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ABSTRACT
This paper investigates the use of the magnetic gradient tensor and its eigenvectors to derive
expressions for estimating the direction of magnetisation of a uniformly magnetised right circu-
lar vertical cylinder. Expressions for the gradient tensor, the eigenvalues and eigenvectors, the
normalised source strength (NSS), and the direction of magnetisation on the axis of a vertical
cylinder are shown to be identical in form to those previously derived for a magnetised sphere
or dipole. However, the off-axis gradient tensor field of a vertical cylinder is significantly different
to that of a magnetic sphere or dipole particularly at low observation heights. These differences
lessen with increasing observation height and in more compact pipes. The normalised source
strength displays a directional asymmetry in the eigenvector field of the gradient tensor above
a pipe which is related to the direction of magnetisation. This azimuthal asymmetry in the NSS
results exclusively from thehorizontal components ofmagnetisation,which are perpendicular to
the longitudinal faceof the vertical cylinder. In contrast, the vertical component ofmagnetisation
is normal to the circular planar face and produces radial symmetry in the NSS. Additionally, the
paper details some unusual properties of theNSSwhich are attributable to non-dipole field com-
ponents in the gradient tensor field which cause pairs of eigenvectors to interchange directions
when ordered by their eigenvalues, as is done when calculating the NSS. This results in spatial
discontinuities in the eigenvector fields arising from crossovers in the ordered eigenvalue sur-
faces which vary with both magnetisation direction and observation height. This phenomenon
is not present in a dipole field and thus provides direct evidence of non-dipole field components.
Understanding this complexity in the eigenvector field is essential to designing methodologies
which can successfully estimate the direction of magnetisation over a uniformly magnetised
cylinder. One proposed method based on the peak NSS, uses airborne gradient tensor data
to accurately estimate magnetisation direction over a reversely magnetised pipe-like body in
the Diavik diamond field of north-western Canada. The results are verified using a full tensor
inversion.
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1. Introduction

The magnetic gradient tensor has emerged as a new
technique in geomagnetic exploration which has sev-
eral important advantagesover conventional totalmag-
netic field intensity (TMI) surveys (Pedersen and Ras-
mussen 1990; Schmidt and Clark 2006; Foss 2006; Clark
2012). In particular, the gradient tensor data are supe-
rior to the TMI at low inclinations and in areas of rugged
topography. Gradient tensor measurements are less
affected by background interference and time vary-
ing geomagnetic fields. The magnetic gradient tensor
contains more information on magnetic sources than
the magnetic field vector and the TMI. Furthermore,
the gradient tensor and its eigenvalues and eigenvec-
tors facilitate determination of magnetisation direc-
tion and the centre of magnetisation either by inver-
sion or magnetic moment analysis (Phillips et al. 2007;
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Beiki et al. 2012; Foss and McKenzie 2011; Clark 2012,
2013, 2014; Pratt, McKenzie, and White 2012, 2014; Ful-
lagar andPears 2015; Foss 2017). This includes estimates
of magnetisation direction in regions where there is
an anomalous peak in the normalised source strength
(NSS) over a variety of compact dipole-like magnetic
sources (Beiki et al. 2012; Clark 2012; Pratt, McKenzie
and White 2019; McKenzie 2020).

The correct determination of magnetisation direc-
tion is extremely important in the interpretationofmag-
netic field and gradient tensor data (Clark 2012, 2014;
Austin et al. 2014; Austin andFoss 2014; Foss 2017; Taka-
hashi and Oliviera 2017). It is essential to the successful
modelling and inversion ofmagnetic targetswhichmay
carry remanence, self- demagnetisation and anisotropy
of susceptibility. These phenomena can rotate the
magnetisation of magnetic bodies away from the
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direction of the inducing geomagnetic field (Clark 2014;
McKenzie 2020). Incorrect magnetisation directions
may lead to erroneous determinations of the position
and orientation of magnetic bodies (Austin and Foss
2014).

McKenzie (2022) derived explicit analytical expres-
sions for the magnetic gradient tensor of a uniformly
magnetised right circular cylinder. These expressions
provide a theoretical basis and methodology for the
investigation of magnetisation direction in pipe-like
geological bodies including kimberlites (ReedandWith-
erly 2007), mafic feeder pipes (Pratt, McKenzie, and
White 2014) and even holes through basaltic flows. In
this paper the terms cylinder and pipe are used inter-
changeably.

Building on the theoretical results of McKenzie
(2022), this paper develops a methodology and con-
ducts a feasibility study into the determination of mag-
netisation direction of a uniformly magnetised cylinder
or pipe from its gradient tensor and from its eigenvalues
and eigenvectors. The main objectives of this paper are
as follows:

1. To present analytical expressions for the declina-
tion and inclination of magnetisation on the axis
of a uniformly magnetised right circular cylinder
(Section 2). This theory links the normalised source
strength (NSS) and other quantities of the gradient
tensor field including theeigenvalues, eigenvectors
and tensor invariants to the source magnetisation
of a vertical pipe.

2. Investigate the off-axis properties of the gradient
tensor field of a vertical cylinder using the NSS
(Section 3). This includes the documentation of
physical properties of the NSS which arise from
the source geometry, i.e. cylindrical shape, and its
magnetisation direction. How these off-axis prop-
erties change with observation height is also inves-
tigated. The NSS is an ideal parameter for the delin-
eation pipe-like bodies

3. To demonstrate some both non-dipole and dipole
properties of the gradient tensor field of a vertical
cylinder and how these change with observation
height and axial length (Section 4). This allows clas-
sification of the gradient tensor field into near field
and far field regions.

4. Section 5 shows that non-dipole behaviour pro-
duces discontinuities in the (ordered) eigenvalues
and eigenvectors. This behaviour has not been
identified or investigated by previous geomagnetic
research and is explored in Section 5 using some
tools developed for tensor field visualisation by
Palacios et al. (2016).

5. In Section 6 we test the feasibility of applying the
theoretical results to estimate the direction ofmag-
netisation over pipe-like anomalies usingmagnetic
gradient tensor survey data. The test dataset was

collected over a reversely magnetised kimberlite
pipe in the Diavik diamond field situated in the
Northwest Territories of Canada. The line survey
tensor data are used to constrain the physical prop-
erties of an anomalous pipe including its location
and shape characteristics, magnetisation intensity
and magnetisation direction at or in the vicinity of
its NSS peak.

2. Theoretical expressions for the
determination of magnetisation direction
from tensor measurements on the axis of a
uniformlymagnetised vertical cylinder

2.1. The normalised source strengthµ

The normalised source strength (NSS) is a theoretical
parameter proposed by Beiki et al. (2012) and Clark
(2012) for analysingmagnetic gradient tensors. TheNSS
is a generalisation of the scaled or normalisedmagnetic
moment of a dipole source (Wynn et al. 1975; Wilson
1985; Wynn 1999). The NSS of any magnetic source,
denoted by μ, is defined in terms of the eigenvalues of
its magnetic gradient tensor, namely,

μ =
√

−λ22 − λ1λ3 for λ1 ≥ λ2 ≥ λ3, (1)

where λ1 > 0 is the first or major eigenvalue which
is always positive, λ2 is the second or medium eigen-
valuewhich has the smallest absolute value and λ3 < 0
is third or minor eigenvalue which is always negative.
Whenever a magnetic field gradient is present, the
traceless property of the gradient tensor, together with
the ordering of its eigenvalues ensures that the NSS is
always real and positive (McKenzie 2020).

The scaled moment vector µ for a point dipole
source of magnetic moment m is (Wilson 1985; Wynn
1999; Clark, 2012)

µ(r) = 3Cmm
r4

= 3Cmm
r4

ûm = μûm; μ = 3Cmm
r4

, (2)

where ûm is the unit vector for the magnetic moment
m and Cm is a constant which depends on the system
of electromagnetic used (see Blakely 1995, 67–68). In
the SI systemof units, Cm = 100 nH/mor 100 nTm/A for
magnetic fields expressed in nanotesla (nT) and mag-
netisations expressed in ampere per metre (Am−1). The
elements of the magnetic gradient tensor B, its eigen-
values and the NSS are all expressed in nanotesla per
metre (nT m−1). For a magnetic sphere of radius a and
intensity of magnetisation M, the magnitude μ of the
scaled moment or NSS at an external point distance r
from its centre is

μ(r) = 3Cmm
r4

= 4π CmMa3

r4
. (3)

Clark (2012) and Beiki et al. (2012) showed that the NSS
peaks directly over the source for a number of elemen-
tary models. In particular, the NSS is independent of
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magnetisation direction for arbitrary two-dimensional
(2D) sources, as well as for spheres and axially mag-
netised narrow plunging pipes. The NSS peaks directly
above the centre of the sphere regardless of the ori-
entation of its magnetic moment, a useful property for
locating an unknown source in exploration. This prop-
erty holds approximately for any compact source with
a reasonably coherent magnetisation and possessing
a predominantly dipolar external field. Pilkington and
Beiki (2013) have stated that the NSS is only weakly
dependent on magnetisation direction for a wide vari-
ety of 3D magnetic models. We shall review this for
the right circular vertical pipe. The Cartesian coordinate
system used throughout this paper follows the normal
geomagnetic field convention, namely, it is a right-hand
clockwise system in which the x axis points north (x-N),
the y axis points east (y-E) and the z axis points verti-
cally down (z-D). Hence a magnetisation with a positive
inclination IM > 0 andMz > 0 points downwards while
a magnetisation with a negative inclination IM < 0 and
Mz < 0 points upwards. For brevity, these magnetisa-
tions are referred to as northern and southern hemi-
sphere magnetisations respectively (regardless of the
inclination of the geomagnetic field at their actual loca-
tion).

Throughout this paper the magnetisation M refers
to the total magnetisation vector, which is the effective
magnetisation resulting from the sum of the induced
and remanent magnetisations. We note that the dis-
tribution of magnetisation within a magnetised body
is heterogeneous over a wide range of scales, and
only ellipsoidal and spherical bodies can possess a
uniform or homogeneous magnetisation. However in
many instances, magnetic sources can be adequately
represented by discrete bodies (including a magnetic
cylinder) which possess an effectively uniformmagneti-
sation surrounded by a uniformly magnetised or non-
magnetic medium (Blakely 1995; Clark 2014). This is
provided that the SI susceptibility of the body is consid-
erably less than 1, which ensures that the non-uniform
demagnetising field within the source is much less than
the applied field so that the resultant field and the cor-
responding magnetisation are almost uniform.

2.2. Eigenvalues, eigenvectors and the NSS for an
axial station: an important special case

The NSS along the axis of a semi-infinite right circular
vertical cylinder with magnetisation M may be deter-
mined analytically by the eigenvalue decomposition of
its gradient tensor. An expression for the magnetic gra-
dient tensor on the axis of a semi-infinite a right circular
vertical cylinder is given as Equation (46) in McKen-
zie (2022). This derivation involved substituting special
axial forms of the Lipschitz-Hankel integrals defined in
McKenzie (2022, Table 3 and Appendix 4) into Equa-
tions (37.1)–(37.6) for the six tensor elements Bxx , Bxy ,

Bxz , Byy , Byz , Bzz respectively. In particular fromMcKenzie
(2022, Table 3andEquationsA4.9.7 andA4.9.11), the fol-
lowing integral functions [I(1, 0; 0) − (2/r)I(1, 1;−1)],
[(1/r)I(1, 1; 0) − (1/2)I(1, 0; 1)], and I(1, 1; 1) are iden-
tically zero on the axis of a right circular cylin-
der. Hence for a semi-infinite right circular cylinder
of radius a and magnetisation M = (Mx ,My ,Mz), it
may be shown that the three diagonal elements are
Bxx = −βMz ; Byy = −βMz ; Bzz = 2βMz and the six off-
diagonal elements are Bxy = 0 = Byx ; Bxz = −βMx =
Bzx ;Byz = −βMy = Bzy where β = πa2Cm(a2 + z2)−3/2.

By application of the superposition theorem [McKen-
zie 2022, Equation (38)], the gradient tensorB(0, 0, z) on
the axis of a uniformlymagnetised vertical cylinderwith
radius a and axial length h is.

B(0, 0, z) =
⎡
⎣Bxx Bxy Bxz
Byx Byy Byz
Bzx Bzy Bzz

⎤
⎦

= β

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ , (4)

where

β = π a2Cm

{
1

(a2 + z2)3/2
− 1

(a2 + (/z/ + h)2)
3/2

}
.

Analytical expressions for the three eigenvalues λ1, λ2,
λ3 of the tensor are found by solving for the roots
of the characteristic equation det(B − λI) = 0 (see
Appendix 1). The eigenvalue ordering is determined by
the sign of the vertical component ofmagnetisationMz .
ForMz > 0, the ordered eigenvalues λ1 > λ2 > λ3 are

λ1 = β

2

[
Mz +

√
4(M2

x + M2
y) + 9M2

z

]
= β

2
(Mz + �),

(5)

λ2 = −βMz , (6)

λ3 = β

2

[
MZ −

√
4(M2

x + M2
y) + 9M2

z

]
= β

2
(Mz − �),

(7)

where

� =
√
4 (M2

x + M2
y) + 9M2

z =
√
4M2

h + 9M2
z . (8)

The inclination IM of the magnetisation vectorM is

IM = arctan

⎡
⎢⎣ Mz√

(M2
x + M2

y)

⎤
⎥⎦

or IM = arctan
(
Mz

Mh

)
for − π

2
≤ IM ≤ π

2
. (9)

As an example, for a vertical magnetisation in the
northern hemisphere where Mz = |M| and IM = 90°,
the major eigenvalue λ1 is largest and the medium λ2
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and minor λ3 eigenvalues are equal, i.e. λ1 = 2β|M|;
λ2 = λ3 = −β|M|. For this case, the gradient tensor is
described as linear degenerate (Palacios et al. 2016).
Similarly for a vertical magnetisation in the south-
ern hemisphere where Mz = −|M| and IM = −90°, the
minor eigenvalue λ3 is greatest in magnitude and the
pair of major λ1 and medium λ2 eigenvalues are equal
(i.e. λ3 = −2β|M|; λ1 = λ2 = β|M|) so that the gradi-
ent tensor on the axis of a right circular vertical pipe is
described as planar degenerate.

The normalised source strength μ(0,0,z) along the
axis of a right vertical cylinder is derived from Equa-
tions (1) and (5)–(7):

μ(0, 0, z) =
√

−λ22 − λ1 λ3

=
√

−β2M2
z −

[
β

2
(Mz + �)

] [
β

2
(Mz − �)

]

= β

2

√
�2 − 5M2

z .

Since the discriminant term is � =√
4 (M2

x + M2
y) + 9M2

z , the final expression for the NSS is

μ(0, 0, z) = β

2

√
4 (M2

x + M2
y) + 9M2

z − 5M2
z

= β
√
M2

x + M2
y + M2

z = β|M| . (10)

This result is significant as it shows that the NSS on
the axis of a right circular cylinder is independent of
the magnetisation direction as is also the case at every
point above or around a dipole source or a uniformly
magnetised sphere (Clark, 2012; McKenzie 2020).

The magnetisation direction of the source may be
determined from the tensor eigenvalues. In the case
of a magnetic dipole or a magnetic sphere, the angle
between the position vector r of an observation point
(relative to the centre of the source) and the mag-
netisation vector M or magnetic moment m is φ =
arccos

(
λ2
μ

)
(Clark, 2012). This angle can also be used

for a right circular vertical cylinder with magnetisation
M when the observation point r = (0,0,z) is at height z
on the axis of a vertical cylinder. In this case the ratio
cos φ = λ2/μ yields analytical expressions for both the
inclination IM and co-inclination I′M of magnetisationM.
From Equations (6) and (9), this ratio can be written

cosφ = λ2

μ
= −βMz

β|M| = −Mz√
M2

h + M2
z

= −sgnMz√
cot2IM + 1

,

= −sin IM for 0 ≤ φ ≤ π and − π

2
≤ IM ≤ π

2
.

(11)

The co-inclination angle I′M is identical to the angle φ

for a measurement point on the axis of a vertical cylin-
der. Note that the co-inclination is the angle between
the upward pointing vertical axis and the magnetisa-
tion vector M (measured positive clockwise), so that

I′M = IM + π
2 . Hence I′M is 180° for a magnetisation at

the north magnetic pole, 90° for a magnetisation at the
magnetic equator and 0° for a magnetisation at the
south magnetic pole. Therefore

cos φ = λ2

μ
= −sgn Mz√

tan2
(
IM + π

2

)+ 1
= cos

(
IM + π

2

)

= cos I′M for 0 ≤ I′M ≤ π . (12)

Thus, for any axial observation point above a uni-
formly magnetised vertical cylinder, it may be deduced
from Equation (12), that the inclination of magneti-
sation is IM = φ − π /2. This result is identical to that
obtainedbyClark (2012, Equation28) for anobservation
point located directly above a magnetic dipole source,
or equivalently, above a magnetic sphere (McKenzie
2020).

The expressions for the rotational and canonical
invariants I1, I2 and the dimensionless ratio I at an axial
observation station may now be expressed in terms
of the body magnetisation parameters and the NSS.
Combining the expressions for I1 , I2 and I in Peder-
sen and Rasmussen (1990) and Clark (2012) (see also
Appendix 1)with Equations (5)–(7) for λ1 , λ2, λ3 respec-
tively yields:

I1(0,0,z) = λ1 λ2 + λ1 λ3 + λ2 λ3 = −β2(M2 + 2M2
z )

= −β2M2( 1 + 2 cos2 I′M ) ,

= −μ2 ( 1 + 2 cos2 I′M ) = −μ2 ( 1 + 2 sin2IM )

(13)

I2(0,0,z) = λ1λ2λ3 = β3Mz(M
2 + M2

z )

= β3M3 cos I′M (1 + cos2I′M),

= −μ3cos I′M(1 + cos2I′M)

= μ3sin IM(1 + sin2IM). (14)

I(0,0,z) = cos2 θ = −27I22
4I31

= 27cos2I′M(1 + cos2I′M)
2

4(1 + 2 cos2I′M)
3 ,

= 27sin2IM(1 + sin2IM)
2

4 (1 + 2 sin2 IM)
3 . (15)

These expressions agree with those derived for a
magnetic dipole or uniformly magnetised sphere by
Clark (2012, Equations (27)–(29)). The expressions in
Equations (13) and (14) show that the canonical invari-
ants of Pedersen and Rasmussen (1990) are strongly
dependent on the inclination of magnetisation. Fur-
thermore, the dimensionless ratio I is not only deter-
mined by the dimensionality of a magnetic source but
also by its magnetisation direction. For example, at
low magnetic inclinations or when resultant magneti-
sations are quasi-horizontal, the dimensionless ratio
I can be effectively zero over the centres of three-
dimensional bodies including vertical pipes, spheres
and compact ellipsoids. This is immediately evident
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Table 1. Direction of magnetisation parameters for magnetisations in both the north and south magnetic hemispheres as
estimated from the eigenvector-eigenvalue decomposition of the magnetic gradient tensor at observation points on the axis
of a right circular vertical pipe with uniformmagnetisationM.

Parameter Name Northern Hemisphere Magnetisations IM ≥ 0 andMz ≥ 0 Southern Hemisphere Magnetisations IM < 0 andMz < 0

λ1 λ1N = β

2
(Mz + �) = −λ3S λ1S = β

2
(Mz − �) = −λ3N

λ2 λ2N = −β Mz(λ2N < 0) = −λ2S λ2S = −β Mz(λ2s > 0) = −λ2N

λ3 λ3N = β

2
(Mz − �) = −λ1S λ3S = β

2
(Mz + �) = −λ1N

μ μ = β |M| μ = β |M|
φ φ = arccos

(
λ2

μ

)
;
π

2
≤ φ ≤ π φ = arccos

(
λ2

μ

)
; 0 ≤ φ ≤ π

2

IM IM = arccos
(

λ2

μ

)
− π

2
= φ − π

2
IM = arccos

(
λ2

μ

)
− π

2
= φ − π

2

IM IM = arctan
(
Mz

Mh

)
= arctan

⎛
⎜⎝ (Bzz/2)√

B2xz + B2yz

⎞
⎟⎠ IM = arctan

(
Mz

Mh

)
= arctan

⎛
⎜⎝ (Bzz/2)√

B2xz + B2yz

⎞
⎟⎠

DM DM = arctan
(
My

Mx

)
= arctan

(−Byz
−Bxz

)
DM = arctan

(
My

Mx

)
= arctan

(−Byz
−Bxz

)

DM DM = arctan
(
ejy
ejx

)
= Devj ; j = 1, 3 DM = arctan

(
ejy
ejx

)
= Devj ; j = 1, 3

DM DM = arctan
(−e2x

e2y

)
= Dev2 ± π

2
DM = arctan

(−e2x
e2y

)
= Dev2 ± π

2

Iev1 Iev1N = arctan
[

2 cot IM
(3 − �d)

]
Iev1N < 0 Iev1S = arctan

[
2 cot IM

(3 + �d)

]
= −Iev3N

Iev3 Iev3N = arctan
[

2 cot IM
(3 + �d)

]
Iev3N > 0 Iev3S = arctan

[
2 cot IM

(3 − �d)

]
= −Iev1N

Note: It may be shown that Iev3 − Iev1 = π /2 for all axial observation points.

from Equation (15) which shows that I(0,0,z) is identi-
cally zeroabovea right vertical cylinderwhichpossesses
a zero inclination of magnetisation, i.e. when IM = 0° or
I′M = 90°.

2.3. Expressions for the determination of
magnetisation direction

McKenzie (2022) derived expressions for the declination
DM and inclination IM of magnetisation at an observa-
tion height |z| on the axis of a vertical cylinder. These
expressions which are shown in Table 1 and Appendix
2 follow from equations for the three magnetic field
components bx , by , bz and from equations for the third
column elements Bxz , Byz , Bzz (or third row elements
Bzx , Bzy , Bzz) of the magnetic gradient tensor.

The declination DM and inclination IM of magnetisa-
tion for a right circular pipe can also be derived from the
eigenvector decomposition of the magnetic gradient
tensor (McKenzie 2020). Three eigenvectors ê1, ê2, ê3
of the magnetic gradient tensor are found by solving
the linear equation B êj = λj êj for each of the three
eigenvalues λ1,λ2,λ3 respectively.

The first eigenvector ê1 = (e1x , e1y , e1z)T at an axial
point r = (0,0,z) above a vertical cylinder in which
Mz > 0 and λ1 = β

2 (Mz + �) is

ê1 =

(
1 , My

Mx
,

2M2
h

Mx(3Mz−�)

)T

√
1 +

(
My
Mx

)2 + 4M4
h

M2
x (3Mz−�)2

=
(
1 , My

Mx
,− (3Mz+�)

2Mx

)T
√
1 +

(
My
Mx

)2 + (3Mz+�)2

4M2
x

. (16)

The second eigenvector ê2 associated with eigenvalue
λ2 = −β Mz is

ê2 = (e2x , e2y , e2z)T =
(

−My

Mh
,
Mx

Mh
, 0
)T

= (−sinDM, cosDM, 0)T . (17)

The third eigenvector ê3 = (e3x , e3y , e3z)T associated
with eigenvalue λ3 = β

2 (Mz − �) is

ê3 =

(
1 , My

Mx
,

2M2
h

Mx(3Mz+�)

)T

√
1 +

(
My
Mx

)2 + 4M4
h

M2
x (3Mz+�)2

=
(
1 , My

Mx
,− (3Mz−�)

2Mx

)T
√
1 +

(
My
Mx

)2 + (3Mz−�)2

4M2
x

. (18)

By inspection of Equation (16), the declination Dev1 and
inclination Iev1 of the first eigenvector are

Dev1 = arctan
(
e1y
e1x

)
= arctan

(
My

Mx

)
= DM

for 0 ≤ DM ≤ 2π . (19)

Iev1 = arctan

⎡
⎢⎣ e1z√

e21x + e21y

⎤
⎥⎦ = arctan

[
2Mh

(3Mz − �)

]
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for − π

2
≤ IM ≤ π

2
. (20)

By inspection of Equation (17), the inclination of the sec-
ond eigenvector is zero and its declination is related to
the declination of magnetisation DM as follows:

tanDM = −e2x
e2y

or DM = arctan
(−e2x

e2y

)
= Dev2 ± π

2
.

(21)

Similarly fromEquation (18), the declinationDev3 and
inclination Iev3 of the third eigenvector are

Dev3 = arctan
(
e3y
e3x

)
= arctan

(
My

Mx

)
= DM

for 0 ≤ DM ≤ 2π . (22)

Iev3 = arctan

⎡
⎢⎣ e3z√

e23x + e23y

⎤
⎥⎦ = arctan

[
2Mh

(3Mz + �)

]

for − π

2
≤ IM ≤ π

2
(23)

We note that the declination of magnetisation is always
calculated using the four-quadrant inverse tangent
function, i.e. arctan(y/x) = atan2 (y,x).

The declination ofmagnetisation on the axis of a ver-
tical cylinder cannot be obtained from the components
of the eigenvectors used in Equations (20) and (22)with-
out first constraining Dev1 and Dev3 to the correct quad-
rant. This is due to the sign ambiguity of eigenvectors
which results in a 180° ambiguity in the determination
of thedeclination in theaboveequations. To resolve this
issue, the inclinations of the first and third eigenvectors
Iev1 and Iev3 are required to be negative and positive
respectively for all inclinations on the range−π

2 ≤ IM ≤
π
2 . Inclinations of the first and third eigenvectors in
Equations (20) and (23) may be expressed in terms of
the inclination of magnetisation IM by putting cot IM =
Mh/Mz and defining a dimensionless discriminant term
�d =

√
4 cot2 IM + 9. Thus for a magnetisation in the

southern hemisphere −90° ≤ IM < 0°, the inclinations
Iev1S and Iev3S (with their ranges shown in parentheses)
are:

Iev1S = arctan
[
2 cot IM
(3 + �d)

] (
0 to − π

4

)
and

Iev3S = arctan
[
2 cot IM
(3 − �d)

] (π

2
to

π

4

)
.

Similarly, for a magnetisation in the northern hemi-
sphere 0° < IM ≤ 90°, the inclinations Iev1N and Iev3N are:

Iev1N = arctan
[
2 cot IM
(3 − �d)

] (
−π

4
to − π

2

)
and

Iev3N = arctan
[
2 cot IM
(3 + �d)

] (π

4
to 0

)
.

These results are summarised in Table 1. Note that
Iev1 is negative and Iev3 is positive for magnetisations

in either hemisphere, and that Iev3 − Iev3 = 90°. For a
horizontal magnetisation, Iev1 = −45° and Iev3 = 45°.
This sign convention uniquely resolves the eigenvector
sign ambiguity and allows for the correct determina-
tion of declination from the eigenvector components.
Additionally, the expressions for the declination and
inclination of the first and third eigenvectors on the axis
of a vertical cylinder are in agreement with those for a
point dipole and a uniformly magnetised sphere (Clark,
2012; McKenzie 2020, Appendix 5).

3. Investigation of the physical properties of
the normalised source strength NSS over a
right circular, vertical cylinder both on- and
off-axis

This section presents an investigation of the axial- and
off-axial properties of the NSS and how these prop-
erties change with magnetisation direction, observa-
tion height and body shape. A theoretical explanation
for the underlying physics of magnetised right vertical
cylinders is presented startingwith consideration of the
magnetic scalar potential which clearly illustrates the
interaction between cylindrical shape and magnetisa-
tion direction. We show that the symmetry properties
of the NSS allow for the spatial delineation of right cir-
cular cylindrical bodies and their centres over a range of
observation heights.

3.1. A note on the scalarmagnetic potential of a
vertical cylinder – the effect ofmagnetisation
direction

Expressions for the scalar potential at points coplanar
with or above the top face of a semi-infinite vertical
cylinderwere derived inMcKenzie (2022, Equation (13)),
namely,

V(r) = Va(r) + Vr(r)

= 2π aCm{MrI(1, 1;−1) − MzI(1, 0;−1) } , (24)

where I(1, 1; − 1) and I(1, 0; − 1) are Lipschitz-Hankel
integrals (Eason, Noble, and Snedden 1955), and Mr =
Mx cos θ + My sin θ is the radial component ofmagneti-
sation from the axis of the cylinder to the observation
point r = (r, θ , z); r = √x2 + y2 and tan θ = y/x. This
expression shows that the magnetic scalar potential of
a vertical cylinder is the superposition of two indepen-
dent scalar potentials (Siew 1990; Taniguchi 2018). The
first is an axial scalar potential Va(r) which is radially
symmetric andarises fromavertical componentofmag-
netisation Mz . The second is a radial scalar potential
Vr(r)whichhas azimuthal symmetry andoriginates from
the horizontal (radial) component of magnetisationMr .
Figure 1 shows the axial, radial and total scalar poten-
tials at a standardised observation height |z|/a = 1
above a semi-infinite right circular vertical cylinder. The
axial scalar potential Va(r) displays amaximumover the
centre of the cylinder while the radial scalar potential
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Figure 1. Contoured grid images which show the axial, radial, and total scalar magnetic potentials for a semi-infinite right circular
vertical cylinderwith radius a = 100m,magneticmoment per unit lengthm = 7.50× 104 Am, declinationDM = 0° and inclination
IM = −45°. The standardised observation height |z|/a is 1.0.

Vr(r) in Figure 1(b) is symmetric and anti-symmetric per-
pendicular and parallel to DM respectively. This super-
position of potentials causes a shift in the total scalar
potential Vt(r) in Figure 1(c) which now peaks off-axis
along a direction either parallel or antiparallel to DM

for magnetisations in the southern or northern hemi-
spheres respectively.

3.2. An investigation of the NSS over right circular
vertical cylinders

Recently the NSS technique has been successfully
applied to the problem of determining the position,
magnetic moment and the magnetisation direction of
magnetic sources (Beiki et al. 2012; Clark, 2012, 2014;
McKenzie 2020). In this section, we investigate the influ-
ence of standardisedobservationheight |z|/a, the direc-
tion of magnetisation and the standardised axial length
or shape factor h/a on the properties of the NSS over a
series of right circular vertical pipes.

The effect of steepening inclination of magnetisa-
tion IM as the standardised observation height |z|/a
increases is illustrated in Figure 2. Formagnetisations in
the southern hemisphere, i.e. IM < 0°, the NSS images
for anobservationheight |z|/a = 0.5 in Figure 2(a, d and
g) display a pair of maxima located towards the edges
of the cylinder with the larger one, the globalmaximum
μh/a=∞
pmax , being located in the direction ofmagnetisation

(parallel toDM = 0°) while the smaller is in the opposite
direction (antiparallel toDM). Thesepositions reverse for
magnetisations in thenorthernhemisphere, i.e. IM > 0°.
In contrast with a magnetic dipole or sphere, the NSS
displays a local minimum (rather than a global maxi-
mum) over the centre of the cylinder, and the uphill hor-
izontal gradient of theNSSno longer points towards the
centre of the body. The three images at the low obser-
vation height in Figure 2(a, d and g) all display maxi-
mum asymmetry parallel to the declination of magneti-
sation. This asymmetry in the NSS arises purely from
thehorizontal component ofmagnetisationMr , while at
higher inclinations, the vertical component of magneti-
sation Mz dominates rendering the NSS more radially
symmetric.

At |z|/a = 1.0, the NSS contours in Figure 2(b, e and
h) are quasi-elliptical to slightly pear shaped, while for
|z|/a = 2.0, theNSS is nowquasi-circular (see Figure 2(c,
f and i)). It is noted that elliptically shaped NSS anoma-
lies, as in Figure 2(b and e), may occur over a right
circular vertical pipe and that these anomalies are only
related to observation height and the inclination of
magnetisation. At observation heights |z|/a ≥ 1, the
NSS images for the low, mid-range and steep inclina-
tion models all have a global maximum located over
the centre of the circular cylinder. This increasing radial
symmetry in theNSSwith increasingobservationheight
is directly comparable with that observed in magnetic
dipole ormagnetic pole sources. We return to this point
in Section 4 of the paper.

Figure 3 shows principal profile plots of the NSS
parallel and perpendicular to DM at three standardised
observation heights |z|/a = 0.5, 1.0 and 2.0 over the
centre of the same semi-infinite vertical cylinder dis-
played in Figure 2(d, e and f) (with IM = −45°). The
NSS profiles show significant differences for observa-
tion heights above and below |z|/a = 1 and also for
different directions both parallel to and perpendicu-
lar to the declination of magnetisation DM (shown as
solid and dashed lines respectively). For observation
heights |z|/a above 1, the NSS profiles in Figure 3(a)
display a global maximum over the centre of the semi-
infinite vertical pipe model, i.e. the horizontal centre of
magnetisation (hcm) is always on the axis of a right cir-
cular vertical cylinder for |z|/a ≥ 1, while for |z|/a < 1,
the NSS profiles parallel to DM display a pair of max-
ima inside the edges of the circular cylinder. Further-
more, the NSS profiles in the direction of magnetisa-
tion are asymmetric (except for IM = 0° and IM = ± 90°)
and double peaked with a global maximum parallel
or antiparallel to DM = 0°, while the NSS profiles per-
pendicular to DM, are symmetric across the central axis
of the vertical cylinder as shown in Figure 3(b). The
NSS profiles in Figure 3(b) and the NSS maxima paral-
lel, antiparallel and perpendicular to DM in Figure 4(a
and b) display a degree of complexity which is depen-
dent upon the observation height and the inclination of
magnetisation.
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Figure 2. Contoured grid images of the NSS computed over a horizontal plane at three standardised observation heights |z|/a =
0.5, 1.0 and 2.0 for a series of semi-infinite, right circular vertical cylinders with radius a = 100m,magnetisation intensityM = 2.387
A m−1, declination of magnetisation DM = 0° and inclination of magnetisation IM = −15°, −45°, −75°. (a–c) show the NSS for a
low inclination of magnetisation IM = −15°; (d–f) show images of the NSS for a mid-range inclination IM = −45°, and (g–i) show
images of the NSS for a steep inclination of magnetisation IM = −75°.

For example, at low observation heights (z|/a ≤ 0.3),
the NSS profiles perpendicular to DM are always double
peaked for all inclinations −90° ≤ IM ≤ 90° with a pair
of equidistantmaxima located above opposed edges of
the pipe and with a local minimum on the axis of the
pipe. At an observation height |z|/a = 0.5 in Figure 3(b),
the NSS profiles perpendicular to DM plateau across
the central region of the pipe for inclinations below
IM = −45°while at steeper inclinations, the pair ofmax-
ima inside the rim of the pipe becomemore prominent
and the local NSSminimum is now located over the cen-
tre of the pipe. The NSS maxima decrease in amplitude
and migrate inwards towards the centre of the pipe
as the standardised observation height |z|/a increases
towards one. This symmetry in the NSS profiles perpen-
dicular to DM is also present in the tensor invariants I1
and I2, the dimensionless ratio I, the Frobenius norm
||B||, and the three eigenvalues λ i, i = 1, 2, 3.

In Section 2 we showed that the direction of mag-
netisation is specified exactly from expressions for the
gradient tensor and its eigenvalues-eigenvectors on the
axis of a right circular cylinder. These expressions are

shown in Table 1. Further to this theory, the investi-
gations in this section have shown that the NSS over
a vertical cylinder, whether presenting as an apical
peak (|z|/a ≥ 1) or as a saddle (with an axial minimum)
between two opposed peaks (|z|/a < 1), always defines
the location of the axis quite well. Therefore accu-
rate determinations of magnetisation direction may be
obtained on the axis of a right circular cylinder provided
that its exact position is known. This proposedmethod-
ology is explored in Section 6 using gradient tensor
measurements obtained from a helicopter survey over
a reverselymagnetised pipe in the Diavik diamond field
of north-western Canada.

3.3. The effect ofmagnetisation direction on the
NSS at low observation heights

Figure 4(a and b) show the change in the maxima of
the NSS μh/a=∞

max with increasing inclination of magneti-
sation IM (in both hemispheres) for principal profiles
parallel, antiparallel and perpendicular to DM respec-
tively in Pipe Model 1a for |z|/a = 0.1 and 0.5.
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Figure 3. Principal profile plots of the NSS parallel and perpendicular to the declination of magnetisation DM = 0° over the centre
of a semi-infinite right circular cylinder (Model 1a) with magnetisation intensity M = 2.387 Am−1 and a mid-range inclination of
magnetisation IM = −45°. (a) shows the NSS profiles at three standardised observation heights |z|/a = 0.5, 1.0, 2.0. (b) shows NSS
profiles perpendicular to DM at |z|/a = 0.5 for a range of inclinations IM from−90°to 0°.

Significantly, the NSS global maxima are parallel to
DM for magnetisations in the southern hemisphere
(IM < 0°) and antiparallel to DM for magnetisations in
the northern hemisphere (IM ≥ 0°).

The parallel DM and antiparallel DM ± 180° plots
of the NSS maxima are antisymmetric about IM =
0° and are mirror images of each other in opposite
hemispheres. The maxima in μh/a=∞

pmax are identical for

a vertical magnetisation, i.e. IM = ± 90°, for all three
directions. For principal profiles parallel to DM, the NSS
global maxima peak at an inclination in the vicinity
of ±60° for both |z|/a = 0.1 and 0.5. The NSS sec-
ondary maxima antiparallel to DM have a minimum in
the vicinity of IM = −30° for |z|/a = 0.1 and |z|/a = 0.5.
For profiles perpendicular to DM, plots of the NSS max-
ima are symmetric about the zero inclination. In each
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Figure 4. Plots which show the amplitude change in the NSS maxima μh/a=∞
pmax ,μh/a=∞

apmax ,μh/a=∞
ppmax with increasing inclination angle

IM (for magnetisations in both the north and south hemispheres) for principal profiles parallel (in red), antiparallel (in blue) and
perpendicular (in black) to the declination of magnetisation DM = 0° respectively in Pipe Model 1b for |z|/a = 0.1 (a) and 0.5 (b).
The axial NSS is shown in green. The magnetisation intensity isM = 2.387 Am−1

hemisphere, the amplitudes of NSS maxima peak at
IM = ± 90° and then decay rapidly towards lower incli-
nations. For |z|/a = 0.1 the DM ± 90° plots have a mini-
mum at zero inclination while for |z|/a = 0.5, the max-
ima decline towards ±45° and then flatten off at mid
to low magnetic inclinations, i.e. from IM = ± 45° to
0°. It is also significant that the NSS on the axis of
the pipe μh/a=∞

axial is no longer equal to the NSS max-
imum μh/a=∞

ppmax perpendicular to DM for standardised
observation heights |z|/a below 0.5. The overall trend
here is that the change in NSS maxima for DM ± 90°

is far deeper and continues to much lower inclina-
tions as |z|/a decreases towards zero. For example, the
ratio of the NSS maxima for DM ± 90° at IM = 0° and
IM = ± 90° is 27.71% for |z|/a = 0.1 and 76.71% for
|z|/a = 0.5.

At very low sensor heights, i.e. |z|/a = 0.1, all three
NSS maxima μh/a=∞

pmax ,μh/a=∞
apmax ,μ

h/a=∞
ppmax parallel, antipar-

allel and perpendicular to DM are positioned over the
rim of the vertical pipe and furthermore, these positions
appear to be unaffected by the inclination of magneti-
sation.
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Differences between the axial NSS and NSS maxima
perpendicular to the magnetisation direction are negli-
gible for |z|/a = 0.5, i.e. 53.5666 nT/m to 53.9053 nT/m
(99.37%) but 73.8889 nT/m to 125.8612 nT/m (58.71%)
at |z|/a = 0.1. This difference implies the presence of
significant non-dipole moments at very low observa-
tion heights above a vertical pipe. The ratio of the axial
NSS to the global NSSmaximum represents the relative
dipole contribution to the global NSS maxima at each
observation height, namely, 75.29% at |z|/a = 0.5 and
15.77% at |z|/a = 0.1.

3.4. A note on the NSS anomaly half-width

Anomaly half-widths are important indicators of source
size and depth in magnetic exploration. These charac-
terise some simple body types such as poles, dipoles,
edges, thin dykeswhich are used in inversion anddepth
estimation (Clark, 2012). The NSS of a long or com-
pact vertical cylinder peaks over its centre for all obser-
vation heights |z|/a ≥ 1. This enables direct compar-
isons between the half-widths of the NSS along dif-
ferent directions parallel, antiparallel, and perpendic-
ular to the declination of magnetisation. Appendix 3
presents results showing the effect of magnetisation
direction and observation height on NSS half-widths
for a series of standardised observation heights rang-
ing from |z|/a = 1 to 10 and inclinations of magneti-
sation ranging from IM = −90° to 0°. These results are
summarised briefly as follows.

The NSS half-widths and half-width to depth ratios
xhwμ/|z| for vertical cylinders possessing non-vertical
magnetisations show strong dependence on the decli-
nation and inclination of magnetisation. First the mea-
sured NSS half widths vary for principal profiles par-
allel, antiparallel and perpendicular to the declination
of magnetisation. This dependence on magnetisation
direction is due to azimuthal asymmetry in the NSS of
a vertical cylinder which is not present in point pole
or dipole sources (Clark, 2012). Second, the half-width
ratios xhwμ/|z| for a vertical cylinder are wider than
those for both the point pole and dipole (magnetic
sphere) sources and that these ratios show a complex
dependence on the inclination of magnetisation for
observation heights |z|/a ≥ 2. Third, vertical cylinders
with a vertical magnetisation all display NSS half-widths
almost identical to that of a point pole for observation
heights |z|/a ≥ 6.

3.5. The effect of axial length on the NSS

The standard axial length of a vertical cylinder ranges
from near zero to semi-infinite. Figure 5 shows plots of
the NSS for a series of south–north (S-N) and west–east
(W-E) principal profiles parallel and perpendicular to
the declination of magnetisation DM for a series of
right circular vertical pipes (Model 1a) in which the

standardised axial length is varied as h/a = 0.2, 2, ∞.
The standardised observation height is |z|/a = 0.5 and
the inclination ofmagnetisation IM = −45°. These stan-
dardised axial lengths correspond to a circular plate or
thin disc (h/a = 0.2), a compact pipe body in which its
diameter is equal to its vertical height (h/a = 2), and a
semi-infinite pipe (h/a = ∞) respectively. The plots in
Figure 5 illustrate strongasymmetry in theNSS for direc-
tions parallel, antiparallel and perpendicular to DM at
low observation heights. This asymmetry is most pro-
nounced for the thin disc model (h/a = 0.2) in Figure 5
which has a local minimum over the axis of the pipe for
profiles parallel and perpendicular to DM. For example,
the NSS ratio μmax/μaxis is 2.19, 1.36, 1.31 for h/a = 0.2,
2.0, ∞ respectively. An investigation into the effect of
increasing standardised axial length h/a on the nor-
malised NSS maxima is presented in Appendix 4 for a
series of vertical pipes with h/a = 0.1, 0.2, 0.3, 1, 2, 3, 5,
10. Results are presented for standardised observation
heights above and below |z|/a = 1.0, i.e. for |z|/a = 0.5
and for 1 ≤ |z|/a ≤ 2. Furthermore, these results allow
for the determination of the effective vertical centre of
magnetisation for gradient tensormeasurements over a
vertical pipe. For example, the effective vertical centres
for a series of pipes with h/a = 0.5, 2, 5 and |z|/a = 1,
are located in the uppermost 32.8%, 14.0%, and 5.84%
of the total length for each pipe. This implies that mag-
netisation directions obtained over a long or compact
vertical pipe are mostly representative of its uppermost
region.

4. The near field and far field regions for a
right circular vertical pipe: considerations in
the determination of magnetisation direction

Isolated “sweet spot” anomalies may be distal or prox-
imal as noted in Foss and Austin (2023). The distal or
far field of a magnetised body is defined as the region
where the first order dipole term dominates the mag-
netic field. It is characterised by the intensity of mag-
netic moment m, the direction of magnetisation and
the centre of magnetisation (Foss and Austin 2023).
The proximal or near field region occurs closer to a
magnetic sourcewherequadrupole andpossibly higher
order multipole moments make a significant contribu-
tion. The coincidence of peak NSS with source location
and inclination of magnetisation for |z|/a > 1 or mid-
way between opposed NSS maxima for |z|/a < 1 (i.e.
where the horizontal centre of magnetisation is known)
makes the NSS a very useful means for determining
where best estimates ofmagnetisation direction can be
made.

This section investigates the off-axis dipole character
of the NSS for a vertical cylinder and how this changes
with observation height |z|/a and shape factor h/a. We
compare the NSS for a vertical cylinder to the NSS for
a magnetised sphere and magnetic pole with a view
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Figure 5. Principal profile plots of the NSS at a standardised observation height |z|/a = 0.5 for a series of right circular vertical pipes
(Model 1a) in which the axial lengths are h/a = 0.2, 2.0, ∞, the magnetisation intensity isM = 2.387 Am−1, and the inclination of
magnetisation IM = −45°.

to defining the near field and far field regions above a
vertical pipe. Estimates of magnetisation direction are
generally straightforward in the far field or distal region
above an isolated compact source which possesses a
“sweet spot” magnetic anomaly.

Outside a spherical surface that entirely encloses an
arbitrary magnetic source, the magnetic field of that
source can be expressed as a infinite series of multipole
components known as the Laplace expansion (Cowan
1968; Jackson 1999), i.e. as an infinite sum of multi-
pole contributions with the main dipole term having
a falloff of 1/r3; a quadrupole term with a falloff of
1/r4; an octupole term with a falloff of 1/r5 and so on.
The quadrupole term is equivalent to a pair of adja-
cent, oppositely directed dipoles while the octupole
term is equivalent to a pair of adjacent, oppositely
directed quadrupoles (Clark 2014). How this manifests
itself in relation to the direction ofmagnetisationwithin
a right circular cylinder is unclear, but at lowobservation
heights the multipole moments appear stronger paral-
lel to the declination of magnetisation. The far field is
always dominated by the dipole term provided that the
dipole moment is non-vanishing. For finite uniformly
magnetised bodies of orthorhombic or higher symme-
try, for example, ellipsoids, rectangular prisms, right
circular or elliptic cylinders, the quadrupole moment
is zero and the lowest non-dipole term is usually
the octupole contribution (Medeiros and Silva 1995;
Clark 2014). For highly symmetric sources including a
cube, an octahedron or a right circular cylinder with

height/diameter ratio h/2a ≈ 0.9 (Collinson 1983), the
octupole term also vanishes and the source is well rep-
resented by a point dipole at relatively short ranges.
Medeiros and Silva (1995) state that the quadrupole
term in compact 3D bodies is unimportant provided
that the observation height above its horizontal cen-
tre of magnetisation is greater than the diameter of a
sphere enclosing it. This criterion would appear to hold
for observation heights |z| ≥ 2a above a compact pipe
where h/a ≤ 2.

To investigate the influence of elevation atwhich the
magnetic gradient tensor is measured, the ratios of the
NSS have been calculated for a magnetic sphere with
radius a and a series of right circular vertical cylinders
with h/a = 4/3, 2, and ∞. For purposes of comparison,
the cylinder with standardised axial length h/a = 4/3
has the same moment m = 4

3π a3M as an equivalent
magnetic sphere with radius a and magnetisation M.
From Equations (1) and (2), the NSS for a magnetic
sphere with radius a and intensity of magnetisation M
isμs(0,0,zs) = 3Cmm

z4s
= 4π Cma3M

z4s
, and for the right circu-

lar vertical cylinder of axial length h, the NSS on its axis
at an observation height |z| is

μc(0,0,zs) = π a2 CmM

×
{

1

(a2 + z2)3/2
− 1

(a2 + ( |z| + h)2)
3/2

}
.

(25)
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Figure 6. Contoured grid images of the NSS ratios (in per cent) for a magnetic sphere and a compact right circular vertical cylinder
(h/a = 2) computed over a horizontal plane at three standardised observation heights |z|/a = 0.5, 1.0 and 2.0 for a series of semi-
infinite, right circular vertical pipes with radius a = 100m, declination of magnetisation DM = 0° and inclination of magnetisation
IM = 0°,−45°,−90°. (a–c) show images of the NSS ratios for IM = 0°; (d–f) show images of the NSS ratios for IM = −45°; and (g–i)
show images of the NSS ratios IM = −90°.

Therefore the observation height zs at which μs and μc

are equal is

zs = √
2a

{
1

[ 1 + (z/a )2]
3/2

− 1

[ 1 + ( |z|/a + h/a )2]
3/2

}−1/4

(26)

For a magnetic point pole which is represented by a
long narrow vertically magnetised circular pipe (Clark,
2012), the normalised source at a point r = (0,0,zp) on

its axis is μp = Cmπ a2|Mz|
z3p

. Then for a vertically mag-

netised semi-infinite vertical cylinder, the observation
heights zp and zc at which μp and μc are equal is zp =
a
√
1 + (zc/a )2.
Figure 6 shows grid images of the ratios zs / |z| of the

NSS of a dipole (magnetic sphere) and a compact right
circular vertical pipe with radius a = 100m and axial
length h = 2a as both the standardised observation
height and inclination of magnetisation are increased.

For the standardisedobservationheights |z|/a = 0.5,
1.0, 2.0 in Figure 6, the observation heights zs above

the centre of the equivalentmagnetic sphere for a com-
pact vertical pipe with h/a = 2 are 156.64 , 187.75,
and 270.08m respectively. The ratios zs / |z| for a
series of right circular vertical cylinders and equivalent
magnetic spheres which have the same axial NSS are
presented in Table A4.1 of Appendix 4. The images
in Figure 6 show that regions where the NSS ratios
exceed 90% expand greatly in area as the standard-
ised observation height increases. Figure 7 compares
the NSS for a vertically magnetised semi-infinite cylin-
der or pipe to the NSS for a vertically magnetised
sphere and magnetic pole. These plots show that for
principal profiles perpendicular to DM at an observa-
tion height |z|/a = 2, the NSS ratios for the dipole-pipe
μs/μc and pole-pipe μp/μc both exceed 91 per cent
over the full horizontal extent (2a) of each magnetic
source.

Table 2 shows the average NSS ratios μs/μc cal-
culated over an area A = πa2 directly above the top
surface of a series of right circular vertical pipes
with h/a = 4/3, 2, ∞. The standardised observation
heights are |z|/a = 1, 2, 3, 4. These NSS ratios exceed
95% in all compact models at observation heights
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Figure 7. Principal profile plots which compare the NSS for a vertically magnetised semi-infinite vertical pipe to the NSS for a ver-
tically magnetised equivalent magnetic sphere and magnetic pole. The pipe, sphere and pole all have a radius a = 100m. The
standardised observation height for the vertical pipe is |z|/a = 2 which is equivalent to 2.586 for the magnetic sphere and 2.236
for the magnetic pole.

Table 2. The average NSS ratios α = μs/μp (in per cent) cal-
culated over an area A = π a2 directly above the top surface
of a series of right circular vertical cylinders with h/a = 4/3, 2,
∞ inwhich the standardised observation heights are |z|/a = 1,
2, 3, 4.

μs/μc
|z|/a = 1

μs/μc
|z|/a = 2

μs/μc
|z|/a = 3

μs/μc
|z|/a = 4h/a

4/3 86.449 97.668 99.401 99.790
2 85.552 96.494 98.485 99.106
∞ 84.696 94.881 96.868 97.634

Note: The magnetisation direction is DM = 0°, IM = −45°.

|z|/a ≥ 2 and exceed 99% at |z|/a ≥ 4. We note further
that the μs/μc ratios decrease slightly as the vertical
pipes become more elongated, but more significantly,
the μs/μc ratios increase with increasing observation
height over the range 1 ≤ |z|/a ≤ 2.

The effect of increasing axial length h/a of verti-
cal pipes is further illustrated in Figure 8 which shows
the NSS ratios parallel to the magnetisation direction
(DM = 0°, IM = −45°) at a standardised observation
height |z|/a = 4 for a series of right circular vertical
pipes with h/a = 4/3, 2, ∞. The dipole contribution to
theNSS exceeds 90%over the central region of the pipe
but this changes significantly in the semi-infinite pipe
as the radial distance increases (see Figure 8). For exam-
ple at a standardised radial distance x/a = 3 parallel to
the moment DM = 0°, the dipole contributions to the
NSS are 97.57%, 89.19% and 72.55% for h/a = 4/3, 2,∞
respectively.

Another parameter which reflects the dominance of
the dipole term is the effective area or areal coverage Sα

of regionswhere theNSS ratios exceedapredetermined
levelα. For a vertical pipewith radiusa, the standardised
coverage parameter Sα may be estimated as.

Sα = (1/a)
√
dα|| dα⊥. (27)

where dα|| and dα⊥ are the radial distances from the cen-
tral axis of the pipe to points where the NSS ratios
exceed a specified level α = 95% both parallel and per-
pendicular to themagnetisation direction. Tables of the
radial distances dα|| and dα⊥ parallel and perpendicu-
lar to the magnetisation direction at points where the
NSS ratios α = μs/μc are 95% are given in Table A5.2
of Appendix 5. This data is used to estimate the stan-
dardised areal coverage Sα which is shown in Table 3.
The results in Table 3 indicate that Sα is extremely low
(<0.4) for all pipe models at |z|/a = 1. This coverage
increases to well above 1 for both compact models
at |z|/a = 3 and at |z|/a = 4 for the semi-infinite pipe.
Therefore it may be concluded that for sources which
are more equidimensional, the dipole approximation
is acceptable at shorter ranges than for an elongated
source. This is because the relative influence of the lon-
gitudinal face lessens while the relative influence of the
top face which has radial symmetry (cf. with a dipole)
increases as the axial length h/a shortens.

In summary, the NSS ratios shown in Tables 2 and
3 and Figures 6–8 show that the dipole contributions
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Figure 8. Principal profile plots showing the effect of increasing axial length h/a = 4/3, 2,∞ on the NSS ratios for a series of vertical
pipes and their equivalent spheres bothwith radius a = 100m and inclination ofmagnetisation IM = −45° at a standardised obser-
vation height |z|/a = 4. The symmetric principal profile perpendicular to the direction of magnetisationM for h/a = ∞ is shown in
black.

Table 3. The standardised areal coverage Sα = (1/a)
√
dα|| dα⊥

based on radial distances dα|| and dα⊥ to points above a vertical
pipe where the NSS ratio α = μs/μp is 95%.

α95
|z|/a = 1

α95
|z|/a = 2

α95
|z|/a = 3

α95
|z|/a = 4h/a

4/3 0.375 1.124 3.372 4.435
2 0.362 0.841 1.359 1.795
∞ 0.350 0.682 0.906 1.052

to the NSS are dominant (exceeding 90% of the NSS
maximum over the full diameter of a vertical pipe) for
observation heights |z|/a ≥ 2. This dominance is more
pronounced in compact pipe models and slightly less
in the elongated pipes. For standardised observation
heights below the radius of the pipe, the dipole con-
tribution to the NSS for the semi-infinite pipe is 65% at
|z|/a = 0.5 implying the presence of higher order mul-
tipole contributions. For these reasons, we conclude
that the near field or proximal region for a uniformly
magnetised vertical pipe occurs at points where the
standardised observation heights |z|/a < 1; the far field
region for a uniformly magnetised vertical pipe occurs
at points where the standardised observation heights
|z|/a ≥ 2 (possibly higher for semi-infinite pipes) and
the transition zone between the near and far fields
occurs at points where the standardised observation
height 1 ≤ |z|/a ≤ 2. For this reason (due to the dom-
inance of the dipole component), off-axis estimates of

magnetisation direction should improve markedly with
increasing observation height in regions where the NSS
ratios exceed 90–95 per cent.

5. The three-dimensional symmetric and
traceless tensor field of a vertical cylinder: new
deliberations for the determination of
magnetisation

The NSS provides an excellent means for locating the
axial position of a vertical cylinder where both the ten-
sor and its eigenvectors can be used to determine the
direction of magnetisation as shown in Table 1. In this
section we explore spatial variations in the eigenval-
ues and vectors in “off -axis” locations with a view to
further delineating suitable regions where reliable esti-
mates ofmagnetisation directionmay also be obtained.
However there is a complication concerning the inter-
pretation of the eigenvalues of the gradient tensor
as revealed in Figure 8, namely, the NSS ratio curve
μs/μp parallel toDM for the semi-infinite cylinder (green
line) displays a clear kink near standardised northing
x/a = 2.5. This feature results from the fact that the
NSS is defined using a fixed ordering of the eigenval-
ues, so that the eigenvectors associated with λ1 and
λ2 are swapped at x/a > 2.5 due to a degeneracy in
the eigenvalue spectrum (i.e. the set of eigenvalues)
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at this location. This interchange of eigenvectors is not
observed in the anti-parallel direction. Furthermore this
phenomenon has not been observed or investigated
previously for magnetic gradient tensors. In addition to
the NSS, new methods are required to pinpoint where
degeneracies in the eigenvector field may occur.

5.1. Some recent developments in the study of
three-dimensional symmetric and traceless tensor
fields

The magnetic and gravity gradient tensors at mea-
surement points external to a source are examples of
traceless and symmetric tensors. These traceless tensors
whose diagonal elements satisfy Laplace’s equation
form a subset of three-dimensional symmetric tensor
fields. To further investigate the spectral properties of
themagnetic gradient tensor of a cylinder,weutilise the
visualisation tools developed by Palacios et al. (2016)
andQu et al. (2020), who investigated symmetric tensor
fields in both elasticity and fluid dynamics.

A tensor field is a tensor-valued real function defined
over three-dimensional (3D) space 	3. A symmetric
rank-2 tensor T(r) at a point r = (x, y, z)T has three real-
valued eigenvaluesλ1 ≥ λ2 ≥ λ3 which are referred to
as the major, medium and minor eigenvalues respec-
tively.Whenall threeeigenvalues aredistinct, the tensor
is referred to as non-degenerate, otherwise the tensor
is termed degenerate. In both cases it is possible to find
three right-handorthonormal eigenvectors {ê1, ê2, ê3}
such that eigenvector ê i corresponds to eigenvalue λ i

for all i = 1, 2, 3.
Palacios et al. (2016) investigate five properties of a

symmetric tensor Twhich are invariant under a change
of basis. These properties are as follows: (1) the trace
I0 = λ1 + λ2 + λ3, (2) the minor I1 = λ1 λ2 + λ2 λ3 +
λ3 λ1, (3) the determinant I2 = λ1 λ2 λ3, (4) the tensor

magnitude or Frobenius norm ||T|| =
√

λ2
1 + λ2

2 + λ2
3,

and (5) the mode

μM = √
6

(
λ1 − I0

3

)3 +
(
λ2 − I0

3

)3 +
(
λ3 − I0

3

)3
[√

λ2
1 + λ2

2 + λ2
3

]3
(28)

Note that any symmetric tensor T can be uniquely
decomposed as T = D + I0

3 I where I0 is the trace of
T, I is the three-dimensional identity matrix and D is
referred to as the deviator matrix of T (Palacios et al.
2016; Qu et al. 2020). The isotropy index is a measure
of the ratio of the strength of isotropy (I0/3) to the
strengthof anisotropy. For a traceless tensorwhere I0 =
0, the deviator matrix D is identical to T, the isotropy
index is identically zero and the tensor field of T is purely
anisotropic.

The mode of a traceless tensor is

μM = √
6

(λ3
1 + λ3

2 + λ3
3)[√

λ2
1 + λ2

2 + λ2
3

]3 = 3
√
6

(I2)

||T||3 . (29)

Degenerate tensors contain repeating eigenvalues and
can be identified using the discriminant �T (Palacios
et al. 2016):

�T = (λ1 − λ2)
2 (λ2 − λ3)

2 (λ3 − λ1)
2

= I20I
2
1 − 4I30I2 − 4I31 + 18I0I1I2 − 27I22.

which is zero when any of the eigenvalues are identi-
cal. For traceless tensors such as the magnetic gradient
tensor and the gravity gradient tensor, the invariant I0 is
identically zero so that

�T = −4I31 − 27I22 = 4I31(I − 1),

where I is the dimensionless ratio (Pedersen and Ras-
mussen 1990).

Palacios et al. (2016) define three types of degen-
eracies, namely, (1) neutral (λ1 = λ2 = λ3) or (λ2 =
[λ1 + λ3]/2) (2) linear (λ1 > λ2 = λ3), and (3) pla-
nar (λ1 = λ2 > λ3). For a linear traceless tensor λ1 =
−2λ2 = −2λ3 and λ2 = λ3 < 0 so that its mode is
μM = 1 and for a planar traceless tensor λ3 = −2λ1 =
−2λ2 and λ1 = λ2 > 0 so that itsmode isμM = −1. All
three degeneracies are observed in magnetic and grav-
ity gradient tensors. For a dipole, the gradient tensor is
neutral only in the plane perpendicular to the moment
and is degenerate only along the axis of magnetisation.

Palacios et al. (2016) define the following parameter:

N =
(

λ1 − λ2 + λ3

2

)(
λ2 − λ3 + λ1

2

)

×
(

λ3 − λ1 + λ2

2

)

For a traceless tensor, N can be written as

N =
(

λ1 + λ1

2

)(
λ2 + λ2

2

)(
λ3 + λ3

2

)

= 27
8

λ1λ2λ3 = 27
8
I2 .

A tensor T(r) is described as neutral if and only if N = 0,
i.e. when the medium or second eigenvector λ2 =
λ 3+λ 1

2 (or λ2 = 0 for traceless tensors). Neutral points
form surfaces in the eigenvector field of a traceless ten-
sor that are associated with locations where the second
eigenvalue λ2, the determinant I2 = λ1 λ2λ3 and the
mode μM = 3

√
6 I2

||T||3 are all zero.
These neutral points partition the eigenvector field

of a symmetric tensor T(r) into major and minor eigen-
vector fields (Palacios et al. 2016). The major and minor
eigenvalues play different roles in the linear and pla-
nar regions of the eigenvector field, i.e. where λ2 <



EXPLORATION GEOPHYSICS 17

Figure 9. Plots of the eigenvalue surfaces R|λi|; R = (x,z) for a vertical x-z section parallel to the magnetic moment for a uniformly
magnetised semi-infinite right circular vertical cylinder with declination of magnetisation DM = 0° and inclination IM = ± 15°.
Figure 9(b and c) show the eigenvalue surfaces for IM = 15° and IM = −15° respectively. Figure 9(a) displays the location of
observation points R = (x,z) above a compact right circular cylinder with h/a = 2.

(λ1 + λ3)/2 and λ2 > (λ1 + λ3)/2 respectively, and
these roles are reversed or switch across neutral points.
More specifically, Palacios et al. (2016) state that for
λ2 < (λ1 + λ3)/2 or λ2 < 0 for traceless tensors, it is
the minor or linear eigenvector field which contains
interesting topological features in the tensor fieldwhich
include discontinuities in the eigenvector directions,
whereas for λ2 > (λ1 + λ3)/2 or λ2 > 0 for traceless
tensors, it is themajor or planar eigenvector field which
contains interesting topological features in the ten-
sor field including discontinuities in the eigenvector
field.

5.2. Some considerations for the determination of
the direction ofmagnetisation for a right circular
cylinder

An important considerationwhen applyingmodal anal-
ysis to the magnetic gradient tensor for a vertical cylin-
der is that the eigenvalue fields sometimes intersect
at off-axis locations, i.e. where the tensor mode is± 1
and the gradient tensor becomes degenerate. This phe-
nomenon produces spatial discontinuities in the eigen-
vector components defined by the sorted eigenvalues.
These discontinuities arise when a pair of eigenvec-
tors, either ê2 and ê1 or ê2 and ê3, swap directions
due to spatial changes in the eigenvalues. This phe-
nomenon can be seen clearly in Figure 9 which plots
the eigenvalue surfaces along a circular transect above
a semi-infinite cylinder. Two eigenvalue surfaces inter-
sect on either side of the cylinder, namely, the λ2 and
λ3 surfaces intersect on the left side of the central axis
while the λ1 and λ2 surfaces intersect on the right. At
these locations, the ordering of the eigenvalue surfaces
changes, which results in a spatial discontinuity in the
associated eigenvectors (which are always orthogonal).
Furthermore, the scaled radial distance (x|λ|) to the λ1,

λ2 intersection point for a southern hemisphere mag-
netisation IM = −15° (Figure 9(c)) is identical to that
for the λ2, λ3 intersection for a northern hemisphere
magnetisation IM = 15° (Figure 9(b)). These distances
interchange for the same inclinations IM in opposite
hemispheres.

The three eigenvalues for a dipole or magnetic
sphere all scale as λ ∝ r- 4 and are not discontinuous
(Clark, 2012). In this regard, the eigenvalue surfaces for
a vertical cylinder are markedly different to that of a
dipole in that they are highly asymmetric and display
multiple crossovers. Therefore itmaybeconcluded (or is
highly likely) that the crossovers in the eigenvalues are
actually indicative of the presence of non-dipole field
components in the magnetic field of a vertical cylinder
or pipe.

Figure 10 shows principal profile plots parallel to
the direction of magnetisation or magnetic moment
at a standardised observation height |z|/a = 0.5 above
a semi-infinite right circular vertical cylinder of radius
a = 10m and magnetisation direction DM = 0°, IM =
15°. Figure 10(a and b) show the relative location
of crossover points where the ê2, ê3 and ê2, ê1
eigenvector pairs interchange direction. These relative
locations are expressed in standardised radial coordi-
nates (x/a), i.e. the signed distance from the central
axis of the pipe. Points where the second and third
eigenvectors interchange, denoted ê2 ↔ ê3, are delin-
eated by simultaneous maxima in the ratio λ2/λ3 and
the mode μM and minima in the ratio λ2/λ1 which
all occur on the southern side of the vertical pipe
(antiparallel to DM = 0°) at a standardised radial dis-
tance x/a = −3.10± 0.05. Furthermore, points where
the ê2, ê1 eigenvectors interchange are delineated by
a maximum in the ratio λ2/λ1 and minima in the
mode μM and the ratio λ2/λ3 which all occur on the
northern side of the vertical pipe (parallel to DM) at
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Figure 10. Principal profiles forλ2/λ1,λ2/λ3, themodeμM and the neutral or zeromodepartition points of the eigenvector field for
a semi-infinite vertical cylinder. Figure 10(a) shows these principal profiles for a northern hemisphere magnetisation IM = 15° while
Figure 10(b) shows the same principal profiles for a southern hemisphere magnetisation IM = −15°. The standardised observation
height is |z|/a = 0.5 in both cases.

x/a = 1.80± 0.05. The positions of the ê1↔ê2 and
ê2↔ê3 crossover points are equidistant from the neu-
tral partition points in the eigenvector field where the
mode μM is zero.

For magnetisations in both hemispheres, i.e.−90° ≤
IM ≤ 90°, the ê2↔ê3 crossover occurs in the major or
linear eigenvector field of the gradient tensor where

the mode μM is 1. In contrast, the crossover between
ê2↔ê1 occurs in the minor or planar eigenvector field
of the gradient tensor where the mode μM is −1.
The partition between major and minor eigenvector
fields is marked by neutral points in the tensor field
where both λ2 and themodeμM are zero (Palacios et al.
2016). This is shown in Figure 10(a andb)where the zero
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Figure 11. Grid images (100× 100m) showing regions where the first ê1 and second ê2 eigenvectors (shown in blue) and where
the second ê2 and third ê3 eigenvectors (shown in red) have interchanged directions for a series of semi-infinite vertical pipemodels
of radius a = 10m, and inclination ofmagnetisation IM = −15°,−45°,−75°. The standardised observation heights are |z|/a = 0.5,
1.0, 2.0 in eachof the threemagnetisationdirections (declinationDM = 0°). Themodezero contour is shown inblack in Figure11(a–f),
and the±0.99 mode contours are shown in blue and red respectively.

crossings of λ2/λ3, λ2/λ1, and themodeμM all intersect
at x/a = ±0.70± 0.05.

The delineation of regions where eigenvectors pairs
ê1↔ê2 or ê2↔ê3 have interchanged involve the off-
axis tracking of eigenvector ê2 in conjunction with the
detection of global maxima in λ2/λ1 or λ2/λ3 when
the mode μM is −1 or 1 respectively. This methodol-
ogy has been applied to a series of semi-infinite vertical
pipe models of radius a = 10m, declination of mag-
netisation DM = 0°, and inclination of magnetisation
IM = −15°,−45°,−75° (Pipemodel 1b). Since the direc-
tion of the second eigenvector ê2 is known at axial
points above a cylinder, i.e. ê2 = (0, 1, 0), then ê2 can
be tracked along principal profiles parallel to the direc-
tion of magnetisation DM using expressions shown in
Table 1. This is illustrated in Figure 11 which shows a
series of grid images (with range x/a = ±5, y/a = ±5)
and standardised observation heights |z|/a = 0.5, 1.0,
2.0. Locations where the first ê1 and second ê2 eigen-
vectors have swapped are plotted in blue and locations
where the second ê2 and third ê3 eigenvectors have
swapped are plotted in red. Regions where the direc-
tion of the second eigenvector remains continuous are
shown in green.

Note that the ê2↔ê3 crossover regions are only
present for IM = −15° and |z|/a ≤ 1.0 (Figure 11(a
and b)). The images in Figure 11 demonstrate that the
eigenvector fields of a semi-infinite right circular ver-
tical pipe are strongly influenced by the direction of
magnetisation and the standardisedobservationheight
|z|/a.

To illustrate this further, Figure 12 shows the location
of neutral partition points in the eigenvector field i.e.
where themodeμM = 0 for a series of principal profiles
at varying heights above a right circular vertical pipe in
which the inclination of magnetisation IM is varied from
−45°N to 45°N in steps of 15°.

For magnetisations in the northern hemisphere,
IM > 0°, the neutral partition points in the eigenvec-
tor field migrate outwards with increasing IM along the
direction of magnetisation DM = 0°, whereas for mag-
netisations in the southern hemisphere, i.e. IM < 0°, the
neutral points migrate outwards but in the opposite
direction. For steep magnetisations, i.e. |IM| > 45° in
either hemisphere, the neutral points in Figure 12 occur
outside the standardised radial distance x/a = ±5.0.
The location of neutral partition points in the eigen-
vector field for pairs of magnetisations in opposite
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Figure 12. Plots which show the relative location of neutral points in the eigenvector field for a series of principal profiles parallel
to the declination of magnetisation DM = 0° at varying heights |z|/a = 0.5–2.5 above a right circular vertical pipe. The effect of
changing inclination of magnetisation IM = −45° to 45° is shown for each observation height.

hemispheres is antisymmetric about the central axis
of a vertical cylinder. This symmetry in the distri-
bution of neutral points in the eigenvalue manifold
is repeated for all standardised observation heights
0.5 ≤ |z|/a ≤ 2.5 and inclinations of magnetisation on
the range −45° ≤ IM ≤ 45° as shown in Figures 10
and 12.

Figure 13 shows the relative location of ê2↔ ê1
crossover points along principal profiles parallel to DM

for a series of magnetisations in the southern hemi-
sphere, i.e. IM = −75° to 0°. The ê2↔ê3 crossover points
for a series of magnetisations in the northern hemi-
sphere IM = 0° to 75° occur at the same radial distances
from the axis but antiparallel to DM. Therefore the rela-
tive positions of the ê1↔ê2 and ê2↔ê3 crossovers are
mirror images of each other for the same inclination
of magnetisation in opposite hemispheres. It is further
noted that there are no eigenvector crossovers for an
axially magnetised vertical cylinder, i.e. for IM = ±90°,
which has a smoothly varying eigenvector field akin to
that of a point magnetic pole.

In summary these observed anti-symmetries in the
eigenvector crossover points exist for all pairs of mag-
netisations (with a non-zero horizontal component)
in either hemispheres and for all observation heights
(Figure 13). Understanding this complexity in the eigen-
vector field including knowledge ofwhere crossovers in
the ê2↔ê1 and ê2↔ê3 eigenvectorsmayoccur is essen-
tial to defining regions where we can successfully esti-
mate the direction of magnetisation over a uniformly
magnetised cylinder.

6. Determination of magnetisation direction
from gradient tensor survey data over a
reversely magnetised pipe-like anomaly from
the Diavik diamond field

The feasibility of using our new tensor based methods
to determine the direction ofmagnetisation of a vertical
cylinder is tested using gradient tensor data collected
over a pipe-like anomaly from the Diavik diamond field.
The Diavik diamond field lies about 300 kmnortheast of
Yellowknife in the Northwest Territories of Canada (see
Figure 14). The Lac de Gras kimberlites were intruded
into late Archean rocks of the Slave Geological Province
(Grahamet al. 1999). The Lynx-A154 kimberlites possess
a reverse natural remanent magnetisation (NRM) car-
ried by single domain Ti-bearing magnetite which pro-
duces significant negative TMI anomalies (Graham et al.
1999; Lockhart, Grütter, and Carlson 2004). Radiomet-
ric Rb-Sr isotopic dating of the A154 phlogopite bearing
kimberlites shows clustering at 55.4± 0.4Mawhich cor-
responds to the Chron C25n reverse palaeopole (Lock-
hart, Grütter, and Carlson 2004). This makes these pipes
ideal candidates for a tensor analysis.

6.1. Themagnetic gradient tensor survey

Full magnetic gradient tensor data have been acquired
by Rio Tinto Exploration (RTX) over a (1 km× 1 km)
region to southeast of Lac de Gras. The gradient tensor
data comprising elements Bxx , Bxy , Bxz Byy , Byz , and Bzz ,
were acquired by helicopter survey at a flight height of
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Figure 13. Plots of the relative location of crossover points in the eigenvector field for a series of principal profiles parallel to DM at
varying heights from |z|/a = 0.5 to 4 above a right circular vertical cylinder in which the inclination of magnetisation is varied from
−75° to 0°.

Figure 14. Locality map for the Diavik diamond field.

30–35m with an in-line sampling interval of 2.5m and
a line spacing of 50m.

The NSS data are computed directly from the eigen-
values of the acquired gradient tensor data. Figure 15
shows contoured images and stacked profiles of the
NSS for a selected regionof surveydata. This region con-
tains a strongly magnetised north-east trending dyke-
like structure and several isolated pipe-like anomalies

some of which have reverse magnetisations, shown as
dark shading in the Bzz stacked profiles in Figure 15.
In particular, Figure 15 shows two closely spaced,
pipe-like anomalies designated as anomalies A and B
on lines 11150 and 11200 respectively. Both pipe-like
bodies possess reverse magnetisation characterised by
strongly negative Bzz anomalies.

Anomaly A has been selected for analysis of mag-
netisation direction. A segment of gradient tensor
Bxz , Byz , Bzz , and NSS data are plotted in Figure 16.
The upward continued NSS maximum for anomaly
A is μmax = 6.545 nT/m which is located on line
11150 at 547457.61E, 7147621.19N at a line distance of
1157.5m.

There is slight asymmetry in the Bzz and NSS data
which suggest that line 11150 is not orthogonal to the
direction of magnetisation (see Appendix 3) There is
also evidence of interference to the west of anomaly A.
Finally, the Bxz and Byz tensor elements display a con-
stant DC shift, possibly related to constant background
noise.

6.2. Interpretation of the survey gradient tensor
data

Table 4 shows the location, body properties and mag-
netisation derived from the gradient tensor data at
the NSS maximum on line 11150. The Bzz data in
Figure 16 indicate that anomaly A has strong reverse
remanentmagnetisationwithKoenigsberger ratiosQ =
Mnrm/Mind significantly greater than 1.
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Figure 15. Stacked profiles of the NSS line data (shown in blue) with grey scale shading of Bzz and coloured images of the NSS
upward continued 6m for a selected region of the Diavik survey area.

An estimate of the elevation above centre |z| at
the NSS maximum is obtained from the radar altime-
ter data in Table 4. This estimate provides an initial
lower bound depth to the top of the glaciated sur-
face for pipe anomaly A. The NSS profile in Figure 16
displays a unimodal peak over the centre of anomaly
A which is consistent with a standardised observation
height |z|/a > 1, implying that this is also the centre
of the body. This interpretation is further supported by

the difference between the inclinations of the first and
third eigenvectors Iev3 − Iev1 in Table 4 which is close
to the theoretical value of 90° on the axis of a vertical
cylinder.

Reliable estimates for the diameter of a vertical pipe
at standardised observation heights |z|/a below 1.5 can
be obtained from the distance between the maxima
and minima in Bxz or Byz (depending on which is the
greater) with an estimated accuracy within ±10% for
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Table 4. Body properties and magnetisation directions (as
defined in Table 1) derived from gradient tensor data at the NSS
maximum on line 11150 for Diavik pipe anomaly A.

Pipe Magnetisation
Model results
Parameter anomaly A

Line 11150

μmax (nT/m) 8.422
xtc top centre (m) 7147621.82N
ytc top centre (m) 547457.60E
line distance (m) 1157.50
radar-altimeter (m) 34.50
a (m) 27.50
h (m) 150.00
|z| (m) 34.50
|z|/a 1.25
h/a 5.45
M (A/m) 3.09
DM (from Dmgt) 024.85°
IM (from Imgt) −63.17°
DM (from Dev1) 103.41°
DM (from Dev3) 023.26°
IM (from φ−90°) −26.46°
Iev3 − Iev1 81.61°

Note: The parameters Dmgt , Dev1, Dev3 are declinations of magnetisation
DM obtained from the gradient tensor (mgt), and the first and third eigen-
vectors. Similarly, Imgt and Iφ−90 are the inclinations of magnetisation
computed from the the gradient tensor and φ− 90°. Finally, Iev1and Iev3
are inclinations of the first and third eigenvectors.

|z|/a ≤ 1.5. Using this approach, the radius for anomaly
A has been estimated as a = 27.5m from the profile
plot of tensor element Byz in Figure 16. The estimates of
radius and depth enable computation of the standard-
ised observation height |z|/a which is approximately
1.25 for this anomaly (see Table 4). This standardised
height is also consistent with the measured NSS half
widths for a vertical pipe in Figure 16 (see Table 4 and
Appendix 3).

6.3. Notes on the eigenvector field for anomaly A

Figure 17 confirms that anomaly A has gradient ten-
sor elements which lie in the planar eigenvector field,
i.e. −1 < μM < 0 between 1052.5 and 1282.5m on
line 11150m. No crossovers of the ê2 and ê1 eigen-
vectors occur within this range, i.e. where both λ2/λ1
and the tensor mode μM have simultaneous minima
near −1. The NSS data are high quality and smoothly
varying for all points in anomaly A where the relative
NSSμ/μmax > 0.25. For anomaly A west of 1050m, the
eigenvector field changes to linear 0 < μM < 1 with
a simultaneous peak for both λ2/λ3 and the mode
μM = 0.997 between 1002.5 and 1005m. This is con-
sistent with a crossover of the ê2 and ê3 eigenvectors
andmarks the first time that this phenonemonhas been
observed in real data. In summary, the gradient ten-
sor data on line 11150 satisfy criteria for estimation of
magnetisation direction over the NSS peak. This will be
further tested by joint inversion of the full gradient ten-
sor at points where μ/μmax exceeds the background
level of 0.25 in Figure 17.

6.4. Determination ofmagnetisation directions at
the NSS peak

Table 4 shows the intensity of magnetisation M and
the magnetisation directions derived from the survey
tensor data for anomaly A. The declination DM and
inclination of magnetisation IM are estimated from the
gradient tensor elements using Equations (A2.5) and
(A2.6) respectively in Appendix 2 (see also Table 1). The
intensity of magnetisation M is estimated from M =
μ /β where β has been calculated from Equation (4)

Figure 16. Gradient tensor and NSS line data profiles for pipe anomaly A on survey line 11150. The local geomagnetic field has
intensity 58153 nT, declination 12.2°, and inclination 82.2°.
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Figure 17. Plots showing the relative NSS (μ/μmax), the tensor mode μM, and the eigenvalue ratios λ2/λ1 and λ2/λ3 for pipe
anomaly A on line 11150. The vertical axis is dimensionless.

using estimates of |z|/a and h/a in Table 4. Alterna-
tively the declination DM of magnetisation may be esti-
mated from the declinations of the first and third eigen-
vectors Dev1 and Dev3. The inclination of magnetisa-
tion IM may be estimated from μmax and the second
eigenvector λ2 using Equation (12), i.e. IM = φ − π /2
where φ = arccos (λ2/μmax). At this point we note that
the NSS survey peak may not correspond to the actual
position of the NSS maximum which may be located
between a pair of survey lines. Hence the estimates
of magnetisation direction from the gradient tensor
in this instance can be offset from the centre of the
pipe. How far “off-axis” is determined by the survey line
spacing and the diameter of the pipe. This difficulty
can be partly resolved by inversion in which the start-
ing model parameters are defined from the survey NSS
peak.

The estimates of DM for pipe anomaly A computed
from the gradient tensor Dmgt and from the principal
eigenvector Dev3 at the NSS peak are in close agree-
ment, namely,Dmgt = 024.85° andDev3 = 023.26°. The
inclination of magnetisation IM estimated from the gra-
dient tensor is Imgt = −63.2°, while IM from the maxi-
mum NSS using IM = φ−90° is significantly lower, i.e.
Iφ−90◦ = −26.5°. In addition, there are discrepancies
between Dev1 = 103.4° and the average estimate of
declination DM = 024.05± 0.2°.computed from Dmgt

and Dev3. The exact cause of this discrepancy between
Dev1 and Dev3 is unclear because these estimates are
usually in close agreement for synthetic model data
(McKenzie 2020). The lower estimates of inclination
from Iφ−90◦ could be due to background noise in the
second eigenvector λ2 which is associated with the
lowest absolute value of the three eigenvalues, and

therefore, the lowest signal to noise ratio. Despite this
discrepancy in the inclination estimates, the results in
Table 4 confirm that pipe anomaly A possesses a strong
reverse remanent magnetisation with high Koenigs-
berger ratios and total magnetisation intensity M close
to 3.1 Am−1. As an example, for a magnetic susceptibil-
ity of 0.01 SI units, the Koenigsberger ratio at the NSS
peak in Table 4 is 7.5, and the remanent magnetisation
has an intensity of Mnrm = 3.48 Am−1 with declina-
tion Dnrm = 024.6° and inclination Inrm = −67.5°.

6.5. Comparisonwith inversion results

To test the veracity of the different approaches, we can
compare these results with a formal parameter inver-
sion using a starting model based on the NSS peak
analysis. Table 5 shows results derived fromanon-linear
parametric inversion (Pratt and McKenzie 2009) of full
gradient tensor data over selected data ranges from
1075 to 1235m on line 11150 for anomaly A.

This data range for the inversion covers the sweet
spot (i.e. μ/μmax > 0.25) for anomaly A shown in
Figure 17. The forwardmodels for the parametric inver-
sions use expressions for the six gradient tensor ele-
ments of a uniformly magnetised right circular verti-
cal cylinder (McKenzie 2022). Model parameters for the
inversion are top centre position, i.e. xtc, ytc, ztc, radius
a,magnetisation intensityM and thedeclinationDM and
inclination IM of the total magnetisation vector M. The
axial length hwas fixed at 150m or h/a = 5.45.

The inversion for anomaly A in Table 5 has been per-
formed on the full gradient tensor with results obtained
by the removal of a tensor consistent DC offset in each
of the six tensor channels. Table 5 shows the finalmodel
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Table 5. Parametric joint inversion results for pipe anomaly A
on line 11150.

Pipe Survey DCO Inversion. Model
Model NSS results Results differences
Parameter Line 11150 Line 11150 after inversion

Anomaly A Pipe anomaly A Pipe anomaly A

xtc top centre (m) 7147621.82N 7147621.89N 0.07
ytc top centre (m) 547457.60E 547459.28E 1.68
ztc-down (m) 0.00 3.73 3.73
radar-altimeter (m) 34.50 34.50 0.00
a (m) 27.50 24.57 −2.93
h (m) 150.00 150.00 0.00
|z| (m) 34.50 38.23 3.73
h/a 5.46 6.11 0.65
|z|/a 1.25 1.56 0.31
M (A/m) 3.09 2.61 0.48
DM (inversion seed) 025.00° 024.54° −0.46°
IM (inversion seed) −63.00° −63.89° −0.89°
DM (from Dmgt) 024.85° 019.29° −5.56°
IM (from Imgt) −63.17° −64.71° −1.54°
DM (from Dev1) 103.41° 023.22° −80.19°
DM (from Dev3) 023.26° 019.20° −4.07°
IM (from φ−90°) −26.46° −64.27° −37.81°
Iev3 − Iev1 81.61° 89.98° 8.37°

Note: The startingparameters for the inversion are identical to those derived
from the gradient survey data at the NSS peak. The modelled magneti-
sation directions from the best inversion model are shaded in beige.
The average normalised RMS error from the final model was 8.54% and
the best estimated DC offsets for Bxx , Bxy , Bxz , Byy , Byz , and Bzz were 0.401,
−0.0169,−0.0255,−0.637, 0.0320 and 0.235 nT/m respectively.

parameters and their change from the starting model
for xtc, ytc, ztc, a,M, DM, and IM. The geometric parame-
ters xtc, ytc which define the horizontal centre of mag-
netisation show little variation from the initial param-
eters derived from the peak NSS. This implies that the
NSS maximum lies close to the true horizontal centre
of magnetisation for pipe anomaly A. The radius a has
decreased by 10.65% and the depth parameter |z| has
increased by 10.8% so that |z|/a has increased by 24.8%
to 1.56. The intensity of magnetisation M obtained
from the inversion has decreased from 3.09 Am−1 to
2.61 Am−1. The best model parameters from the inver-
sion are then used to calculate the direction ofmagneti-
sation parameters Dmgt , Imgt , Dev1, Dev3, and IM (φ−90°)
from the modelled gradient tensor and NSS.

The magnetisation directions from the inversion in
Table 5 showgood agreementwith the results obtained
from the NSS peak in Table 4. The average declination
for anomaly A in Table 5 is 021.56°± 2.73° compared
with the average DM = 024.06°± 0.80° (from Dmgt and
Dev3) at the NSS peak. The inclination results obtained
from the inversion and from themodelled gradient ten-
sor are −63.89° and −64.49°± 0.22 respectively, which
agree closely with Imgt = −63.17° at the NSSmaximum.
The inversion results in Table 5 suggest that the declina-
tion estimate Dev3 from the third or principal eigenvec-
tor, which, for a southern hemisphere magnetisation,
has the largest eigenvalue magnitude, may provide
more consistent estimates of DM than those calculated
from the first eigenvector Dev1.

The intensity and direction of remanent magneti-
sation and Koenigsberger ratio for the Diavik pipe
anomaly may be calculated from the total resultant

magnetisation results in Table 5 using reliable sus-
ceptibility measurements. This enables comparisons
between the magnetic inclination of the palaeopole
with estimates of the inclination of remanent magneti-
sation Inrm calculated from the results in Table 5. The
magnetic survey data for anomaly A suggest moderate
to high magnetic susceptibilities, high NRM intensities
andhighKoenigsberger (Q) ratios. Formagnetic suscep-
tibilities ranging from 0.001 to 0.015 SI, the intensities
of remanent magnetisation increase from Mnrm = 2.65
to 3.21 Am−1, the inclination of remanent magnetisa-
tion Inrm steepens from −64.5° to −70.8° and the Q
ratios decrease from57.2 to 4.62. These inclinations cor-
respond to a palaeolatitude ranging from −46.28° to
−55.12°. Basedonaplate reconstruction, thepositionof
the Diavik site for an assumed age of 55Ma (the Chron
C25n reversal period) is latitude −67.62°, longitude
−83.24°which implies a discrepancy of 12.5° in the incli-
nation of the inferred palaeopole (Müller et al. 2019).
Weconclude that thepalaeopole reversal atChronC25n
generally supports the steep reverse inclination ofmag-
netisation for theDiavik pipe anomaly. Furthermore our
NRMresults arebroadly consistentwith somepublished
palaeomagnetic data for several Diavik kimberlite pipes
(Lockhart, Grütter, and Carlson 2004).

In summary, inversion of the gradient tensor for pipe
anomaly A has provided consistent estimates of mag-
netisation which are in broad agreement with those
determined at the NSS peak in Table 4. Additional
research is required to quantify the effects of noise on
the parameter estimates as well as any effects caused
by geometric deviations from a perfect cylinder. How-
ever, the results in this section clearly demonstrate that
reliable estimates of magnetisation direction can be
obtained at the NSS peak using the gradient tensor, its
NSS and at least one of the eigenvectors.

7. Conclusions and future work

This paper presents some new insights into the nature
and complexities of the eigenvector fields of a right
circular vertical cylinder. This knowledge may be used
to determine the magnetisation direction above iso-
lated pipe-like magnetic anomalies. The main research
findings are as follows.

First, analytical expressions on the axis of a uniformly
magnetised, semi-infinite or finite length, right circu-
lar vertical cylinder have been presented for the three
eigenvalues, the NSS, the inclination of magnetisation
and some important tensor invariants. These expres-
sions are identical in form to those obtained by Clark
(2012) for an observation point located above a mag-
netic dipole or magnetic sphere. Several expressions
for the declination of magnetisation DM on the cylinder
axis are derived from the three eigenvectors ê1,ê2, ê3 of
the magnetic gradient tensor. These expressions yield
the samedeclinationofmagnetisation as obtained from



26 K. B. MCKENZIE ET AL.

the magnetic field components and magnetic gradient
tensor.

Second, the NSS of a right circular vertical cylinder
is strongly influenced by the direction of magnetisa-
tion, the standardised observation height |z|/a, and the
shape factor h/a. The NSS shows an azimuthal asymme-
try not present for point pole or dipole sources. Analysis
of the magnetic potential showed that all the asym-
metry is due to the horizontal (or radial) component
of magnetisation, whereas the vertical component of
magnetisation produces radial symmetry akin to that of
a dipole or point pole. For this reason, maximum asym-
metry occurs in the NSS either parallel or antiparallel
to the declination of magnetisation whereas symmetric
or anti-symmetric properties are found perpendicular
to it. This azimuthal asymmetry in the NSS lessens with
increasing observation height as does the influence of
the shape factor h/a so that the NSS over a pipe can be
modelled as a dipole for |z| > 2a.

Third, this investigation of the NSS has shown that
theproximal or near field regionof a vertical pipe occurs
at observation heights below half the diameter of the
pipe, i.e. for |z| < a. In this region non-dipole compo-
nents are clearly present in the tensor field. As a result,
the NSS no longer peaks on the axis of a vertical cylin-
der. Rather, the NSS maxima are situated on or inside
the rim of the cylinder along a line parallel or antipar-
allel to the direction of magnetisation. The distal or far
field region is dominated by the dipole component,
and, for a vertical cylinder, this region occurs at points
which lie directly above its top surface at observation
heights which exceed its diameter, i.e. |z| > 2a. The
transition between the near- and far field appears to
be in the region where the observation height lies from
a < |z| < 2a. We conclude that it is in these transitional
and far field regions over a sweet spot anomaly that are
best suited to accurate determinations of magnetisa-
tion and magnetisation direction.

Fourth, neutral surfaces in the eigenvector field of
the traceless magnetic gradient tensor occur when the
second eigenvalueλ2 and the tensormodeμM are zero.
These neutral surfaces partition the eigenvector field
into major and minor eigenvector fields. In agreement
with Palacios et al. (2016), thesemajor andminor eigen-
vector fields contain significant topological features
including crossovers in the eigenvalue surfaces which
produce spatial discontinuities in the eigenvector fields.
This is attributable to the ordering of the three eigenval-
ues of the magnetic gradient tensor as is used to define
the NSS. Points of linear degeneracy (mode μM = 1)
and planar degeneracy (mode μM = −1) within the
major and minor eigenvector fields respectively, delin-
eate boundaries where pairs of eigenvectors crossover,
namely, ê2 ↔ ê1 for aplanar degeneracyor ê2 ↔ ê3 for
a linear degeneracy. For a linear degeneracywhereλ2 =
λ3 < 0 and λ1 = -2λ2, the ridges inλ2/λ3 and themode
μM correspond to the valleys in λ2/λ1, and for a planar

degeneracy where λ1 = λ2 > 0 and λ3 = -2λ2 and the
ridges in λ2/λ1 correspond to the valleys in the mode
μM and λ2/λ3. Regions on the far side of these bound-
aries have a pair of eigenvectors which are swapped
while on the near side of these boundaries (i.e. towards
the source), the eigenvectors are unchanged.

Finally, our investigation of real gradient tensor data
from the Diavik diamond field reveals a pipe anomaly
with a strong reversed magnetisation. These data pro-
duce consistent estimates ofmagnetisation direction at
the observed NSS peak using the gradient tensor, its
NSS and at least one of the eigenvectors. These results
have been confirmed by inversion of the full gradient
tensor in regions which are free of eigenvector degen-
eracies and which allow for the estimation of back-
ground noise levels in the gradient tensor data. This
confirms that gradient tensor surveys which employ a
closer line spacingare ideal for the investigationofpipe-
like anomalies. Furthermore data from these surveys
canbeused toprovide initial estimates of thebulk prop-
erties, including magnetisation intensity and magneti-
sationdirection associatedwithpipe-like anomalies.We
have shown that these estimates of model parameters
for a vertical pipe provide an excellent starting point for
inversion using gradient tensor data.

Additional research is required to recognise and
quantify the effects of noise on the parameter estimates
as well as any effects caused by geometric deviations
from a perfect cylinder. We also need to better diag-
nose when NSS maxima occur between flight lines and
how this affects estimates of magnetisation direction
and whether this can be remedied using alternative
techniques, for example, by averaging ofmagnetisation
directions. Further work is required into understand-
ing complexities in the NSS which relate to the inclina-
tion of magnetisation and finding a physical explana-
tion for noteddiscrepancies inmagnetisationdirections
derived from the first and third eigenvectors.
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Appendix 1. Tensor rotational invariants,
tensor attributes

The gravity gradient and magnetic gradient tensors may be
calculated by forward modelling or from survey measure-
ments or it may be computed from a grid of high resolution
gravity gz or total magnetic intensity bT data using the wave-
number domain phase filters described in Blakely (1995).

Three eigenvalues λ1 , λ2 , λ3 are obtained by the eigen-
vector decomposition of the magnetic or gravity gradient
tensor (Pedersen and Rasmussen, 1990; Mikhailov et al.,
2007; Clark, 2012). In the magnetic case this involves find-
ing three eigenvectors ê1 , ê2 , ê3 which satisfy the linear
equation B êi = λi êi where λi is the eigenvalue correspond-
ing to êi . The eigenvalues are found by solving the character-
istic equation det(B − λ I) = 0 . Expanding the characteristic
equation results in the following cubic equation in λ :

λ3 − I0 λ2 + I1 λ − I2 = 0. (A1.1)

Or more generally,

λ3 + α2 λ2 + α1 λ + α0 = 0, (A1.2)

where α2 = −I0; α1 = I1; α0 = −I2 .
The roots λ1 , λ2 , λ3 of any general cubic equation satisfy

the following relations (Abramowitz and Stegun, 1964, p.17,
3.8.2):

λ1 + λ2 + λ3 = I0 = −α2

λ1λ2 + λ1λ3 + λ2 λ3 = I1 = α1

λ1 λ2 λ3 = I2 = −α0 (A1.3)

However in this instance, the coefficient I0 of the λ2 term
in equation (A1.1) is identically zero, since, at a measurement
point in a source free region, the gradient tensorB is traceless,
Bxx + Byy + Bzz = 0 . Therefore, the characteristic equation
for the eigenvalues is actually a depressed cubic equation.
The coefficients I0 , I1 and I2 in equation (A1.3) are the tensor
canonical invariants of Pedersen andRasmussen (1990). These

parameters which are invariant under rotation (Clark, 2012)
are related to the α0,α1, α2 coefficients of Abramowitz and
Stegun (1964) as follows:

I0 = λ1 + λ2 + λ3 = Bxx + Byy + Bzz = −α2 = 0 ,
(A1.4.1)

I1 = λ1 λ2 + λ1 λ3 + λ2λ3

= Bxx Byy + Bxx Bzz + Byy Bzz − B2xy − B2xz − B2yz , (A1.4.2)

I2 = detB = λ1 λ2 λ3 = Bxx Byy Bzz − BxxB
2
yz

− Byy B
2
xz − BzzB

2
xy + 2Bxy Bxz Byz . (A1.4.3)

The expressions for the roots of a general cubic equation
with real coefficients are well known in the literature [see
Abramowitz and Stegun (1964, p.17) or Press et al. (1992,
pp.179-180)]. In terms of the rotational invariants, the eigen-
values λi of the magnetic and gravity gradient tensors are as
follows:
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3
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3

)
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and θ = arccos
(

R√−Q3

)
; Q = α1

3
= I1

3
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2
= I2
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, (A1.6.2)

And from equation (A1.6.2), the θ parameter is related to
the dimensionless quantity I which was first introduced by
Pedersen and Rasmussen (1990), namely,

I = cos2 θ =
(

R2

−Q3

)
= −

(
I2
2

)2

/

(
I1
3

)3

= −27I22
4I31

. (A1.7)

This necessarily implies that the I1 tensor invariantmust be
negative otherwise θ is physically unrealisable. Furthermore a
necessary condition for the existence of three real eigenvalues
is that

Q3 + R2 =
(
I1
3

)3

+
(
I2
2

)2

≤ 0 . (A1.8)

When the invariant ratio I = 1, then θ = 0 or θ = π and

Q3 + R2 =
(
I1
3

)3 +
(
I2
2

)2 = 0, and there are three real eigen-

values of which two are equal, while for I < 1 and Q3 + R2 <

0 and
(
I1
3

)3 +
(
I2
2

)2
< 0 , there are three unequal eigenval-

ues. This symmetry of the magnetic gradient tensor necessar-
ily implies that the eigenvalues will always be real (see Anton
and Rorres, 2010 and Clark, 2012). This means that the case in
whichoneeigenvalue is real and theother two formacomplex

https://doi.org/doi:10.1190/1.2164759
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conjugate pair, i.e. when, Q3 + R2 > 0, never arises. We note
that the expression for the Q parameter in equation A1.6.2 fol-
lows the definition given in Abramowitz and Stegun (1964)
which is opposite in sign to the definition in Press et al. (1992).

Appendix 2. Analytical Basis of the Field
Component Ratio Method

The expressions for the Cartesian components of the mag-
netic field vector b(r) at an observation point r = (0,0,z)T

on the axis of a right circular vertical cylinder of radius a,
axial length h and magnetisation M = (Mx,My, Mz)T may be
derived from expressions given in McKenzie (2022, equations
(22.1)-(22.3) and Table 1), namely:

bx(0,0,z) = π CmMx

⎧⎪⎨
⎪⎩

|z|√
a2 + z2

− ( |z| + h)√
a2 + ( |z| + h)2

⎫⎪⎬
⎪⎭ ,

(A2.1.1)

by(0,0,z) = π CmMy

⎧⎪⎨
⎪⎩

|z|√
a2 + z2

− ( |z| + h)√
a2 + ( |z| + h)2

⎫⎪⎬
⎪⎭ .

(A2.1.2)

bz(0,0,z) = −2π CmMz

⎧⎪⎨
⎪⎩

|z|√
a2 + z2

− ( |z| + h)√
a2 + ( |z| + h)2

⎫⎪⎬
⎪⎭ .

(A2.1.3)

where Cm = 100 nH/m or 100 nTm/A for magnetic fields
expressed in nanotesla (nT) and magnetisations expressed in
ampere per metre (A/m).

By inspection of equations (A2.1.1) and (A2.1.2), an expres-
sion for the declination of magnetisation DM of a right cir-
cular vertical cylinder at any point r = (0, 0, z)T on its axis is
obtained from the signed ratio of the horizontal field compo-
nents, namely,

DM = arctan
(
My

Mx

)
= arctan

(−by
−bx

)
for 0 ≤ DM ≤ 2π .

(A2.2)
Similarly, by inspection of equations (A2.1.1)-(A2.1.3), the

inclination of magnetisation IM is obtained from the ratio of
the horizontal field component to half the vertical field com-
ponent, namely,

IM = arctan
(
Mz

Mh

)
= arctan

⎛
⎜⎝ bz

2
√
b2x + b2y

⎞
⎟⎠ for

− π

2
≤ IM ≤ π

2
. (A2.3)

The magnetic gradient tensor B(0,0,z) on the axis of a uni-
formly magnetised right circular vertical pipe with radius a
and axial length h is

B(0, 0, z) =
⎡
⎣ Bxx Bxy Bxz

Byx Byy Byz
Bzx Bzy Bzz

⎤
⎦ = β

⎡
⎣ −Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ ,

(A2.4)

where β = π a2 Cm
{

1
(a2+z2)3/2

− 1
(a2+(|z|+h)2)3/2

}
.

By inspection of equations (A2.2) and (A2.4), the declina-
tion of magnetisation DM at any point on the axis of a right
circular vertical cylinder is obtained from the ratio of the Bxz

and Byz tensor elements as follows:

DM = arctan
(
My

Mx

)
= arctan

(−Byz
−Bxz

)
for 0 ≤ DM ≤ 2π .

(A2.5)
Similarly, by inspection of equations (A2.3) and (A2.4), the

inclination of magnetisation IM at any point on the axis of a
right circular vertical cylinder is derived from the Bxz , Byz and
Bzz tensor elements as follows:

IM = arctan
(
Mz

Mh

)
= arctan

⎛
⎜⎝ Bzz

2
√
B2xz + B2yz

⎞
⎟⎠ for

− π

2
≤ IM ≤ π

2
. (A2.6)

Appendix 3. NSS anomaly half-width: The
effect of magnetisation direction and
observation height

The NSS of a long or compact vertical pipe peaks over its cen-
tre for all observation heights |z|/a ≥ 1. This facilitates direct
comparisons between the half-widths of the NSS along differ-
ent directions parallel, antiparallel, and perpendicular to the
declination of magnetisation. This paper has already demon-
strated asymmetry in theNSSof a vertical cylinderwhich is not
present for point pole or dipole sources and that this asymme-
try is entirely due to the horizontal component of magnetisa-
tion. The effect on NSS half-widths is now investigated for a
range of standardised observation heights and inclinations of
magnetisation IM from -90° to 0°.

Figures A3.1a and A3.1b show the variation in half-width
of the NSS parameter for principal profiles parallel and per-
pendicular toDM for a series of semi-infinite vertical pipeswith
variable inclination of magnetisation, i.e. IM = -90°, -75°, -60°,
-45°, -30° and 0°, inwhich the standardised observation height
|z|/a ranges from1 to 10. Figure A3.2 shows the change in NSS
half-width ratio xhwμ/|z| both parallel and anti-parallel to DM

as the inclination of magnetisation IM is varied from -90° to 0°
for three standardised observation heights |z|/a = 2, 4, 10.

TheNSS half width plots in Figures A3.1a andA3.1b decline
rapidly towards 1 as |z|/a increases from 1 to 2. The effect
of inclination of magnetisation on the NSS half-widths is not
significant for |z|/a < 1.5, but for observation heights |z|/a
> 2, the NSS half-widths asymptote towards different lim-
its depending upon the inclination of magnetisation and the
direction of the principal profile (in relation to DM ) as the
observation height becomes very large (i.e. |z|/a ≥ 10). The
magnetic point pole is directly analogous to a narrow, verti-
cally magnetised semi-infinite circular pipe. Clark (2012) gives
an expression for the NSS of a magnetic point pole with verti-
cal magnetisationMz and cross-sectional area A:

μpole(r) = CmMzA

r3
= CmMzA

(x2 + z2)3
. (A3.1)

Hence it may be shown that the NSS half-width xpole
hwμ

for a
point pole is

xpole
hwμ

=
(

3√4 − 1
)1/2|z| or xpole

hwμ
∼= 0.76642|z|. (A3.2)

From equation 2 and for purposes of comparison, the NSS
half-width xdp

hwμ
for a dipole is

xdp
hwμ

=
(√

2 − 1
)1/2|z| or xdp

hwμ
∼= 0.64359|z|. (A3.3)

Figures A3.1a, A3.1b andA3.2 show that the half-widths for
a right circular vertical pipewith a verticalmagnetisation IM =
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Figure A3.1. Plots showing the variation in half-width ratio xhwμ/|z| of theNSS parameterwith increasing standardised observation
height. Figures A3.1a and A3.1b show the half-width ratios for principal profiles parallel and perpendicular to DM respectively for a
series of semi-infinite, right circular, vertical pipes with variable inclination of magnetisation, i.e. IM = -90°, -75°, -60°, -45°, -30° and
0°. The standardised observation height |z|/a ranges from 1 to 10.

-90° all asymptote towards the theoretical limit for apoint pole
as |z|/a approaches 10. For principal profiles perpendicular to
DM in Figure A3.1b, the half-width ratios xhwμ/|z| all appear
to asymptote towards a higher limit with the half-width ratios
for mid-range to low inclination angles (-45° ≤ IM ≤ 0°) all in
the range from0.872-0.876 at |z|/a = 10. The half-width ratios
xhwμ/|z| at low to high inclinations for profiles antiparallel to
DM are closely clusteredandasymptote towards a limit slightly

below 0.80 (see Figure A3.2). In contrast, the half-width ratios
xhwμ/|z| at mid to high inclinations for profiles parallel to DM

all appear to converge towards higher limits, namely, at |z|/a
= 10, xhwμ/|z| = 0.905 for IM = -60° and xhwμ/|z| = 0.875 for
IM = -45° (see Figures A3.1a and A3.2). Interestingly, the NSS
half-width ratios parallel toDM in Figure A3.2 display peaks for
IM = -60° at all observation heights |z|/a ≥ 1. These maxima
in the half-width ratios at IM = -60° correspond to maxima in
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Figure A3.2. Plots showing the change in NSS half-width ratio xhwμ/|z| both parallel and antiparallel to DM as the inclination of
magnetisation IM changes from -90° to 0° for three standardised observation heights |z|/a = 2, 4, 10.

the NSSμ
h/a=∞
pmax which extend into the proximal region of the

NSS at |z|/a ≤ 0.5 as shown in Figure 4. Curiously, the results
at low inclinations IM = -30° to IM = 0° are much closer to
the theoretical limit of 0.766 for a vertical magnetisation or
magnetic pole (see Figure A3.1a and Figure A3.2). This is also
confirmed at low observation heights |z|/a ≤ 0.5 in Figure 4
where the NSSmaxima are significantly lower in the vicinity of
IM = -30°. There is a complexity in these results that is not eas-
ily explained from a physical standpoint and which requires
further investigation.

Appendix 4. The effect of axial length on the
NSS at low sensor observation heights

This appendix investigates the effect of increasing axial length
on the NSS µ as the standardised axial length h/a of a vertical
cylinder is varied from 0.1 to 10. This study applies to gradi-
ent tensor data flownat relatively lowobservationheights (0.5
≤ |z|/a ≤ 2) over near surface pipes. This information can be
important in planning gradient tensor surveys. Not only can
the NSS be used to determine the horizontal centre of mag-
netisation, but it may also be used to estimate the effective
vertical centre of magnetisation (eVCM) for a vertical pipe as
its axial length h/a increases. We define the eVCM for gradient
tensor data as the axial length hevcm which yields 50 % of the
observed NSS maximum for a vertical cylinder of axial length
h. The true VCM of a vertical cylinder is at half its axial length.

The effect of increasing standardised axial length h/a on
thenormalisedNSSmaxima is shown in FigureA4.1 for a series
of vertical pipes with h/a = 0.1, 0.2, 0.3, 1, 2, 3, 5, 10 at a low
standardised height |z|/a = 0.5. Plots of the normalised NSS
maxima for principal profiles parallel μh/a

pmax and antiparallel

μh/a
apmax toDM are shown in red and blue respectively. The nor-

malised NSS data on the axis of the circular pipe DM μh/a
axis are

shown in black. All global maxima have been normalised by
the maximum value μh/a=∞

pmax for a semi-infinite vertical pipe.

The μh/a
axis data on the axis of the circular pipe are consistently

lower than μh/a
pmax and μh/a

apmax at each axial length h/a. The
plots in Figure A4.1 illustrate the strong asymmetry in the NSS
for directions parallel, antiparallel and perpendicular to DM at
low observation heights.

For a long vertical pipewith h/a = 10, the effective vertical
centre of magnetisation for μh/a=10

pmax and μh/a=10
apmax is reached at

a standardised axial length h/a = 0.3 (i.e. as for a circular disc)
which represents only the top 3 % of the total length of the
pipe. For an equidimensional compact cylinder where h/a =
2,μh/a=2

pmax exceeds 92.8%of the globalmaximumμh/a=∞
pmax , and

at h/a = 5,μh/a=5
pmax exceeds 99.2 % ofμh/a=∞

pmax . Hence at a low
standardised observation height |z|/a = 0.5, almost the entire
observed maximum NSS signal originates from near the top
of a right circular vertical pipe, and therefore, it is extremely
difficult to determine the true depth extent of a long vertical
pipe. From Figure A4.1, the effective vertical centres of mag-
netisation (effective VCM) for a series of vertical pipes with h/a
= 0.5, 1, 2, 5 are at ∼ 0.164a,∼ 0.233a, ∼ 0.280a, ∼ 0.292a
respectively, which represents 32.8 %, 23.3 %, 14.0 % and 5.84
% of the total length for each pipe.

Since the NSS peaks on the axis of a vertical cylinder, the
effect of axial length on the NSS at standardised observation
heights |z|/a ≥ 1.0 may be determined from equation (8),
namely, μh/a

max = βh|M| . Hence for |z|/a ≥ 1, the ratio of the
NSS maxima μh

max/μ
∞
max for a pair of cylinders of radius a,

magnetisationM and axial lengths h and ∞ is

μh
max/μ

∞
max = βh/β∞ =

⎧⎪⎨
⎪⎩1 −

[
1 + (|z|/a)2

1 + ( |z|/a + h/a)2

]3/2⎫⎪⎬
⎪⎭ ,

(A4.1)

where βh = π Cm
a

{
1

[ 1+ (|z|/a)2]3/2 − 1
[1+(|z|/a+h/a)2]3/2

}
.

Table A4.1 shows the relative contributions to the axial NSS
ratio from the uppermost 10 %, 20 %, and 50 % of a long
vertical pipe with axial length h/a = 5. These results confirm
that for observation heights |z|/a between 1 and 2, nearly all
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Figure A4.1. Log-linear plots which show the relative variation in the maximum NSS ratios parallel μh/a
pmax/μ

h/a=∞
pmax , antiparallel

μh/a
apmax/μ

h/a=∞
pmax and axial μh/a

axial/μ
h/a=∞
pmax with standardised axial length (h/a) for a series of finite length, right circular, vertical

pipes with a high inclination of magnetisation IM = -60°. The standardised observation height for the two axial cases are |z|/a =
0.5 and 1.0.

Table A4.1. Relative contribution to the maximum NSS of a right circular vertical cylinder with standardised axial length h/a = 5
for a series of observation heights |z|/a = 1.0, 1.25, 1.5, and 2.0.

NSS contribution h/a z/a = 1.00 z/a = 1.25 z/a = 1.50 z/a = 2.00

upper 10 % 0.5 51.11 49.08 46.49 40.86
upper 20 % 1.0 74.38 72.07 69.36 63.49
upper 50 % 2.5 94.06 92.87 91.47 88.21

the maximum NSS signal (exceeding 94 % for |z|/a = 1) for
a long vertical cylinder originates from its uppermost 50 % .
These contributions decrease slightly with increasing obser-
vation height and inmore compact cylinders (i.e. for h/a = 2).
We also note that the effective VCM for |z|/a = 1.25 (cf. with
Diavik anomaly A in Table 3) is at h/a = 0.490 below the top
surface which represents the uppermost 9.80% of the vertical
cylinder with h/a = 5.

Appendix 5. Supplementary NSS data for the
right circular vertical cylinder and its
equivalent magnetic sphere

From Table A5.1, it is noted that the ratio zs /|z| decreases
with increasing standardised observation height |z|/a in each
of the vertical pipes. Furthermore the depth zs decreases
towards |z| as the axial lengthh/a increases from4/3 to infinity

Table A5.1. Depth ratios zs/|z| (computed from equation (26)) for a series of equivalent magnetic spheres which possess the same
NSS as a series of finite length and semi-infinite right circular vertical cylinders with axial lengths ranging from h/a = 4/3,2, . . . ,10
and∞. The standardised observation heights for the vertical cylinder range from |z|/a = 1 to |z|/a = 10. Both the pipemodels and
their equivalent magnetic spheres have the same radius a and magnetisationM.

zs/|z| zs/|z| zs/|z| zs/|z| zs/|z| zs/|z|
h/a = 4/3 h/a = 2.0 h/a = 3.0 h/a = 5.0 h/a = 10.0 h/a = ∞|z|/a

0.5 3.2061 3.1329 3.0980 3.0815 3.0762 3.0753
1.0 1.9231 1.8775 1.8530 1.8398 1.8350 1.8340
2.0 1.3966 1.3504 1.3218 1.3034 1.2951 1.2930
3.0 1.2496 1.1967 1.1610 1.1354 1.1219 1.1179
4.0 1.1819 1.1230 1.0811 1.0487 1.0296 1.0230
6.0 1.1178 1.0504 0.9992 0.9556 0.9258 0.9129
8.0 1.0871 1.0142 0.9566 0.9048 0.8658 0.8458
10.0 1.0691 0.9924 0.9303 0.8723 0.8257 0.7982
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Table A5.2. The standardised radial distances d||/a and d⊥/a parallel and perpendicular to the magnetisation direction measured
from the axis of a vertical cylinder of radius a to points where the NSS ratio α = μs/μc is 95 %. The first sub-table shows d||/a; the
second sub-table shows d⊥/a and the third sub-table shows the ratios d||/ d⊥ for a series of axial lengths h/a = 4/3, 2.0, ∞ and
observation heights |z|/a = 1, 2, 3, 4. The inclination of magnetisation for the pipe model is IM = -45°.

d||/a d||/a d||/a d||/a
|z|/a = 1 |z|/a = 2 |z|/a = 3 |z|/a = 4h/a

4/3 0.3125 0.9375 3.22501 4.27502

2 0.3125 0.7750 1.3288 1.7875
∞ 0.3125 0.6875 0.9625 1.1250

d⊥/a d⊥/a d⊥/a d⊥/a
|z|/a = 1 |z|/a = 2 |z|/a = 3 |z|/a = 4h/a

4/3 0.4500 1.3476 3.52501 4.60002

2 0.4199 0.9119 1.3899 1.8017
∞ 0.3915 0.6759 0.8523 0.9846

d||/ d⊥ d||/ d⊥ d||/ d⊥ d||/ d⊥
|z|/a = 1 |z|/a = 2 |z|/a = 3 |z|/a = 4h/a

4/3 0.694 0.696 0.915 0.929
2 0.744 0.850 0.956 0.992
∞ 0.798 1.017 1.129 1.143

Note1,2: The α = 95% radial distances d||/a and d⊥/a do not exist for h/a = 4/3 and |z|/a = 3, 4. Instead d||/a and d⊥/a are shown at the distances where
the NSS ratios α = μs/μc display a minimum over the d/a = ±10.00 m search range. The NSS ratios for d||/a and d⊥/a at |z|/a = 3 are α = 95.20 % and
96.61 % respectively, and for |z|/a = 4, α = 97.27% and 98.076 %.

for all observation heights |z|/a ≤ 4. At greater observation
heights |z|/a ≥ 6 and for more elongated pipes h/a ≥ 3,
the depth to the top surface of the pipe |z| now exceeds
the depth zs to the centre of the equivalent sphere so that
zs/|z| < 1.

Table A5.2 displays the standardised radial distances d||/a
and d⊥/a parallel and perpendicular to the magnetisation
direction at points where the NSS ratios α = μs/μp are
95%. The radial distances d||/a and d⊥/a and their ratios
d||/d⊥ increase with increasing observation height and also
with decreasing axial length. This is particularly noticeable
in Figure 8 for cylinders with h/a = 4/3 where the NSS
ratio remains above 95% over the entire x/a = ±5 or y/a
= ±5 search ranges both parallel and perpendicular to the

directionofmagnetisation. For thepair of compact pipes,d||/a
is significantly below d⊥/a at observation heights |z|/a ≤ 2,
while for the semi-infinite pipe, this is only apparent for obser-
vation heights |z|/a ≤ 1. Furthermore, for the semi-infinite
pipe, the d||/d⊥ ratio exceeds 1 for all |z|/a ≥ 2. In contrast,
the d||/ d⊥ ratios in the pair of compact pipes h/a = 4/3, 2 are
below 75% at |z|/a = 1, and then increase towards 1 as |z|/a
approaches 4.

This observed directional asymmetry in the d||/ d⊥ ratios
is consistent with the azimuthal asymmetry of the NSS over
right circular vertical pipeswhich possess a horizontal compo-
nent of magnetisation. This asymmetry lessens with increas-
ing observation height as the dipole component of magneti-
sation becomes dominant.
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