right
circular vertical pipe of radius @ = 100 m, uniform magnetisation M = Mz and intensity M = 1 Am~". (a—c) in the top row show
tensor elements By, Byy, By, respectively. (d—f) in the bottom row show tensor elements By, By, B, respectively.

(see Figures 8(e) and 10(b))

Byz(r;M = My) = By (r; M = M2).
(see Figures 9(c) and 10(b))

B, (M = MX) = By,(r; M = M2).
(see Figures 8(f) and 10(c))

Bz (r;M = My) = B, (r; M = M2).

(see Figures 9(f) and 10(e))

Rotational symmetries also exist between some of
the magnetic gradient tensor elements for the three
independent magnetisations of equal intensity |M| =
M =My =M, = M,. as shown in Figures 8-10. For
example,

By (r, 0 + %,Z;M — M§) = By (r,6,2; M = M%).
(see Figures 9(d) and 8(a))

By (r,0 + %,z; M = M%) = B,y (r,0,z;M = M%).
(see Figure 8(b,d))

By (r,0 + %,z; M =MX) =By (r,0,z;M = M§).
(see Figures 8(b) and 9(b))

By (1,0 + %,z;m = M) = By (r,0,z;M = My).
(see Figure 9(a,b))

By (1,6 + %,z; M = M) = By, (r,0,z;M = MX).

(see Figures 9(a) and 8(d))

By (r,0 £ %,z; M = M) = Bo(r, 6,z M = MX).
(see Figures 9(e) and 8(c))

By, (r,6 £ g,z;M =MY) = B (r,0,z; M = M2).
(see Figures 9(e) and 10(a))

Byy(r,6 + %,z; M = M2) = By, (r,0,z; M = M%).
(see Figures 10(d) and 8(c))

B,y (r,0 & %,z; M = M2) = By (r,6,2:M = M32).
(see Figures 10(d) and 10(a))

B, (1,0 + %,z; M = M) = By, (1,6, M = M¥).
(see Figures 9(f) and 8(f))

By (1,0 + %,z; M = M¥) = By (r, 6,2, M = M3).
(see Figures 9(f) and 10(c))

By, (r,0 + %,z;m = M2) = By,(r,0,z;M = MX).
(see Figures 10(e) and 8(f))

Bya(r,0 + %,z; M = M32) = By (1,0, M = M2).

(see Figures 10(e) and 10(c))

From the above symmetries it is possible to construct
the elements of the magnetic gradient tensor B(r; M =
My) from the RTE and RTP gradient tensors B(r; M =
Mx) and B(r; M = M 2) respectively.



A note on model scaling with respect to the
radius a

For a pair of uniformly magnetised semi-infinite right
circular vertical pipes with radii a; and a; and mag-
netisation M, and for a pair of measurement points
P(rq,0,27) and P(ry, 6, z5) in which the standardised dis-
tances r/a and z/a are identical, the ratio Bjj> /Bjj;1 of any
tensor element Bj; for this pair of pipes is inversely pro-
portional to the ratio of their respective radii, namely,

a
Bjja(r2,0,22;a,,M) = (a—1> Bjj1(r1,6,21;a1,M)
2
fori,j=x,y,zandry = (ai/ax)r,. (49)

This follows from the fact that when the standard-
ised distances r/a and z/a are identical, then it may
be shown that the Green'’s functions f; and f, for gra-
dient tensor elements Bj,; and Bj, in pipes 1 and

2 respectively are related as f, = (%)2f1 (see Eason,
Noble, and Sneddon 1955, Part I, 542-546). Since
the gradient tensor elements Bj,; and Bj, can be
expressed as Bjj.1(r1,0,21; a1,M) = 27 a; Cy IM|f; and
Bjj2(r2,0,22; a2 M) = 27 ay Cy [M|fy = 270 Ci| M| (a3/
ax)fi, then the ratio Bjj> / Bjj1 is (a1 / az). For exam-
ple, if a; = 100m and z; = —50m in pipe 1 (Model
1a) and a; = 10m and z; = —5m in pipe 2 (Model
1b), then Bji.; = 10 Bj;1 for all standardised observa-
tion points (ry/ay, za/ay) and (ri/ay, z1/aq) respectively.
Importantly, | also note that the pair of right circular ver-
tical pipe models can be made scalable cylinder sources
by choosing a magnetisation intensity |[M,| for pipe 2 in
Equation (49) that is |M;| = (a/aq)|M;|. This scalability
property of right circular vertical cylinders relates to the
equivalence between confocal ellipsoids or magnetic
spheres with the same magnetic moment m = Mv as
noted in Medeiros and Silva (1995) and illustrated in
Clark (2014).

For the magnetic field components b; and the grav-
ity gradient tensor elements I'jj, the pair of Green'’s
functions f; and f, for bj;; and bj;; (and I'jiy and o),
are related as f, = (g—;) f1 so that ratio b;, / bj;1 (and
[ji2 / Tjj1) is 1 when the standardised distances r/a and
z/a are identical, i.e.

b2 (r2,6,2z2;a2,M) = bj1(r1,0,21; a1,M)

fori=x,y,zand r; = (ai/ax)r,. (50)

Finally for the magnetic scalar potential and the grav-
ity field components, the pair of Green’s functions f
and f, for V7 and V> are identical, i.e. f, = f;, so that
the ratio V, / V4 (and also g / gi;1 for i = x,y, 2) is ay/aq
when standardised distances r/a and z/a are identical,
ie.

ap

Va(r,0,z2;a,M) = ( ) Vi(r,0,z1;a1,M)

ai
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forri = (ai/ax)r;. (51)

Thus the dimensionality of the Green’s functions are
L%, L=, 172 yielding scaling factors of a,/a;, 1 and ay/a;
for the magnetic scalar potential, the magnetic field and
the magnetic gradient tensor respectively.

The superposition of magnetic field
components and gradient tensor elements

The superposition principle applies to harmonic poten-
tial fields which satisfy Laplace’s Equation (Blakely
1995). It is used to calculate the gravity and magnetic
field components in source free regions. In the absence
of significant demagnetisation effects, the superposi-
tion principle may be used to calculate the magnetic
field and gradient tensor due to the following right
circular cylinder models:

1. a finite length, vertical or plunging right circular
cylinder

2. a concentrically zoned, semi-infinite or finite
length, right circular vertical cylinder with a specific
magnetisation M and outer radius a in each zone

3. avertical stack of coaxial finite length vertical cylin-
ders each with a specific magnetisation M, radius a
and axial length h in each cylinder

4. a distributed multitude of finite-length and/or
semi-infinite, right circular vertical pipes each with
a specific diameter 2g, axial length h and magneti-
sation M

The finite length right circular vertical cylinder has
been discussed previously but for a plunging right
circular cylinder of radius a;, magnetisation M; and
axial length hj, the magnetic field or gradient ten-
sor response for a particular harmonic component b,
of its magnetic field or gradient tensor b.(x7,x2, X3
;ar, h1,My) at an observation point ¥ = (x1,x2,x3)" in
the body axis coordinate system is

be(x1,x2,x3; a1, h1,My) = bc(x1,x2,X3; a1, 00,M1)

_bC(X1 1 X2, X3 — h1l (e} :OO:M1 )1
(52)

where b(x1,X2,x3; a1, 00,M1) is any harmonic mag-
netic field component or tensor element due to a semi-
infinite, right circular plunging cylinder at a measure-
ment point ¥’ defined with respect to an origin on the
top surface of the finite length cylinder and b.(x,y,z —
h; a,00,M), is the magnetic field component or tensor
element due to a second semi-infinite right circular ver-
tical cylinder, coaxial with the first, and at the same
measurement point whose axial coordinate is x3 — hy
relative to a new origin on the top surface of the second
cylinder. In this instance the top surface of the second
cylinder is coincident with the base of the first so that
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the separation distance between top surfaces of the pair
of coaxial cylinders is h.

For a concentrically zoned, semi-infinite or finite
length, vertical, right circular cylinder of vertical depth
extent hy, which is comprised of an inner core or annu-
lus with radius a; and magnetisation My and (n-1)
outer rings with radius g; and magnetisation M; as in
model case type 2 above, the calculated component
bc for both the semi-infinite and finite depth extent
models is

bc(X:y,Z1) = bC(lelz1;a1lh1lM1)

n
+ Y be(x,y, z1; aj, b1, My)
i=2

— bc(x,y,21; aji—1,hy,M;) forn > 2. (53)

For a coaxial stack of n cylinders in case model 3 above,
the calculated component b, for the finite depth extent
model is

n
be(x,y,z1) = ) be(X,y,2;; ai, oo, M)

i=1
(hn < OO) 1
(54)

— bc(x,y,zi — hj; a;,00,M;)

k—1
wherezy =21 — Y hi(2 <k <n).
i=1
And for the semi-infinite depth extent model in case
3in which h, = o0

n—1
bC(lelz1) = Z{bc(xlylzl; all oOIMI)
i=1

- bC(XryrZi - hlr Gi,OO,M])}
+ bC(lel Zn; an: ooan)l (55)

k—1
where zy = z1 — Zh,-(z <k<n.

i=1
I also note that the superposition principle may be used
to calculate the gravity fields and gradient tensors in
each of the above composite models except that the
magnetisation M is replaced by the density or density
contrast p in each of the above models.

Conclusions - Final overview

This paper has presented a set of closed form expres-
sions for the direct calculation of the magnetic gradi-
ent tensor due to a uniformly magnetised right circular
cylinder or pipe. My formulation is based on Poisson'’s
relation beginning with an expression for the magnetic
scalar potential for a semi-infinite right circular vertical
cylinder or pipe. The expressions for all magnetic fields
and gradient tensors are applicable to either a vertical

or plunging right circular pipe provided that observa-
tion points lie above or are coplanar with the top surface
of the pipe. | also provide expressions for calculating
both the gravity and magnetic gradient tensors for var-
ious particular cases including measurement stations
on the axis of the circular cylinder or stations coplanar
with its top surface. The expressions for the magnetic
field and its gradient tensor on the axis of the cylinder
are derived from Taylor's series expansions of the Lip-
schitz—Hankel integrals near its central axis. At least six
Lipschitz—Hankel integrals are required to formulate the
magnetic scalar potential, the magnetic field compo-
nents and the magnetic gradient tensor for a uniform
magnetic pipe. The expressions for the gradient ten-
sor shown in my paper have passed the following tests,
namely,

1. The expressions for the magnetic gradient tensor
(shown here in both Cartesian and cylindrical coor-
dinates) satisfy the trace and symmetry relations for
all observation points outside the pipe, i.e. satisfy-
ing Laplace’s equations.

2. Singularities in the equations for magnetic field and
magnetic gradient tensor have been confirmed for
all points on the rim of the top surface of the cylin-
der.

3. Gradient tensors calculated for a facetted quasi-
circular pipe are in close agreement with those
computed from the closed form theoretical expres-
sions shown in this paper. Hence the theory pre-
sented here is correct.

4. The scalability of magnetic sources which is well
known for magnetic spheres possessing identical
magnetisations (but not moments) is shown to
apply to right circular vertical pipes.

5. The superposition principle allows for the compu-
tation of the magnetic and gravity potential fields
for a finite length or concentrically zoned circular

pipe.

The expressions for the magnetic field and gradi-
ent tensor on the axis of a vertical pipe are particularly
important because they lead to equations for determin-
ing the magnetisation direction in a uniform pipe.
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Appendix 1: Closed form expressions for the
Lipschitz-Hankel integrals

The six Lipschitz-Hankel integrals I(1,0;—1), I(1,1;-1),
1(1,0;0), I(1,1;0), I(1,0; 1) and I(1,1; 1) which appear in expres-
sions for the gravity field vector, the gravity gradient tensor,
the scalar magnetic potential, the magnetic field vector and
the magnetic gradient tensor have been evaluated in closed
form by Eason, Noble, and Sneddon (1955), equations (4.6),
(4.9), (4.7), (4.2), (4.8), and (4.4) respectively.

For the I(1,0; —1), I(1,1; —1) and I(1,0; 0) integrals there are
three  particular ~ general cases, namely, 0 <
r<ar=ar>a.

The closed form expression for the I(1,0; —1) integral is
(Eason, Noble, and Sneddon 1955, equation 4.6):

Jar k(@ —r?) |z|
WEO(k) + Tﬁf:o(k) + %Ao(k:ﬂ)
|z|
- (r<a
10,0,-1) = a
Eotk) Iz| r=a)
k 2a B
Jar k(a*—r?) |z|
WEO(I() + TﬁFO(k) - %Ao(k:ﬁ) (r>a

(A1.1)
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The closed form expression for the I(1,1; —1
Noble, and Sneddon 1955, equation 4.9):

) integral is (Eason,

|z| kiz|(a® + 12 +2%/2)
e ar O - 4arJar Fok)
("4a )Ao<kﬁ>+— r<a
2
13- = 1 2y MAQE+Z/2 0 1 o
4a 2
|z| kiz| (@* +1r? +2%/2)
2k./ar Eo) - 4ar./ar Fotk)
r* —a?) a
+ aa Aok, B) + > (r>a
(A1.2)

The closed form expression for the I(1,0; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.7):

K2l ok — - Aotk !
o~ bk B+ <)
k 1
1000 = § 22 Fotky + 5 r=a
Kz| 1
_4aﬁF0(k) + zl\o(k,ﬁ) (r>a)
(A1.3)

The closed form expression for the I(1,1; 0) integral is (Eason,
Noble, and Sneddon 1955, equation 4.2):

2

1 k
1(1,1;0) = m {(1 - ?> Fo(k) — Eo(k)} (forr > 0).
(A1.4)

The closed form expression for the 1(1,0; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.8)

k(a2 -r2—2?) k

11,0;1) = ————~Eg(k Fo(k

( ) 160k (@n’? o(k) + 2avar o(k)
(forr > 0). (A1.5)

The closed form expression for the I(1,1; 1) integral is (Eason,
Noble, and Sneddon 1955, equation 4.4)

k k?
4(a|r§|3/2 [(1_ )(k/2>E°(k) F"(k)}

(forr > 0). (A1.6)

where Fo(k) = (2/m) F(k) and Eq(k) = (2/7)E (k) are the com-
plete elliptic integrals of the first and second kind with modu-
lus k, namely,

I10,1;1) =

72 :
Fik) = 0/ e (A17)
and
72
(A1.8)

Ek) = / V1 —k2sin6do
0

The modulus k and the modular angle « are defined as
4ar
a+n*+22
Also Ag(k, B) is Heuman’s lambda function with modulus k
and angular amplitude 8 (Heuman 1941; Eason, Noble, and
Sneddon 1955; Abramowitz and Stegun 1964; Byrd and Fried-

man 1971; Singh and Sabina 1978). Heuman’s Lambda func-
tion is defined in terms of the following elliptic integrals,

(A1.9)

namely,
Ao(k, B) = Fo(K)E(K, B) —

where F(k’, ) and E(k’, B) are the incomplete elliptic inte-
grals of the first and second kind respectively with mod-

[Fo(k) — Eq(K)1F(K', B), (A1.10)

ular angle (/2 — ), co-modulus k' = v/1 — K2 and angu-
lar amplitude B which is defined as sin?g = m The

incomplete elliptic integrals of the first and second kind
respectively with modulus k = sin @ and angular amplitude g
are defined as follows:

(A1.11)

1
Flk B = o/ V' 1 —kZsin20 a0

and

(A1.12)

B
E(k,B) = f\/ 1 — k?sin26 do
0

Appendix 2: Particular limiting cases for the
Lipschitz-Hankel integrals

In this Appendix | shall examine some important particular
cases for the Lipschitz—Hankel integrals which occur in the
generic expressions for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor of
the semi-infinite right circular vertical cylinder. Expressions
for the magnetic scalar potential require the following pair of
Lipschitz—Hankel integrals, namely, I(1,0; —1) and I(1,1; —1),
while expressions for the magnetic field components require
1(1,0;0), I(1,1; —1)/r and I(1,1; 0), and expressions for the mag-
netic gradient tensor also require 1(1,0;0)/r,I(1,1;,—1)/r?,
1(1,1;0)/r, I(1,0; 1) and I(1,1; 1). The particular cases to be con-
sidered are as follows:

(1) Any axial measurement point P(0,0,z) which is above the
top of the cylinder, i.e. where r = \/x2 +y2 =0andz <
0.

(2) The axial measurement point P(0,0,0) which lies at the
origin on the top surface of the cylinder, i.e. where r =
VX2 +y2=0andz=0

(3) The coplanar measurement point P(r,6, 0) or P(x,y,0)
which lies on the top surface of the cylinder or is coplanar
with it, i.e. where r = \/x2 +y2; 6 = arctan (y/x);z=0
and the three sub-cases0 < r < ag;r=a;r > a.

1. Axial cases

The expressions for the axial measurement cases in the
six Lipschitz—Hankel integrals 1(1,0; —1), I(1,1; —1), I(1,0; 0),
I(1,1;0),1(1,0; 1) and I(1,1; 1) are derived by setting r = 0 in
the integral forms of these functions. However the inte-
grals I(1,1; —1)/r, I(1,0;0)/r, 1(1,1; —1)/r? and I(1,1; 0)/r which
have factors of 1/ror1/r* require a different treatment
involving expansions of the Lipschitz-Hankel integrals for
small r/a (see Appendix4). For the axial cases in which
r =0, the Jo(rp) and J;(rp) Bessel functions are Jo(rp) =
and J;(rp) = 0 (Abramowitz and Stegun 1964, Table 9.1,
p.390). Then for the I(1,1; —1) Lipschitz—Hankel integral in
Equation (A1.1)

o0
11,1;-1) =/ Ji(ap) Ji(p)e P p~dp
0

o0
:/ Ji(ap) J1(0)e PFlp~Tdp = 0. (A2.1.1)
0



Similarly for the 1I(1,1;0) Lipschitz-Hankel integral in
Equation (A1.4)
o0
10,30 = [ i(ap h e P dp
0
o0
= / Ji(ap) J1(0)e P dp = 0. (A2.1.2)
0
Similarly for the 1I(1,1;1) Lipschitz—Hankel integral in

Equation (A1.6)
[e¢]
I(1,1;1) =/ Ji(ap) J1(rp)e PPl pdp =0.  (A2.1.3)
0

For the I(1,0; —1) Lipschitz—Hankel integral in Equation (A1.1)
setting Jo(rp) = 1forr =0,

o0
10,0,—1) = f J1(ap) Jo(0)e P p= dp
0

o0
B ./ Ji(ap)e P p~" dp.
0

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.623.3) namely,

00 (w/zxz—f—ﬁz—a)v
/ e, (Bx)x T dx = W
0

Henceforv = 1,a =|z|, 8 = a, then
oo
11,0, -1) =/ Jiap)e PP p~ldp
0

/72 ¥ a2 —
- M (r=0,z <0).
a
For the I(1,0; 0) Lipschitz—Hankel integral in Equation (A1.3) on

setting Jo(rp) = 1forr =0,

(A2.1.4)

o0 o0
1(1,0;,0) = / J1(ap) Jo(0)e P dp = / Ji(ap) e P dp.
0 0

Integrals of this form have been evaluated by Gradshteyn and
Ryzhik (1965, equation 6.621.4) namely,

> d ( a2+ﬂ2_“>v
70(XJV [ S — A
fo PO =

Thusforv = 1,0 =|z|,8 =g,

VZz2 +a? — |z|
av'z? + a?

} (r=0z<0). (A2.15)

o0
10,0;0) = f J1(ap) e P dp =
0

1 |z|
S a { V22 + a?
Finally to determine the limit for the integral I(1,1; —1)/r in
the axial case, it is necessary to find a series expansion of the
integral I(1,1; —1) for small values of (r/a). Following Eason,
Noble, and Sneddon (1955, 535), it may be shown that for
¢ =lzl/a

101,1;—1) = V;t\/% (f) + o(i)3

r\2
+0(3)
: L] +0

a’ +22

OF

1 ¢
H 11,1, —1 =—|1 —_—
ence I( )/r % |: 1T+ +(2:|
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1 |Z|
sothatI(1,1;,-1)/r = — |1 — ——
( 4 20[ «/az+zz]

% 1(1,0;0) (forr =0). (A2.1.6)

2. Origin cases

For an observation station at the origin or centre of the top
face of the semi-infinite right circular vertical cylinder, the
expressions for the three Lipschitz—Hankel integrals I(1,0; — 1),
I(1,0;0) and I(1,1; —1) /r respectively are derived by setting
z = 0 in the expressions for these functions in equations
(A2.1.4)-(A2.1.6) above. Thus from Equation (A2.1.4), the
I(1,0; —1) Lipschitz—Hankel integral at the origin is

Vz2 +a? — |z
; =

10,0, 1) = 1 (forr=0,z=0).

(A2.2.1)
Similarly from Equation (A2.1.5), the I(1,0; 0) Lipschitz—Hankel
integral is

|z]

1
1(1,0;0) :7{1 - ——
a ./22+GZ

} = 1 (r=0,z=0),
a
(A2.2.2)

and from Equation (A2.1.6), the I(1,1; —1)/r Lipschitz—Hankel
integral is

1 |z| 1
10,;,-/r=—1|1 - —— | = =I(1,0;0
(1,0 =1/r 20[ m] S10,0:0)

1
=— (forr=0,z=0).
2a
The I(1,1; —1), I(1,1; 0) and I(1,1; 1) Lipschitz—-Hankel integrals
are identically zero at the origin as in the axial cases above,

(A2.2.3)

1(1,1;,-1) = 0; I(1,1;0) = 0; I(1,1;1) = 0(r=0,z<0).

(A2.2.4)

3. Coplanar cases

The I(1,0;,—1),1(1,1;—=1) and I(1,0; 0) Lipschitz-Hankel inte-
grals contain terms involving Heuman’s Lambda function
Ao(k, B) wheresin2 B = 22/{ (a—r)? + z2} [see Equation
(A1.10)1. In each of the three coplanar cases |z| = 0 so that
sin2 8 = 0. Therefore Heuman’s Lambda function Ag(k, 8)
and the incomplete elliptic integrals Fo(k, 8) and Eq(k, B)
are all identically zero in equations (A1.1), (A1.2), and (A1.3)
respectively (Abramowitz and Stegun 1964, Tables 17.5 and
17.6).

The expressions for the I(1,0; —1) integral in the three par-
ticular coplanar cases above are derived by setting |z] = 0in
Equation (A1.1), namely,

@D e+ iy ¢ <a
2a 2a
1,01 = {1 r=a)t,
@D e+t > a
2a a
(A2.3.1)
4ar

k? = sina = sin?8 =0; Ag(k,0) = 0. (A2.3.2)

a+n?’

Similarly, the expressions for the three particular coplanar
cases belonging tothe I(1,1; —1) and I(1,1; —1) /r integrals are
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derived by setting |z| = 0in Equation (A1.2), namely,
r

> (r<a)
I11,1;,-1) = % (r=a)g¢.
% (r>a)
and
1
% (r<a
m-nr=11 ¢=a (A2.3.3)
2a
52 (r>a

Similarly, the expressions for the 1(1,0;0) and I(1,0; 0)/r inte-
grals in the three coplanar cases above are derived by setting
|z| = 0in Equation (A1.3). Hence

1
- (r<a
a
10,060=11 _ ,
2a (r=a
0 (r>a
and
1
— (r<a
ar
10,000 /r=14 1 r=a) (A2.3.4)
2a?
0 (r>a

It is noted that the limit for r = a is exactly the Dirichlet limit
for the (r < a) and (r > a) particular cases as r approaches a,
ie.

N =

101,0;0) 1= = 5 { IM1I(1,0;0)]<a + 11,0;0)] a1}

_1(1, o) ]
“2\a T 2a

The expressions for the I(1,1;0) and I(1,1;0)/r integrals for
the (0 < r < a) and (r > a) particular coplanar cases remain
unchanged from Equation (A1.4) except at a measurement
point P(a, 8, 0) on the rim of the top surface where it is unde-

fined. Hence
- [(1 - E) Fok) — Eo(k)] r #a)
11,1; 0) = { k/ar 2 ,
00 (r=a)
(A2.3.5)
and

L[O—K)F(k)—f(k)] (r # a)
11,1; 0)/r = { kr/ar 2)"° 0

00 (r=a)
(A2.3.6)

The expression for the I(1,0; 1) integral for the (0 < r < a)
and (r > a) coplanar cases remains unchanged from Equation
(A1.5) except at measurement points P(a, 6, 0) on the rim of
the top surface of the right circular cylinder where it is unde-
fined. Since the I(1,0; 1) integral changes sign from positive
to negative for measurement points where r > athen

1 [ Eo(k) Fo(k)
— (r#a

10,0, h=42al@—n (a+r) . (A2.3.7)
+00 (r=a

Appendix 3: Derivatives of the
Lipschitz-Hankel integrals /(1,0; —2), I(1,0; —1),

Expressions for the gravity field, gravity gradient tensor,
magnetic field and magnetic gradient tensor for a semi-
infinite right circular vertical cylinder involve finding the par-
tial derivatives of the Lipschitz-Hankel integrals I(1,0; —2),
1(1,0; —1),1(1,1; —1),1(1,0; 0), and I(1,1; 0) with respect to the x,
y, z Cartesian coordinates. These integrals take the following
general form:

[e¢]
I(mn;l) = f Im(ap) Jn(rp)e P p' dp. (A3.1)
0

where Jn(ap) and J,(rp) are Bessel functions of the first kind
and of integer order m and n respectively and where m = 1;
n=0,1;1 = -2, -1, 0 for the five Lipschitz Hankel integrals
shown above.

By inspection, it is evident that only the Bessel function
Jn(rp) in Equation (A3.1) is dependent on the radial coordi-
nate r. Furthermore, since r = or

Vx2 + y2 then 3% = X/r and
g—; = y/r, and by the chain rule of partial differentiation:

0 0 ar X\ 0
—ImmD = = Imm;]) (37) = (;> ~Imm1). (A32.)

9 n_ 9 N ANA .
5yl D= Imm <8y> - (r) —lmm;). (A322)

Hence expressions for the x, y partial derivatives of I(m,n;/)
may be derived from expressions for its radial or r par-
tial derivative. By inspection, it is evident that only the
Jo(rp) and J; (rp) Bessel functions for n = 0, 1 respectively in
Equation (A3.1) are dependent on r. From Abramowitz and
Stegun (1964, equation 9.1.28), the r partial derivative of the
Bessel function Jo(rp) is

9
5J0(’P) =—phi(rp), (A3.3.1)

while the r partial derivative of the Bessel function Ji(rp) is
(Abramowitz and Stegun, 1964, Equation 9.1.30),
a 1
gh (rp) = pJo(rp) — P Jy(rp). (A3.3.2)

Hence from Equation (A3.3.1) the r partial derivative of the
1(1,0; 1) integral is given by

D 00 = f " hap) Lopye P ol dp
ar 0 or

/ Ji@@p) — phi(rp)e P pl dp
0

o0
- / J1(@p) b (mp)e P o1 dp
0

11,114+ 1). (A3.4.1)

And from Equation (A3.3.2) the r partial derivative of the
I(1,1; 1) integral is given by

d o 0 —plz| 4/
—I101,1;) = Ji(ap) —Ji(rp)e P p'dp
ar 0 ar
> 1 —plz|
=/ Ji(ap) pJo(rp)—;h(rp) e P¥pidp
0
oo
= / Ji@ap)p Jo(rp)e P p' dp
0

o0 1
- / 3@, e pl dp,
0



and therefore,

a o0
Srh = / J1@p)o(rpye P pl* 1 dp
0

1 o0
- / Ji(ap) 1 (rp)e P p' dp, or
0

3 1
51000 = 1001+ 1) = I, 1D for/ = =2, 1, 0.
(A3.4.2)

The expressions for the r partial derivatives of Lipschitz—
Hankel integrals 1(1,0; —2), I1(1,0; —1), I(1,1; —1), I(1,0; 0)
and I(1,0; 0) may now be written from equations (A3.4.1) and
(A3.4.2). First for the three Lipschitz—Hankel integrals involv-
ing Equation (A3.4.1) wheren = Oand /= —2, —1, Orespec-
tively,

3
—1(1,0,-2) = —I(1,1;-1).

A3.5.1
oF ( )
]
5,110 =1) = —I(1,1;0). (A35.2)
]
5, 100:0) = —=I(1,1;1). (A3.5.3)

And second for the pair of Lipschitz-Hankel integrals
involving Equation (A3.4.2) wheren =1and /= —1,0

0 1
—I1(1,1;—=1) = 1(1,0;0) — —I(1,1; =1). (A3.5.4)
or r

a 1

51(1,1;0) = 1(1,0;1) — ;1(1,1;0). (A3.5.5)

The expressions for the z partial derivatives are straightfor-
ward since only the exponential term exp(— p|z|) in the

I(m,n; ) Lipschitz—Hankel integral is dependent on z. Since

% = —1forz < 0, the expression for the z partial derivative

of exp( — p|z|) is p exp( — p|z|). Therefore,

gl(m nl) = /OOJ (ap) gJ (rp)p/ie*l’\zl dp
oz " o ar’" 0z

o
_ / Im(@p)In(rp)p e P! dp,
0

=Imn;l+1);m=1n=0,1;I=-2,-1,0,...
(A3.6)

Hence from Equation (A3.6)
d
51(1,0;—2) =I1(1,0;—=)form=1,n=0; | = —2.
(A3.7.1)

d

100 =1) =1000form=1,n=0;1=~1. (A37.2)
)

8—1(1,1;—1) =I1,1;,0form=1,n=1;/=-1. (A3.7.3)
z

)
51000 =10,0, hform=1,n=01=0.  (A37.4)

d
51(1,1;0)=I(1,1;1)form=1,n=1;l=0. (A3.7.5)

Appendix 4: Evaluation of the
Lipschitz-Hankel integrals for small r/a
includingr = 0.
The general form of the Lipschitz-Hankel integral I(u,v; A) is
defined by Eason, Noble, and Sneddon (1955) as:
[o¢]
I(u,v;A) = / Ju(@at) )y (btye " t* dt, (A4.1)
0

where J, (at) and J,(bt) are Bessel functions of the first kind
with order © and v respectively. A necessary condition for
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the convergence of the I(u,v; 1) integralisthat u — v + A >
—1 (Eason, Noble, and Sneddon 1955). An alternative form of
Equation (A4.1) is (Eason et al., 1955, equation 1.2)

s = [ auoneoeted,  pad
0
where p = b/a, ¢ = c¢/a,& = at, and therefore,
IGv;in) = a* U 1) (A4.3)

The parameters b and c in Equation (A4.2) are equivalent to r
and |z| respectively in Equation (1) of this paper so that p =
r/aand ¢ = |z|/ a.

The Lipschitz—Hankel integrals which appear in the expres-
sions for the magnetic scalar potential, the magnetic field vec-
tor and the magnetic gradient tensor have integer values for
1, v; A Therefore, | shall adopt the notation of Eason, Noble,
and Sneddon (1955) where m,n; [ replace p,v; A respectively in
equations (A4.1)—(A4.3). Hence

Imn;l) = a”’lj(m,n; h (form—n+1>-1). (Ad4)

When the parameter p = r/a is small, then the J, (p&) Bessel
function in Equation (A4.2) may be replaced by its series
expansion (Eason, Noble, and Sneddon 1955, 535), namely,

J(m,n; 1)
n 2
A . o
= Sam {J(m,/+n) PP 1)J(m,l+n+ 2) +}
(A4.5)
where j(m; q) = / Im(€)ETe%¢ dt. (A4.6)
0

The integrals j(m; g) have been evaluated by Watson (1943,
386) for various integer values of m and q. Eason, Noble, and
Sneddon (1955, 535) have listed formulae for calculating many
of these integrals. These formulae are used to derive approx-
imate expressions for the Lipschitz-Hankel integrals which
appear in the equations for the magnetic scalar potential, the
magnetic field vector and the magnetic gradient tensor. In
particular for small p = r/aand ¢ = |z|/a,

[viee-¢f
27n/1 +¢2
[vitez-c)"

2"nlm

Jmn; —n) = o"+ 00",  (A4.7.1)

pn + o(pn+2).
(A4.7.2)

Jmn; —n—1)=

13 ...2m—1)
27n1(1 +¢2)"
13 ...2m+1)¢
Mnl( 2"

Jmn,m—n) = o™+ 0(p"2). (A4.7.3)

Jmpm—n+1) = o™+ O(p"t?),

(A4.7.4)

pn+ 2

202 (n 4 1)

Substitution of m= 1, n= 0 and / = —n — 1 in Equa-
tions (A4.4) and (A4.7.2), yields the following expression for
1(1,0; —1) when p is small

10,0;=1) =J,0, =1 = [V1+¢2 = ¢} +- 000,

where O(p"?) = — j(m;l +n+ 2). (A4.7.5)

The first higher order O(p?) term is found from
Equation (A4.7.5), so that

2

10,0,-1) =J0.0,-1) = Vi v ¢} - %j(m).
(A4.8.1)
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Substitution of m= 1, n=1 and | = —n = —1 in Eque-
tions (A4.4) and (A4.7.1), yields the following expression for
I(1,1; —1) when p is small

[Vite-¢]
21 +¢2

The first higher order O(p3) term is found from Equation
(4.7.5), so that

I(1,0;=1) =J(,1;-1) = p+ 0(p3).

[Vide-¢}
11,1, -1) =J1,1; 1) & ———p — —j(1;2).
21 +¢2 16
(A4.8.2)
Alsofor I(1,1; —=1)/r

10,0 =1)/r=JQ,1; =1)/r

1 [m-(] 02

2| ——j(1;2) | . (A4.83
o = 112 | (A483)
Substitution of m = 1, n= 0 and /| = —n = 0 in Equations

(A4.4) and (A4.7.1), yields the following expression for I(1,0; 0)
when p is small

1 3 AT .
100:0) = 2J00:0) = 2 | e + 0lp?)

The first higher order O(p?) term is found from
Equation (4.7.5), so that

1 1 {,/1+;2—§] 02
0,000 = _J(1,0:0) = — | ————— = (1} 2)

a /‘|+§-2

(A4.8.4)

Substitutionof m = 1,n = 1and/ = m — n = 0in equations
(A4.4) and (A4.7.3), yields the following expression for I(1,1; 0)
when p is small

1

11,1; 0) = %J(H; 0) = — [

1
a sz Pt O(p3):| :

201 +¢2)

The first higher order O(p%)
Equation (4.7.5), so that

term is found from

10,00 = L1100 = 2 ! 2 03)
AR T O R ek

(A4.8.5)
Also for I(1,1; 0)/r

11,1; 0 —1J11'0 ZL ; &2'1'3)
(ll )/r_a(ll )/r—zaz (1+§2)3/2_81(, .

(A4.8.6)

Substitutionof m = 1,n = 0and/= m — n = 1inequations
(A4.4) and (A4.7.3), yields the following expression for I(1,0; 1)
when p is small

1

1 1
110, )= =JAO = = | ————
a? a2 |:(1 +4_2)3/2

+ O(pz)} .
Thefirst higher order O(p?) term is found from Equation (4.7.5),
so that

1 T 1 0%
10,0; ) = )0 = G o 23|
(A4.8.7)

Substitution of m= 1, n=1and I=m—-n+1 =1 in
Equations (A4.4) and (A4.7.4), yields the following expression

for I(1,1; 1) when p is small

I(1,1,1):(:2J(]']'1)=1|: 3(

o 3P+ om} :

2(1 +¢2)

Thefirst higher order O(p3) termis found from Equation (4.7.5),
so that

1 1 3 3
1005 1) = )1 1) = [M;)S/zp—‘;m;@]

~2a?
(A4.8.8)

Lipschitz-Hankel integrals at axial
measurement points on and above a vertical
cylinder

The series expansions for the Lipschitz-Hankel integrals
developed in Equations (A4.8.1)-(A4.8.8) may now be used to
derive expressions for the Lipschitz—Hankel integrals at axial
measurement points by setting p =r/a = 0 and ¢ = |z|/a.
From Equation (A4.8.1), the expression for the I(1,0; —1) Lips-
chitz—Hankel integral at an axial station P(0,0,2) is

100, -1 = [VT+¢2—¢]

1
=2 [\/22 +a?— |z|} (forr = 0). (A4.9.1)
and at the origin on the top surface of the cylinder
I11,0,—=1) =1 (forr=0,z=0). (A4.9.2)

From Equation (A4.8.2), the expression for the I(1;1; —1) Lip-
schitz—Hankel integral at an axial station P(0,0,z) including the
origin is

I1,1;, =) =0 (forr=0,z<0). (A4.9.3)

From Equation (A4.8.4), the expression for the I(1,0; 0) Lips-
chitz—Hankel integral at an axial station P(0,0,2) is

1 ¢ 1 z
1100 = - |1 - ——— | =—|1—- —|.
oo “[ m} a[ m]

(A4.9.4)

And at the origin on the top surface of the cylinder

1
101,0;0) =~ (forr=0,z=0). (A4.9.5)

Also from Equation (A4.8.3) the expression for I(1,1; —1)/r at
an axial station P(0,0,2) is

PR I R ¢ _ 1 _
1a ”/’—20[‘ m}‘za[‘ m]

1
= E1(1 ,0;0). (A4.9.6)

And at the origin on the top surface of the cylinder

1 1
I01; =) /r=— = =I1(1,0;0) (forr=0,z=0). (A4.9.7)
2a 2

From Equation (A4.8.5), the expression for the Lipschitz—
Hankel integral I(1; 1;0) at an axial station P(0,0,z) including
the origin is

I(1;1;0) =0 (forr =0,z < 0). (A4.9.8)

And from Equation (A4.8.6), the expression for I(1,1; 0) /ratan
axial station P(0,0,2) is

1 1 a
I(1,1; 0)/r = 5a2 |:(1 +§2)3/2} = [2(22 +a2)3/2 ]
(A4.9.9)




And at the origin on the top surface of the cylinder

11,1; 0)/r = ZL (forr =0,z = 0). (A4.9.10)

a?

From Equation (A4.8.7), the expression for I(1,0; 1) at an axial
station P(0,0,2) is

il 1 B [ a ]
a2 |+ | L@+a)¥?]’

2
-1(1,1; 0).
r

11,0; 1)

(A4.9.11)

And at the origin on the top surface of the cylinder

12
10,0;1) = — = ~I(11;0) (forr=0,z=0). (A4.9.12)

From Equation (A4.8.8), the expression for I(1,1; 1) at an axial
station P(0,0,2) including the origin is

11,1;1) =0 (forr =0,z < 0). (A4.9.13)

Appendix 5: Symmetry properties of the
magnetic gradient tensor for three for special
magnetisation directions

For a magnetisation M = |M| X = MX; M = My in the north
or x direction, the magnetic gradient tensor elements at an
observation point r = (r, 6, z) are as follows:

Byx (r; M = M%)

1 2
=2maCnyM {cos 36 [; 1(1,0; 0) — r—2[(1,1; —1)}

+ cos30 1(1,1;1)}. (A5.1.1)
By (r; M = M%)

1 2
=27aCmM {sin30 [;1(1,0; 0) — SI(LT; —1)]

+ sin6 cos?0 I(1,1; 1)},

= Byx(r; M = Mx).
Byz(r; M = M%)

(A5.1.2)

2
=maCnhM {cosZG [; I1(1,1; 0) — I(1,0; 1)} —1(1,0; 1)},

= Bx(r; M = MXx). (A5.1.3)

Byy (r; M = M%)

1 2
=2maCnyM {—cos36 |:? 1(1,0; 0) — r—21(1,1; —1)]

+ cos@sin?0 I(1,1; 1)} ) (A5.1.4)
By, (r; M = M%)
=naCnyM {sin 26 [% 1(1,1; 0) — I(1,0; 1)]},
= By (r;M = MX). (A5.1.5)
By (r; M = MX) = —2aCm Mcos 6 I(1,1; 1). (A5.1.6)

For a magnetisation M = [M|y =My ;M = M, in the east
or y direction, the magnetic gradient tensor elements at an
observation point r = (r, 6, z) are as follows:
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B (r; M =My)

1 2
=2maCnyM {Sin 36 |:; 1(1,0;0) — r—21(1,1; —1)]

+ sin9c05291(1,1;1)},

= By (M = MX).
By (r;M = My)

(A5.2.1)

1 2
=2raCnyM {—cos 360 |:; 1(1,0;0) — r—21(1,1; —1)]

+ cosh sin291(1,1;1)},

=By (M = Mx).
By (r; M = M\A’)

(A5.2.2)

2
= maCnyM {Sin 20 |:?I(1,1;0) —1(1,0; 1)] } ,

= By, (r; M = MX).
Byy (r; M = M)

(A5.2.3)

1 2
=2raCnM {—Sin 36 |:7 1(1,0;0) — r—21(1,1; —1):|

+ sin0 I(1,1; 1)}. (A5.2.4)

By (r;M = My)

2
=7aCmM {—cosZ@ [;1(1,1;0) - 1(1,0;1)} - 1(1,0;1)} .
(A5.2.5)
B (k; M = My) = —27aCpm Msin01(1,1; 1). (A5.2.6)

For a magnetisation M = [M|Z = M2; M = M, in the down-
ward vertical or z direction, the magnetic gradient tensor
elements at an observation point r = (r, 6, z) are as follows:

B (r; M = M2)

2
=maCnM {COSZO |:? 1(1,1;0) —I(1,0;1)] —I(1,0;1)},

= By, (r; M = Mx). (A5.3.1)
By (r;M = M2)
. 2
= maCy Msin 20 [; 1(1,1;0) —I(1,0;1)] ,
=By,(rM =MX) =By, (r; M = My). (A5.3.2)

By (M = M2)
= -2maCnyMcos8I(1,1;1), = Bz (r; M = Mx). (A5.3.3)
Byy(r;M = M2)

2
=maCmM {—cos 20 |:?I(1,1;O) —I1(1,0; 1)] —I1(1,0; 1)} ,

= Byz(r;M = My). (A5.3.4)
By, (r; M = M%)

= 27aCyMsin61(1,1;1), = B,(r; M = My). (A5.3.5)
B, (r;M =M2) = 2ra CyM; I(1,0; 1). (A5.3.6)

The expressions for B(r;M = Mx) in equations (A5.1.1)-
(A5.1.6) represent those for the magnetic gradient tensor
B(r) reduced to the equator (RTE) while the expressions for
B(r; M = M2) in equations (A5.3.1)-(A5.3.6) represent those
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for the magnetic gradient tensor B(r) reduced to the north possible to define six symmetry classes for the set of ten-

magnetic pole (RTP). sor elements (18 in all) shown in Equations (A5.1.1)-(A5.1.6),
In addition to the symmetry relations derived here and (A5.2.1)-(A5.2.6), (A5.3.1)-(A5.3.6). The characteristics of these

detailed previously in this paper, | also note that it is six symmetry classes are outlined in detail in Table 4.

Table 4. Image symmetry classes for the gradient tensor elements By, Byy, Bz, Byy, Byz, Bz due to a semi-infinite right circular vertical
cylinder with magnetisation intensity M = 1 Am~" along three orthogonal directions,i.e.M = MX,M = My,M = MZrespectively.
The notation is B)/Z’(X short for tensor element By, (r; M = MXx) and so on.

Image symmetry class  Gradient tensor elements  Lines of symmetry ~ Moment direction Min-Max range (nT/m)  Image pattern

1A Blx 0° 0° +2.4704 S-N dipole antisymmetric
across the centre

1B B%y 090° 090° +2.4704 W-E dipole antisymmetric
across the centre

2A By, By 0° 0° +0.9345 S-N major dipole

antisymmetric across
centre with a pair of
N-S minor dipoles
equidistant from the
centre

28 ol B 090° 090° +0.9345 W-E major dipole
antisymmetric across
centre with a pair of
E-W minor dipoles
equidistant from the
centre

3A BMx , Mz 0°090° 0°,180° —2.2479,1.3372 Pair of S-N and N-S
opposed dipoles which
emanate from a global
minimum at the centre

3B - 0°,090° 090°, 270° —2.2479,1.3372 Pair of W-E and E-W
opposed dipoles which
emanate from a global
minimum at the centre

4 B, g, By 045°,135° 0°,180°%090°, 270°  41.2443 Quadrupole: pairs of
opposed S-N and W-E
dipoles equidistant from

the centre

5A BMx gtz 0° 180° +3.3135 N-S dipole antisymmetric
across the centre

5B BQ"ZV , B}’,Vf 090° 270° +3.3135 E-W dipole antisymmetric
across the centre

6 M= all all —0.4550, 4.9509 Point pole with radial

symmetry about a
central maximum
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