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ABSTRACT
This paper presents a theory for the anomalous magnetic gradient tensor due to a uniformly
magnetised general triaxial ellipsoid. Expressions for the magnetic field vector and its gradi-
ent tensor are derived from expressions for the gravitational field or the gravity gradient tensor
via an application of Poisson’s theorem. This theory provides increased capability in forward
modelling, inversion andequivalent source applications inbothmagnetic andgravimetric explo-
ration. It provides an accurate and computationally efficient means of modelling the magnetic
gradient tensor of ellipsoidal bodies which may possess isotropic or anisotropic magnetic sus-
ceptibility, remanent magnetisation and, in the case of highly magnetic ellipsoids, may be
subject to the effect of self-demagnetisation. This paper presents a novel method based on the
eigenvector decomposition of the magnetic gradient tensor to provide estimates of the mag-
netisation direction over an ellipsoidal source. This includes an investigation of the influence of
shape detail, observation height and inclination of magnetisation on the positioning of global
maxima in normalised source strength and how this affects the problem of estimating magneti-
sation direction. This study confirms that magnetisation directions may be accurately estimated
for extremely elongated ellipsoidal bodies where the ratio of smallest observation height to
maximum elongation (in plan view) is greater than 1.

ARTICLE HISTORY
Received 6 May 2019
Accepted 30 December 2019

KEYWORDS
Ellipsoid; magnetic gradient
tensor; magnetisation;
self-demagnetisation;
eigenvector; normalised
source strength

Introduction

The general triaxial ellipsoidal model in gravity and
magnetic modelling is an extremely versatile one with
several advantages over other simple body types. First,
the ellipsoidal model can provide a useful representa-
tion of a variety of discrete gravitational and magnetic
sources. These include equidimensional or spheroidal
sources, elongate or pencil-like sources (the prolate
ellipsoid) or flattened, sheet-like sources (the oblate
ellipsoid). Geologically, the equidimensional model
may approximate a spheroidal cavity in gravity mod-
elling or a dipole source in magnetic modelling. The
prolate ellipsoid may be used to model elongated
sources such as lava tunnels in gravity investigations
or pipes and quasi-symmetric intrusive bodies in both
gravity and magnetic investigations. The oblate ellip-
soid may be used to model lenticular, flattened or
sheet-like bodies such as sills, lopoliths and some
stratabound ore-bodies including banded iron forma-
tion deposits. Second, the magnetic ellipsoidal model
which includes the general triaxial ellipsoid, the pro-
late and oblate ellipsoids of revolution, the sphere,
and the infinite horizontal elliptic and circular cylin-
der body classes (see Emerson, Clark and Saul 1985;
Clark, Saul, and Emerson 1986; Takahashi and Oliviera
2017) are the only body types that can account for

the phenomenon of self-demagnetisation in uniformly
magnetised sources. Self-demagnetisation is particu-
larly important in bodies which possess very high
magnetic susceptibility, namely, corrections are advis-
able when the magnetic volume susceptibility k is
above 0.1 SI units (Clark 2014). The Tennant Creek
Field of the Northern Territory, Australia can be con-
sidered a type example of the utility of ellipsoid
modelling in a highly magnetic environment where
self-demagnetisation is important. Farrar (1979), Clark
and Tonkin (1987), Hoschke (1991) and Clark (2000)
show examples of ellipsoid modelling of magnetite-
rich ironstone bodies that host Cu–Aumineralisation in
this area.

Why themagnetic gradient tensor?

Several authors including Pedersen and Rasmussen
(1990), Schmidt and Clark (2006), Foss (2006) and Clark
(2012) have reported that the magnetic gradient ten-
sor has several theoretical advantages over the conven-
tionalmeasurement of the totalmagnetic field intensity
(TMI). In particular, the gradient tensor contains more
information on magnetic sources than both the mag-
netic field vector and the TMI. Importantly, the gradi-
ent tensor carries information on the curvature of the
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magnetic potentialwhich is important in inversion (Reid
and Thurston 2014). The magnetic gradient tensor is
superior to the TMI at low magnetic field inclinations
and in areasof rugged topography (Clark 2012). Further-
more, tensor gradient measurements are less affected
by background interference and time-varying geomag-
netic fields which are commonplace in magnetic field
surveydata. Thegradient tensor and its eigenvalues and
eigenvectors facilitate determination of the direction of
magnetisation and the centre of magnetisation either
by inversion or by magnetic moment analysis (Phillips
et al. 2007; Beiki et al. 2012; Clark 2012, 2014). The gradi-
ent tensormay also provide estimates ofmagnetisation
direction in regions where there is an anomalous peak
in the normalised source strength (NSS) over a variety of
compact dipole-like magnetic sources (Beiki et al. 2012;
Clark 2012).

The importance of knowledge about
magnetisation intensity and direction

The correct determination of magnetisation direc-
tion is fundamental to the interpretation of mag-
netic field and gradient tensor data (Austin et al.
2014; Clark 2012, 2014; Foss 2017; Takahashi and
Oliviera 2017). It is essential to the successful mod-
elling and inversion of magnetic targets which may
carry anisotropy of magnetic susceptibility, remanence
and self-demagnetisation. All of these phenomena can
rotate themagnetisation ofmagnetic bodies away from
the direction of the inducing geomagnetic field. Incor-
rect magnetisation directions can lead to erroneous
determinations of the location and dip of magnetic
bodies. Knowledge of the magnetisation intensity and
Koenigsberger or Q ratios may contain important infor-
mation on the nature of magnetic carriers in rocks
while knowledge of the magnetisation direction may
be utilised in age determinations for remanently mag-
netised bodies. Most importantly, knowledge of the
magnetisation direction is often essential to the suc-
cessful application of the general phase transformation
to magnetic survey data (Blakely 1995).

Theory

The expressions for the gravity andmagnetic fields due
to a general triaxial ellipsoid with uniform density ρ,
uniformmagnetisationM and semiaxes a ≥ b ≥ cwere
derived in an earlier paper by Clark, Saul, and Emerson
(1986). I refer to this paper quite extensively but with a
slight change in nomenclature, namely, that the major,
intermediate andminor semiaxes are now referred to as
a1 ≥ a2 ≥ a3 respectively replacing the a, b, c nomen-
clature in Clark, Saul and Emerson (1986). Hence the
equation of the surface for a general triaxial ellipsoid
centred at the origin is now (Stratton 1941; Clark, Saul

and Emerson 1986)

x21
a21

+ x22
a22

+ x23
a23

= 1, (1)

where x1, x2, x3 are the Cartesian coordinates with
respect to its principal axes, i.e. the body axis coor-
dinates rb. The expression for a family of ellipsoidal
surfaces centred at the origin and containing any
internal (λ < 0) or external (λ > 0) observation point
P(x1, x2, x3) is

x21
(a21 + λ)

+ x22
(a22 + λ)

+ x23
(a23 + λ)

= 1, (2)

where λ is its principal ellipsoidal coordinate (see
Appendix A1). Furthermore, the A(λ), B(λ) and C(λ)

Green’s functions in Equations (11)–(18) of Clark, Saul
and Emerson (1986) which describe the external grav-
itational potential Uext of an ellipsoid are now replaced
by A1(λ), A2(λ) and A3(λ) respectively. The theory pre-
sented here and by Clark, Saul and Emerson (1986) is in
the body or principal axis coordinate systemof the ellip-
soid (see Figure 1). The survey axis coordinate system rs
adopted here uses the convention for the International
Geomagnetic Reference Field (IGRF), i.e. x is North, y
is East and z is vertically down. Expressions for trans-
forming vectors and gradient tensors between the sur-
vey axis and body axis coordinate systems are given in
Appendix A3.

An expression for the gravitational scalar potential
Uext of a general triaxial ellipsoid with uniform density
ρ is given by Kellogg (1929) and Clark, Saul and Emer-
son (1986). For an external observation point P(rb) in the
body axis coordinate system of the ellipsoid, i.e. rb =
(x1, x2, x3)T, the gravitational potential Uext(rb) is given
by the following integral (Clark, Saul and Emerson 1986,
Equation (11)):

Uext(rb) = πGρa1a2a3

∫ ∞

λ

{
1 −

3∑
i=1

x2i
(a2i + u)

}

× 1
R(u)

du for λ > 0, (3)

while for an internal point P(rb), the gravitational poten-
tial Uint(rb) is (Clark, Saul and Emerson 1986, Equation
(13)):

Uint(rb) = πGρa1a2a3

∫ ∞

0

{
1 −

3∑
i=1

x2i
(a2i + u)

}

× 1
R(u)

du for λ = 0, (4)

where

R(u) =
√

(a21 + u ) (a22 + u ) (a23 + u ), (5)

and G is the universal gravitational constant.
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Figure 1. The body axis coordinate system rb = (x1, x2, x3)T for a general triaxial ellipsoid centred at the origin with semiaxes a1 >

a2 > a3. The orientation of the ellipsoid is definedby three direction cosine vectors v̂1, v̂2, v̂3 along the a1, a2, a3 semiaxes or x1, x2, x3
bodyaxes (see Figure1(a,b)). Thedirection cosine vectors areuniquely specifiedvia threeellipsoidal anglesα, δ, γ , i.e.α is the azimuth
of the downward pointing major semiaxis, δ is its plunge, and γ is the rotation of the ellipsoid about its downward pointing major
axis as shown in Figure 1(c). Figure 1(c) shows an inclined section through the ellipsoid which contains the a2 and a3 semiaxes. The
view is looking down the major axis with anticlockwise rotations defined as negative. The vertical dotted line in Figure 1(c) is the
trace of the vertical plane containing the major axis.

The expression for the external gravitational poten-
tial may be rewritten as (see Clark, Saul, and Emerson
1986, Equations (14)–(18)),

Uext(rb) = πGρa1a2a3

[
D(λ) −

3∑
i=1

Ai(λ)x2i

]
, (6)

where

D(λ) =
∫ ∞

λ

1
R(u)

du, (7)

and

Ai(λ) =
∫ ∞

λ

1

(a2i + u)R(u)
du, for i = 1,2,3, (8)

andwhereλ is the principal ellipsoidal coordinate of the
observation point P with respect to the centre of the
ellipsoid (see Clark, Saul, and Emerson 1986, Equations
(2)–(9)).

The expressions for the body axis components
g1, g2, g3 respectively of the anomalous gravitational
field g(rb) due to a general uniform triaxial ellipsoid
at an external point P(rb) where rb = (x1, x2, x3)T are
obtained by taking the gradient of the scalar potential
Uext(rb) in Equation (3):

g(rb) = ∇Uext(rb)

=
{(

∂Uext

∂x1

)
û1 +

(
∂Uext

∂x2

)
û2 +

(
∂Uext

∂x3

)
û3

}
,

(9)

where û1, û2, û3 are the direction cosines along the
x1, x2, x3 body axes, respectively.

Hence, by the chain rule of partial differentiation in
Equation (6), the ith component of the anomalous grav-
itational field due to the triaxial ellipsoid is (see also
Clark, Saul, and Emerson 1986, Equations (21)–(23)):

gi(rb) = ∂Uext

∂xi
=
(

∂Uext

∂λ

)(
∂λ

∂xi

)

= −2πGρa1a2a3xiAi(λ), for i = 1,2,3. (10)

Closed form expressions for the Green’s functions
A1(λ), A2(λ) and A3(λ) in Equations (8) and (10) are
given in Appendix A1 and a derivation of Equation (10)
is given in Appendix A2.

Poisson’s relation and themagnetic scalar
potential

From the second Maxwell equation, when there are no
electric currents present within a region of investiga-
tion, the magnetic induction b is irrotational, i.e. ∇ ×
b = 0, and according to the Helmholtz theorem, there
exists a scalar potential V within that region such that
b = −∇V . The magnetic scalar potential Vext(rb) due
to a uniformlymagnetised ellipsoid withmagnetisation
M = (M1,M2,M3)

T may be derived from Equation (10)
via Poisson’s relation (see Grant and West 1965, 213;
Clark, Saul, and Emerson 1986, 191, Equations (24)–(25),
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Blakely 1995, 92):

Vext(rb) = −
(
Cm
Gρ

)
∇Uext · M = −

(
Cm
Gρ

)
gT · M

= 2πCma1a2a3
3∑

i=1

xiAi(λ)Mi, (11)

where Cm is a constant which depends on the system
of electromagnetic units used (see Blakely 1995, 67–68).
In the International Standard (SI) system of units used
here, Cm has a value of 100 nH/m or 100 nTm/A for
magnetic fields expressed in nanotesla (nT) and mag-
netisations expressed in ampere per metre (A/m). The
magnetic scalar potential is expressed in nWb/m or
nTm.

The body axis components of the anomalous mag-
netic field b(rb) = (b1, b2, b3)T due to a uniformly mag-
netised general triaxial ellipsoid at an external point
P(rb)where rb = (x1, x2, x3)T are obtained by taking the
gradient of the magnetic scalar potential Vext(rb) (see
Clark, Saul, and Emerson 1986, Equations (26)–(28)).

b(rb) = −∇Vext(rb)

= −
{(

∂Vext
∂x1

)
û1 +

(
∂Vext
∂x2

)
û2 +

(
∂Vext
∂x3

)
û3

}
.

(12)

The negative sign in Equation (12) follows the conven-
tion in Kellogg (1929) for electrostatic fields (see Blakely
1995, 7, Chapter 1). Thus from Equations (11) and (12),
the external magnetic field components bi(rb) are

bi(rb) = −
(

∂Vext
∂λ

)(
∂λ

∂xi

)
= −2πCma1a2a3

×
⎧⎨
⎩Ai(λ)Mi +

⎡
⎣ 3∑

j=1

xjA
′
j(λ)Mj

⎤
⎦(

∂λ

∂xi

)⎫⎬
⎭ ,

(13.1)

where

A′
i(λ) = ∂Ai(λ)

∂λ
= −

[
1

(a2i + λ)R(λ)

]
i = 1,2,3,

(13.2)

R(λ) =
√

(a21 + λ)(a22 + λ)(a23 + λ), (13.3)

and

∂λ

∂xi
=
[

2xi
(a2i + λ) S(λ)

]
; S(λ) =

3∑
j=1

[
xj

(a2j + λ)

]2

.

(13.3)
The expressions for the body components of the

anomalous magnetic field of a triaxial ellipsoid agree
with those of Clark, Saul, and Emerson (1986, Equations
(26)–(28)).

The gravity gradient tensor of the triaxial
ellipsoid

From Equations (11) and (12), it may be deduced
that the external magnetic field vector may also be
expressed in terms of the gravity gradient tensor Γ

which is defined as the gradient of the gravity field vec-
tor, i.e. Γ(rb) = ∇g(rb), or in tensor notation, Γ(rb) =
∂gi(rP)/∂xj for i, j = 1, 2, 3,

b(rb) = −∇V(rb) =
(
Cm
Gρ

)
∇gT · M

=
(
Cm
Gρ

)
ΓT(rb) · M = CmTT(rb) · M, (14)

where TT denotes the transpose of T. The 3× 3 matrix
T = Tij; i, j = 1, 2, 3 is a second-order symmetric tensor
of Green’s functions, i.e.

Tij(rb) =
(

1
Gρ

)
	ij(rb) =

(
1
Gρ

)
∂gi(rb)

∂xj

= −2πa1a2a3

{
Ai(λ)δij + xiA′

i(λ)

(
∂λ

∂xj

)}
,

(15)

where δij is Kronecker delta.
Hence from Equation (15), the expression for the

anomalous gravity gradient tensor at a point P(rb)
external to a uniform triaxial ellipsoid is

	ij(rb) = ∂gi(rb)
∂xj

= −2πGρa1a2a3

×
{
Ai(λ)δij + xiA

′
i(λ)

(
∂λ

∂xj

)}
(for i, j = 1,2,3).

(16)

Expressions for A′
i(λ) and

(
∂λ
∂xj

)
are given by Equations

(13.2) and (13.3) while those for the Green’s functions
Ai(λ), i = 1, 2, 3 are given in Appendix A1. Inspection of
Equation (16) shows that the gravity gradient tensor is
symmetric, i.e. 	ij = 	ji for i �= j = 1, 2, 3. Furthermore,
it may be shown that the gravity gradient tensor of a
triaxial ellipsoid at an external observation point is also
traceless, i.e. Tr{Γ} = Γ11 + Γ22 + Γ33 = 0. This is easily
deduced from the following identity

3∑
i=1

Ai(λ) = −
3∑

i=1

xiA
′
i(λ)

(
∂λ

∂xj

)
= 2

R(λ)
.

Themagnetic gradient tensor

The magnetic gradient tensor B(rb) is defined as
the gradient of the magnetic field vector, i.e.B(rb) =
∇b(rb), or in tensor notation, B(rb) = ∂bi(rb)/∂xj for
i, j = 1, 2, 3. Expressions for the tensor elements at a
point P(rb) external to a uniformly magnetised general
triaxial ellipsoid where rb = (x1, x2, x3)T are obtained
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by differentiation of Equation (13.1) with respect to
xj for j = 1, 2, 3. Then,

Bij(rb) =
(

∂bi
∂xj

)
= −2πCma1a2a3

∂

∂xj

×
⎧⎨
⎩Ai(λ)Mi +

⎡
⎣ 3∑

j=1

xjA
′
j(λ)Mj

⎤
⎦(

∂λ

∂xi

)⎫⎬
⎭ .

(17)

Hence for the six off-diagonal Bij(rb) tensor elements
where i �= j and i, j = 1, 2, 3

Bij(rb) = −2πCma1a2a3

×

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

A′
i(λ)Mi

(
∂λ
∂xj

)
+ A′

j(λ)Mj

(
∂λ
∂xi

)

+
[

3∑
k=1

xkA′
k(λ)Mk

](
∂2λ

∂xi∂xj

)

+
[

3∑
k=1

xkA′′
k (λ)Mk

](
∂λ
∂xi

) (
∂λ
∂xj

)

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
,

= Bji(rb). (18.1)

and for the threediagonalBij(rb) tensor elementswhere
i = j = 1,2,3,

Bii(rb) = −2πCma1a2a3

×

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
2A′

i(λ)Mi

(
∂λ
∂xi

)
+
[

3∑
k=1

xkA′
k(λ)Mk

]

×
(

∂2λ

∂x2i

)
+
[

3∑
k=1

xkA′′
k (λ)Mk

](
∂λ
∂xi

)2

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
,

(18.2)

where

∂2λ

∂xi∂xj
= ∂

∂xj

[
2xi

(a2i + λ)S(λ)

]
for i, j = 1, 2, 3

= 2

(a2i + λ)S(λ)
δij

−
[

1

(a2i + λ)

(
∂λ

∂xj

)
+ 1

S(λ)

(
∂S(λ)

∂xj

)](
∂λ

∂xi

)
,

(19)

and

S(λ) =
3∑

i=1

[
xi

(a2i + λ)

]2

;

∂S(λ)

∂xi
= 2

⎧⎨
⎩ xi

(a2i + λ)
2 −

⎡
⎣ 3∑

j=1

x2j

(a2j + λ)
3

⎤
⎦(

∂λ

∂xi

)⎫⎬
⎭ ,

(20)

and

A′′
i (λ) = ∂2Ai(λ)

∂λ2
= ∂A′

i(λ)

∂λ
= ∂

∂λ

[
−1

(a2i + λ)R(λ)

]
,

(21.1)

and

∂A′
i(λ)

∂xi
=
(

∂A′
i(λ)

∂λ

)(
∂λ

∂xi

)
= A′′

i (λ)

(
∂λ

∂xi

)
. (21.2)

The expressions for A′′
1(λ), A′′

2(λ) and A′′
3(λ) are derived

by differentiating the expression for A′
i(λ) in Equation

(21.1), namely,

A′′
1(λ) = ∂2A1(λ)

∂λ2

= 1
2R(λ)

{
3

(a21 + λ)
2 + (a22 + λ) + (a23 + λ)

R2(λ)

}
,

(22.1)

A′′
2(λ) = ∂2A2(λ)

∂λ2

= 1
2R(λ)

{
3

(a22 + λ)
2 + (a21 + λ) + (a23 + λ)

R2(λ)

}
,

(22.2)

A′′
3(λ) = ∂2A3(λ)

∂λ2

= 1
2R(λ)

{
3

(a23 + λ)
2 + (a21 + λ) + (a22 + λ)

R2(λ)

}
.

(22.3)

It is noted that equations (18.1)–(18.2), (19)–(21) and
(22.1)–(22.3) completely define the magnetic gradient
tensor due to a uniformly magnetised general triaxial
ellipsoid. Importantly it may be shown that the mag-
netic gradient tensor at an external observation point
is a harmonic potential function, i.e. it is symmetric,
traceless (satisfying Laplace’s equation). These prop-
erties follow directly from Maxwell’s equations in the
magnetostatic limit and in the absence of conduction
currents so that ∇ .b(rb) = 0. Furthermore, the generic
nature of this formulation allows for the development
of extremely efficient and compact source code for the
computation of the magnetic field components and
gradient tensor elements of a triaxial ellipsoid. Although
not shown in this paper, the formulationpresentedhere
is easily applied to other ellipsoidal bodies including
the prolate and oblate ellipsoids of revolution and the
perfect sphere.

The internal gravitational andmagnetic fields
of a general triaxial ellipsoid

An expression for the internal gravitational potential
Uint(rb) of a homogeneous triaxial ellipsoid is obtained
by integration of Equation (4), namely (see Clark, Saul,
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and Emerson 1986, Equation (19))

Uint(rb) = πGρa1a2a3

[
D(0) −

3∑
i=1

Ai(0)x2i

]
(λ = 0).

The body axis components of the internal gravita-
tional field due to a uniform triaxial ellipsoid are derived
by differentiation of Equation (4). Hence

gi(int)(rb)= ∂Uint

∂xi
=−2πGρa1a2a3xiAi(0), for i = 1,2,3,

(23.1)
where

Ai(0) =
∫ ∞

0

1

(a2i + u)
√

(a21 + u)(a22 + u)(a23 + u)
du

for i = 1, 2, 3. (23.2)

By inspection of Equation (23.1), the internal gravi-
tational field of a triaxial ellipsoid with uniform density
ρ is a linear function of its spatial coordinates. This is
because the Ai(0)Green’s functions only depend on the
dimensions of the ellipsoid (see Appendix A4). Whence
the internal gravity gradient tensor for the triaxial ellip-
soid 	ij(rb) is

	ij(rb) = ∂gi(int)(rb)
∂xj

= ∂

∂xj
[−2πGρa1a2a3xiAi0)]

= −2πGρa1a2a3Ai(0)δij for i, j = 1, 2, 3. (24)

Hence the off-diagonal elements of the gravity gra-
dient tensor are zero while its trace, the sum of its
three diagonal elements, is non-zero satisfying Pois-
son’s equation, namely,

∇2Uint(rb) = Tr{	(rb)} = 	11(rb) + 	22(rb) + 	33(rb)

= −2πGρa1a2a3

3∑
i=1

Ai(0).

However, from Appendix A4, it may be shown that∑3
i=1 Ai(0) = 2/(a1a2a3), therefore,

∇2Uint(rb) = Tr{	(rb)} = −2πGρa1a2a3(2/(a1a2a3)

= −4πGρ. (25)

The body axis components of the internal magnetic
field Hint due to a uniform triaxial ellipsoid are derived
by differentiation of the expression for the internal
scalar potential Vint(rb) derived from Equation (23.1) via
Poisson’s relation, namely,

Vint(rb) = −
(
Cm
Gρ

)
∇Uint · M = −

(
Cm
Gρ

)
gTint · M

= 2πCma1a2a3
3∑
j

xjAj(0)Mj. (26)

The internal demagnetising field of a triaxial ellipsoid
Hint in the SI system of units is given by the following

expression:

Hj(int) = −
(

1
4π

)
∂Vint
∂xj

= −1
2
a1a2a3Aj(0)Mj,

for j = 1,2,3, (27)

where both the magnetic field intensity Hint and the
magnetisationM are expressed in ampere/metre (A/m)
units.

This internal magnetic field which arises from the
magnetisation is known as the self-demagnetising field
Hd (Clark, Saul, and Emerson 1986; Clark and Emersom,
1999). This field exists in all magnetically susceptible
bodies which are subject to an external magnetic field.
Its overall effect is to produce a back field Hd which
reduces the external inducingmagnetic fieldH0. Hence
the resultant or effective internal magnetic field Heff is

Heff = H0 + Hd = H0 − NM, (28)

where N is a demagnetising tensor andM is the intrin-
sicmagnetisationof thebody. For ellipsoidal bodies, the
self-demagnetisation field is independent of x1, x2, x3
and is therefore uniform. It is related to the princi-
pal demagnetising factorsN1,N2,N3 along the a1, a2, a3
semiaxes of the ellipsoid by the relation

Hj(int) = −NjMj for j = 1, 2, 3. (29.1)

In the SI system of units, the sum of the principal
demagnetisation factors is identically 1, i.e.

∑3
j=1 Nj =

N1 + N2 + N3 = 1, while in the electromagnetic system
(emu) of units it is 4π . By inspection of Equations (27)
and (29.1), the demagnetising factors Nj for an ellip-
soid in the SI system of units are related to the Green’s
functions Ai(0) by the relation (Clark, Saul, and Emerson
1986; Takahashi and Oliviera 2017)

Nj = 1
2
a1a2a3Ai(0) for j = 1, 2, 3. (29.2)

Computational aspects

Computation of the magnetic fields and gradient ten-
sors due to a general triaxial ellipsoid involve the follow-
ing steps:

(1) calculate the orthogonal matrix U for transfor-
mations from the survey coordinate system rs =
(x, y, z)T to the body axis coordinate system rb =
(x1, x2, x3)T of the triaxial ellipsoid

(2) determination of the components of magnetisa-
tionM = (M1,M2,M3)

T in the body axis coordinate
system of the triaxial ellipsoid

(3) transformation of each survey observation point
P(rs) = (x, y, z)T to the body axis coordinate system
P(rb) = (x1, x2, x3)T of the triaxial ellipsoid

(4) calculate all magnetic field components b(rb) =
(b1, b2, b3)T and gradient tensor elements Bij(rb); i,
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j = 1,2,3 at each observation point P(rb) in the
body axis coordinate systemof the triaxial ellipsoid.

(5) transformation of each computed magnetic field
vector b(rb) and gradient tensor B(rb) from the
body axis coordinate system rb = (x1, x2, x3)T of the
triaxial ellipsoid to the survey axis coordinate sys-
tem rs = (x, y, z)T for each observation point P(rs).

(6) eigenvector decomposition of the gradient tensor
B(rs) to find three ordered eigenvalues λ1 > λ2 >

λ3 and three corresponding eigenvectors ê1, ê2, ê3
for each observation point P(rs) of the tensor B(rs).

Expressions for theorthogonal transformationmatrix
U which defines the body axis coordinate system of a
general triaxial ellipsoid are given in Appendix A3. The
treatment of magnetisation in this paper is completely
general, i.e. ellipsoidal bodies may possess isotropic or
anisotropicmagnetic susceptibility, remanentmagneti-
sation and, in the case of highly magnetic ellipsoids,
may be subject to the effect of self-demagnetisation. As
noted previously, all survey coordinates and magneti-
sations require transformation from the survey coordi-
nate system rs = (x, y, z)T to the body axis coordinate
system rb = (x1, x2, x3)T of the ellipsoid. All magnetic
andgravity field components and their gradient tensors
are calculated in the body axis coordinate system rb =
(x1, x2, x3)T of the ellipsoid which require transforma-
tion back to the survey coordinate system rs = (x, y, z)T.
These transformations are outlined in Appendix A3.

The expressions for the magnetic and gravitational
fieldsdue toageneral triaxial ellipsoid involve theA1(λ),
A2(λ), A3(λ) Green’s functions (see Equation (10)). The
closed form expressions for the three Green’s func-
tions contain incomplete elliptic integrals of the first
F(k,β) and second E(k,β) kind (see Appendix A1).
These elliptic integrals are computed in double preci-
sion using an algorithm based on Landen’s transforma-
tion (Abramowitz and Stegun 1964; Press et al. 1992).
Both elliptic integrals F(k,β) and E(k,β) have been suc-
cessfully tested to eight significant figures respectively
by comparison with tables in Abramowitz and Stegun
(1964, Tables 17.5 and 17.6, respectively). The three
eigenvalues and eigenvectors of themagnetic gradient
tensor are calculated using a series of Jacobi orthogo-
nal similarity transformations of a real symmetric matrix
(see Press et al. 1992).

The effective or resultant magnetisation of a
general triaxial ellipsoid

The magnetisation M within a triaxial ellipsoid is
assumed to be homogeneous and quite general. It may
possess aweak or strong inducedmagnetisation and/or
itmaypossess a significant remanent component. Clark,
Saul, and Emerson (1986) and also Emerson, Clark,
and Saul (1985) show how to incorporate the effects
of isotropic or anisotropic magnetic susceptibility,

remanence and self-demagnetisation into the compu-
tation of the body axis components of the magnetisa-
tion vectorMwithin a triaxial ellipsoid.

When an ellipsoid is weakly or moderately magnetic,
the resultant magnetisation vector M is almost exactly
equal to the total resultant magnetisation Mtot which
is defined as the vector sum of its induced Mind and
remanentMnrm magnetisation vectors, namely,

Mtot = Mind + Mnrm = KF + Mnrm,

where K is the initial magnetic volume susceptibility
tensor and F is the local geomagnetic field vector.
Expressions for calculating the magnetic susceptibility
tensorwhen anisotropy is present are given in Emerson,
Clark, and Saul (1985). However in highlymagnetic ellip-
soids where demagnetisation effects are significant, i.e.
where the bulk magnetic susceptibility k is high (i.e. in
the range from 0.05 to 0.1 SI units), the resultant mag-
netisation vector Mres is no longer equal to the total
resultant magnetisationMtot. A method for estimating
the magnetisation vector Mres accounting for demag-
netisation, remanence and anisotropy of susceptibility
has been outlined by Emerson, Clark, and Saul (1985)
and Clark, Saul, and Emerson (1986). This method is
exact for triaxial ellipsoids and their degenerate forms
including the prolate and oblate ellipsoids of revolution
and the perfect sphere (Emerson, Clark, and Saul 1985;
Clark, Saul, and Emerson 1986). The resultant or effec-
tive magnetisation corrected for self-demagnetisation
is estimated using the following expression (Clark, Saul,
and Emerson 1986, Equation (38))

Mres = D−1Mtot = (I + KN)−1(Mind + Mnrm), (30)

where D is the demagnetisation or depolarisation
matrix, i.e.

Dij = δij + kijNj (for i, j = 1,2,3),

where δij; i, j = 1, 2, 3 is the Kronecker delta function,
kij; i, j = 1, 2, 3 is the initial magnetic volume suscepti-
bility tensor, and Nj; j = 1, 2, 3 are the demagnetisation
factors along the a1, a2, a3 body axes respectively of the
triaxial ellipsoid such that N1 + N2 + N3 = 1.

A derivation of Equation (30) is supplied in Appendix
A6.

An example: themagnetic gradient tensor for
Magmod XV

To illustrate the theorypresented and the importanceof
correctly accounting for the magnetisation properties
of ellipsoidal bodies, I present images of the six mag-
netic gradient tensor elements Bxx , Bxy , Bxz , Byy , Byz , Bzz
due to a highly magnetic, general triaxial ellipsoid. For
this example I have used the synthetic models Mag-
mod XVA, XVB and XVC presented by Clark, Saul, and
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Table 1. Body properties for the Magmod XV triaxial ellipsoid.

Ellipsoid property description Ellipsoid body properties

The semiaxial lengths (a1 > a2 > a3) a1 = 250m, a2 = 150m, a3 = 100m
The centroid coordinates C(x, y, z) Cx = 0m, Cy = 0m, Cz = 300m
Volume v = 4π

3 a1a2a3 v = 1.57079632679× 107 m3

The ellipsoid orientation angles (α, δ, γ ) forming a right-hand clock-
wise coordinate system
Azimuth of the downward a1 semiaxis α = 320°
Plunge of the downward a1 semiaxis δ = 45°
Rotation of the downward a3 semiaxis from the vertical γ = −45°

Declination and inclination of the x1, x2, x3 body axes:
Body axis û1 (along x1 or a1 semiaxis) Dec û1 = 320.00°, Inc û1 = 45.00°
Body axis û2 (along x2 or a2 semiaxis) Dec û2 = 14.736°, Inc û2 = −30.00°
Body axis û3 (along x3 or a3 semiaxis) Dec û3 = 85.264°, Inc û3 = 30.00°
Demagnetisation factors along the a1, a2, a3 axes (SI) N1 = 0.1674, N2 = 0.3240, N3 = 0.5086
The local geomagnetic field vector b0 (nT): |b0| = 60000 nT Dec b0 = 10° Inc b0 = −65°
Magnetic volume susceptibility (SI) Magmod XVA1, Magmod XVB1
Intrinsic isotropic bulk susceptibility kb kb = 1.256637 SI
Intrinsic anisotropy of magnetic volume susceptibility (SI) Magmod XVC1
Major axis k1, declination Dk1 , inclination Ik1 k1 = 1.507964, Dk1 = 90°, Ik1 = 0°
Major axis k2, declination Dk2 , inclination Ik2 k2 = 1.256637, Dk2 = 180°, Ik2 = 0°
Minor axis k3, declination Dk3 , inclination Ik3 k3 = 1.005310, Dk3 = 0°, Ik3 = 90°
Intrinsic bulk susceptibility kb = (k1 + k2 + k3)/3 kb = 1.256637 SI
Anisotropy P = k1/k3 P = k1/k3 = 1.500
Lineation L = k1/k2 L = k1/k2 = 1,200
Foliation F = k2/k3 F = k2/k3 = 1.250

Note: The intrinsic susceptibilities k1, k2, k3 are exactly 0.48, 0.40, 0.32 π SI units respectively.

Emerson (1986) in their seminal paper on the magnetic
fields due to a triaxial ellipsoid. Magmod XVA incor-
porates isotropic magnetic volume susceptibility and
remanencewithno self-demagnetisation;MagmodXVB
incorporates isotropic magnetic volume susceptibility
and remanence with self-demagnetisation while Model
XVC incorporates anisotropic magnetic volume suscep-
tibility, remanence and self-demagnetisation. The body
properties of the ellipsoid in Magmod XV are sum-
marised in Table 1 and a three-dimensional perspective
plot is shown in Figure 2. The intrinsic remanent mag-
netisationMnrm in each of thesemodels is 120A/mwith
declination 0° and inclination 90°, i.e. at the north mag-
netic pole. To illustrate the effect of self-magnetisation
with increasing magnetic susceptibility, I have calcu-
lated the effective induced magnetisation Midm, the
effective remanent magnetisation Mrdm, the intrin-
sic total resultant magnetisation Mtot = Mind + Mnrm

and the resultant or effective magnetisation Mres =
Midm + Mrdm corrected for self-demagnetisation for
three increasing bulk susceptibilities, namely, 1.25, 1.90
and 2.77 SI units. The magnetisations for each of these
models are shown in Table 2 and the computed images
of the gradient magnetic tensor for Magmod XVB2 are
shown in Figure 3 for an observation height of 300m
above the centre of the ellipsoid.

Thebulk susceptibility inModelXVC1 is also1.256637
SI units or 0.4π SI units exactly. However, its intrinsic
magnetic susceptibility kams = |Mind/|b0 accounting
for anisotropy but not self-demagnetisa-
tion (anisotropy P = 1.50) is approximately 1.056373 SI
units, while its effective magnetic susceptibility keff =
|Midm|/|b0| accounting for both anisotropy and self-
demagnetisation is 0.795751 SI (see Tables 1 and 2).
The second susceptibility of 1.90 SI (Model XVA2)

corresponds to where the intrinsic total resultant
magnetisation is almost parallel to the direction of
strike of the ellipsoid while the third susceptibility
of 2.77 SI (Model XVA3) corresponds to where the
intrinsic total resultant magnetisation is horizontal.
Models XVA1, XVA2, XVA3 do not account for self-
demagnetisation so that the intrinsic total resultant
Mtot and resultant magnetisations Mres are identical.
However models XVB1, XVB2, XVB3 do incorporate self-
demagnetisation so that their resultant magnetisations
Mres = Midm + Mrdm are significantly lower in magni-
tude than their intrinsic total resultant magnetisations
Mtot = Mind + Mnrm and,most importantly, their direc-
tions are deflected by at least 7 degrees or more. This
is also the case for both the effective induced magneti-
sation vector Midm and the effective remanent mag-
netisation vector Mrdm. Under the influence of self-
demagnetisation, both these magnetisations have sig-
nificantly lower magnitudes than their intrinsic coun-
terparts, Midm and Midm (see Table 2). Furthermore,
for models XVB1 to XVB3, the effective induced mag-
netisation is deflected from the inducing field direc-
tion by between 5° and 9° while the effective remanent
magnetisation vectorMrdm is deflected from the intrin-
sic remanent magnetisation direction by between 6.9°
and 11.1°. The effect of self-demagnetisation on the
resultant magnetisationMres and the effective induced
magnetisation vectorMidm becomesmore pronounced
as the magnetic volume susceptibility increases (see
Table 2). This also has the effect of slightly increasing the
effective Koenigsberger ratio Qsdm = |Mrdm|/|Midm|
(Figure 2).

Parameters shown in Table 2 are as follows: kbulk
is the intrinsic bulk magnetic susceptibility and keff
is the effective magnetic susceptibility accounting for
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Table 2. Magnetisation parameters for ellipsoidal models Magmod XVA, XVB and XVC.

Parameter XVA1 XVA2 XVA3 XVB1 XVB2 XVB3 XVC1

kbulk (SI) 1.256637 1.900000 2.773091 1.256637 1.900000 2.773091 1.256637
keff (sdm) (SI) 1.256637 1.900000 2.773091 0.909282 1.210265 1.523574 0.795751
|Mind| (A/m) 60.0000 90.7183 132.4054 60.0000 90.7183 132.4054 50.4381
Dind 10.000° 10.000° 10.000° 10.000° 10.000° 10.000° 11.947°
Iind −65.000° −65.000° −65.000° −65.000° −65.000° −65.000° −59.5982°
|Mnrm| (A/m) 120.0000 120.0000 120.0000 120.0000 120.0000 120.0000 120.0000
Dnrm 0.000° 0.000° 0.000° 0.000° 0.000° 0.000° 0.000°
Inrm 90.000° 90.000° 90.000° 90.000° 90.000° 90.000° 90.000°
Qnrm 2.00000 1.32278 0.90631 2.00000 1.32278 0.90631 2.37915
|Mtot| (A/m) 70.3503 53.8268 55.9569 70.3503 53.8268 55.9569 80.6433
Dtot 10.000° 10.000° 10.000° 10.000° 10.000° 10.000° 11.947°
Itot 68.8728° 44.5801° 0.0000° 68.8728° 44.5801° 0.0000° 71.5477°
|Mres| (A/m) 70.3503 53.8268 55.9569 53.8470 37.3103 31.2248 64.5243
Dres 10.000° 10.000° 10.000° 351.253° 357.218° 3.9061° 347.062°
Ires 68.8728° 44.5801° 0.0000° 66.6478° 44.6862° 3.8932° 69.7861°
|Midm| (A/m) 60.0000 90.7183 132.4054 43.4150 57.7859 72.7453 37.9943
Didm 10.000° 10.000° 10.000° 21.5936° 25.5419° 29.7604° 21.3230°
Iidm −65.0000° −65.0000° −65.0000° −66.3144° −66.7914° −67.2905° −62.1733°
|Mrdm| (A/m) 120.0000 120.0000 120.0000 89.8487 80.3411 70.5461 94.9866
Drdm 0.000° 0.000° 0.000° 296.788° 298.174° 299.552° 294.472°
Irdm 90.0000° 90.0000° 90.0000° 83.0794° 80.9779° 78.8970° 82.3942°
Qsdm 2.00000 1.32278 0.90631 2.06953 1.39032 0.96977 2.50002
∠b0Mind 0.0000° 0.0000° 0.0000° 0.0000° 0.0000° 0.0000° 5.4764°
∠b0Midm 0.0000° 0.0000° 0.0000° 4.9482° 6.5757° 8.2730° 5.7670°
∠MindMnrm 155.0000° 155.0000° 155.0000° 155.0000° 155.0000° 155.0000° 149.5982°
∠MindMtot 133.8728° 109.5801° 65.0000° 133.8728° 109.5801° 65.0000° 131.1459°
∠MindMres 133.8728° 109.5801° 65.0000° 132.3329° 110.1399° 69.0395° 130.5984°
∠MindMidm 0.0000° 0.0000° 0.0000° 4.9482° 6.5757° 8.2730° 5.2345°
∠MnrmMrdm 0.0000° 0.0000° 0.0000° 6.9206° 9.0221° 11.1030° 7.6058°
∠MnrmMres 21.1272° 45.4199° 90.0000° 23.1274° 45.3138° 86.1068° 20.2139°
∠MtotMres 0.0000° 0.0000° 0.0000° 7.4022° 9.0869° 7.2274° 8.3602°
Moment |m| GAm2 1.10506 0.845509 0.878969 0.845827 0.586068 0.490479 1.01355

Figure 2. Three-dimensional perspective plot of the triaxial
ellipsoid model Magmod XV.

self-demagnetisation and anisotropy;Mind is the intrin-
sic induced magnetisation with declination Dind and
inclination Iind; Mnrm is the intrinsic natural remanent
magnetisation with declination Dnrm and inclination
Inrm;Qnrm =|Mnrm|/|Mind| is the intrinsic Koenigsberger
ratio;Mtot = Mind + Mnrm is the intrinsic totalmagneti-
sation with declination Dtot and inclination Itot; Mres is
the resultant or effective magnetisation accounting for
self-demagnetisation with declination Dres and inclina-
tion Ires; Midm is the effective induced magnetisation
accounting for self-demagnetisation with declination

Didm and inclination Iidm;Mrdm is the effective natural
remanent magnetisation accounting for self-demagne-
tisation with declination Drdm and inclination Irdm;
Qsdm = |Mrdm|/|Midm| is the effective Koenigsberger
ratio accounting for self-demagnetisation; ∠b0Mind is
the angle between the geomagnetic field and the
intrinsic induced magnetisation; ∠b0Midm is the angle
between the geomagnetic field and the effective
inducedmagnetisation (accounting for self-demagneti-
sation); ∠MindMnrm is the angle between the intrinsic
induced and remanent magnetisations; ∠MindMtot is
the angle between the intrinsic induced and total mag-
netisations; ∠MindMres is the angle between the intrin-
sic inducedmagnetisation and the resultant or effective
magnetisation (accounting for self-demagnetisation);
∠MnrmMrdm is the angle between the intrinsic rema-
nent and the effective remanentmagnetisation;∠Mnrm

Mres is the angle between the intrinsic remanent mag-
netisation and the resultant magnetisation (account-
ing for self-demagnetisation); ∠MtotMres is the angle
between the intrinsic totalmagnetisation and the resul-
tant magnetisation (accounting for self-demagnetisat-
ion) and |m| is the magnetic moment intensity.

The eigenvector decomposition of the
magnetic gradient tensor and a novel
approach to determining themagnetisation
direction

The NSS is a parameter that was introduced to applied
geophysics by the CSIRO Magnetics Group (Beiki et al.
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Figure 3. Images of the magnetic gradient tensor associated with model Magmod XVB2 which incorporates isotropic magnetic
susceptibility, remanence and self-demagnetisation. Figure 3(a–c) (top row: left to right) show gridded images of tensor elements
Bxx−NN , Bxy−NE , Bxz−ND respectively while Figure 3(d–f) (bottom row: left to right) show tensor elements Byy−EE , Byz−ED, Bzz−DD
respectively. The body properties for Magmod XVB are summarised in Table 1 and the magnetisations for Magmod XVB2 are shown
in Table 2. The 1.25× 1.25 km grids were generated by forward modelling using a spacing of 2.50m at a height of 300m above the
centre of the ellipsoid.

2012; Clark 2012). Importantly, the NSS is a generalisa-
tion of the scaled magnetic moment of a dipole source.
The scaled or normalised magnetic moment was origi-
nally defined byWilson (1985) and later byWynn (1999)
in the context of tracking magnetic dipole sources.
The NSS, as denoted by μ, is defined in terms of the
eigenvalues of its magnetic gradient tensor, namely,

μ =
√

−λ22 − λ1λ3 for λ1 ≥ λ2 ≥ λ3, (31)

where λ1 > 0 is the first eigenvalue which is always
positive, λ2 is the second or intermediate eigenvalue
which has the smallest absolute value and λ3 < 0 is
always negative. The tracelessness property of the ten-
sor, combined with the ordering of the eigenvalues,
ensures that the quantity under the square root sign in
Equation (31) is always positive unless there is no gradi-
ent, inwhich case all eigenvalues are zero and theNSS is
also zero. Therefore the NSS is always real and positive
definite whenever a magnetic field gradient is present,
and this is irrespective of the nature of the magnetic
sources.

The scaled moment vector μ for a point dipole
source of magnetic momentm is (Clark 2012)

μ(r) = 3Cmm
r4

= 3Cmm
r4

ûm = μûm;μ = 3Cmm
r4

,

(32.1)
where ûm is theunit direction cosine vector for themag-
netic momentm. For a dipole source, the magnitude μ

of the scaled moment is proportional to the magnitude
of the dipole moment and inversely proportional to the
fourth power of the distance from the source. It can be
calculated directly from the eigenvalues of the gradient
tensor, using Equation (31).

The external field of a uniformly magnetised sphere
is identical to that of a point dipole with the samemag-
netic moment m. located at the centre of the sphere.
Hence for a uniformly magnetised sphere of radius a
and intensity of magnetisation M, the magnitude μ of
the scaled moment or NSS at an external point a dis-
tance r from the centre is

μ(r) = 3Cmm
r4

= 4πCmMa3

r4
(form = Mv = 4πa3M

3
).

(32.2)
Importantly for a horizontal observation plane, the

NSS peaks directly above the centre of the sphere
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regardless of the orientation of the magnetic moment.
This conclusion also holds approximately for any com-
pact source with a reasonably coherent magnetisation
direction, for which the external field is dominated by
the dipole moment. Clark (2012) and Beiki et al. (2012)
showed that the NSS, defined by Equation (31), peaks
directly over the source for a number of useful elemen-
tary models and that it is completely independent of
magnetisation direction for arbitrary 2D sources, as well
as for spheres and axially magnetised narrow plunging
pipes. The NSS is also only weakly dependent on mag-
netisation direction for a wide variety of 3D magnetic
models.

These observations lead to a formulation for the
magnetic gradient tensor in termsof the components of
magnetisation of amagnetic sphere. In particular, for an
observation point directly above a dipole or a uniformly
magnetised sphere of radius a with magnetisation M,
it may be shown (see Appendix A5) that the magnetic
gradient tensor B is given by

B(0, 0, z) = 4πCma3

r4

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦

= f

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ , (33)

where f = (4πCma3)/z4 and z < −a (a = 0 for a point
dipole).

The three eigenvalues λ1, λ2, λ3 are found by solv-
ing for the roots of the characteristic equation det (B −
λI) = 0. These eigenvalues are obtained by solving the
depressed cubic equation in λ (see Appendix A5 for
details).

The ordering of the three eigenvalues is determined
by the sign of the vertical component of magnetisation
Mz . For Mz > 0, the eigenvalues at an axial station in
descending orderλ1 > λ2 > λ3 are given by the follow-
ing expressions:

λ1 = f

2

[
Mz +

√
4(M2

x + M2
y) + 9M2

z

]

= fMz

2

[
1 +

√
4cot2IM + 9

]
= fMz

2
(1 + �), (34.1)

λ2 = −fMz , (34.2)

λ3 = f

2

[
Mz −

√
4(M2

x + M2
y) + 9M2

z

]

= fMz

2

[
1 −

√
4cot2IM + 9

]
= fMz

2
(1 − �), (34.3)

where IM is the inclination of the magnetisation
vectorM,

IM = arctan

⎡
⎣ Mz√

(M2
x + M2

y)

⎤
⎦ orIM = arctan

(
Mz

Mh

)
,

(35)

and

� =
√
4(M2

x + M2
y)/M2

z + 9 =
√
4(M2

h/M
2
z ) + 9

=
√
4cot2IM + 9. (36)

Importantly for magnetisations where Mz is positive
(such as induced magnetisations in the northern mag-
netic hemisphere), the second eigenvalue λ2 is always
negative, whereas for magnetisations in the southern
magnetic hemisphere where Mz is negative, the sec-
ond eigenvalue λ2 is always positive and the λ1 and λ3

eigenvalues are interchanged. The NSS μ(0,0,z) along
the vertical axis through the centre of the sphere may
now be derived from Equations (34.1) o (34.3), namely,

μ(0, 0, z) =
√

−λ22 − λ1λ3

=
√

−f2M2
z −

[
fMz

2
(1 + �)

] [
fMz

2
(1 − �)

]

= fMz

2
(�2 − 5).

Since the discriminant term is � =√
4(M2

x + M2
y)/M2

z + 9, then the final expression for the

scaled moment is

μ(0, 0, z) = f

2

√
4(M2

x + M2
y) + 9M2

z − 5M2
z

= f
√
M2

x + M2
y + M2

z = f |M|. (37)

This is an important result. It shows that the NSS on
the vertical axis of the magnetised sphere is indepen-
dent of the magnetisation direction (as is true at every
point around the sphere) and, for a particular observa-
tion height |z| above the centre, its magnitude is deter-
mined by the radius of the sphere and the intensity of
magnetisation only.

The angle ϕ is defined as the angle between the line
joining the centre of the dipole or magnetic sphere to
the observation point P(rs) and the magnetic moment
vector m (Clark 2012). However, when the observation
point is located on the vertical axis of the magnetised
sphere, the ratio cosϕ = λ2/μ yields an expression for
the inclination IM of magnetisation, namely,

cosϕ = λ2

μ
= −fMz

f |M| = −Mz√
M2

h + M2
z

= −sgnMz√
cot2IM + 1

= −sinIM for 0 ≤ ϕ ≤ π and − π

2
≤ IM ≤ π

2
.

(38)

Therefore, for any axial observation point above a
uniformly magnetised sphere, it may be deduced that
IM = ϕ − π/2.

An expression for the declination of magnetisation
DM may be derived from the each of the three eigen-
vectors ê1, ê2, ê3 of the magnetic gradient tensor B



12 K. B. MCKENZIE

for an observation station P(0, 0, z) located at a height
|z| directly above an origin at the centre of a magne-
tised sphere. The declination angle DM as defined here
follows the palaeomagnetic convention, namely, it is
defined as the azimuthal angle measured in degrees
positive clockwise from true north to the horizontal
direction of magnetisation (0° ≤ DM ≤ 360°). The three
eigenvectors ê1, ê2, ê3 of the magnetic gradient tensor
are found by solving the linear equation Bêj = λjêj for
each of the three eigenvalues λ1, λ2, λ3, respectively. A
full derivation is given in Appendix A5.

The first eigenvector ê1 at an observation point
P(0, 0, z) directly above the centre of a magnetic sphere
or dipole source in whichMz > 0 and λ1 = fMz

2 (1 + �)

is

ê1 = (e1x , e1y , e1z)T =

(
Mx ,My ,

2M2
h

Mz(3−�)

)T

√
M2

x + M2
y + 4M4

h
M2
z (3−�)2

. (39)

The second eigenvector ê2 at an observation point
P(0, 0, z) directly above the centre of a magnetic sphere
or dipole source in whichMz > 0 and λ2 = −fMz is

ê2 = (e2x , e2y , e2z)T = (−My ,Mx ,0) T√
M2

x + My
2

=
(

−My

Mh
,
Mx

Mh
,0
)T

= (−sinDM, cosDM,0)T. (40)

The third eigenvector ê3 at an observation point
P(0, 0, z) directly above the centre of a magnetic sphere
or dipole source in whichMz > 0 and λ3 = fMz

2 (1 − �)

is

ê3 = (e3x , e3y , e3z)T =

(
Mx ,My ,

2M2
h

Mz(3+�)

)T

√
M2

x + M2
y + 4M4

h
M2
z (3+�)2

. (41)

By inspection of Equations (39) and (41), it is immedi-
ately evident that the declinations of the first Dev1 and
third Dev3 eigenvectors at a point P(0, 0, z) are identical
to the declination of magnetisation for the magnetised
sphere, namely,

Dev1 = arctan
(
e1y
e1x

)
= arctan

(
My

Mx

)
= DM

(0◦ ≤ Dev1 ≤ 360◦), (42.1)

Dev3 = arctan
(
e3y
e3x

)
= arctan

(
My

Mx

)
= DM

(0◦ ≤ Dev1 ≤ 360◦). (42.2)

The inclinations of the first Iev1 and third Iev3 eigen-
vectors at a point P(0,0,z) are

Iev1 = arctan

⎡
⎣ e1z√

e21x + e21y

⎤
⎦ = arctan

[
2Mh

Mz(3 − �)

]

= arctan
[
2cotIM
(3 − �)

]
IM > 0, (43.1)

Iev3 = arctan

⎡
⎣ e3z√

e23x + e23y

⎤
⎦ = arctan

[
2Mh

Mz(3 + �)

]

= arctan
[
2cotIM
(3 + �)

]
IM > 0. (43.2)

From Equations (36), (43.1) and (43.2), it can be
shown that the inclinations of the first and third eigen-
vectors differ by 90°.

By inspection of Equation (40), the inclination of the
second eigenvector at P(0,0,z) is zero and its declination
Dex2 is related to the declination ofmagnetisationDM as
follows:

DM = arctan
(−e2x

e2y

)
= Dex2 ± π

2
. (44)

Finally, I also note that estimates of the declination of
magnetisation DM may also be obtained from the mag-
netic gradient tensor directly. For example, by inspec-
tion of Equation (33), it is evident that the Bxz and Bzx
tensor elements are given by−Mx while the Byz and Bzy
tensor elements are given by−My . Hence an expression
for the declination of magnetisation is

DM = arctan
(
My

Mx

)
= arctan

(−Byz
−Bxz

)

0◦ ≤ DM ≤ 360◦. (45)

The use and effectiveness of these new methodolo-
gies to reliably determineboth the inclination anddecli-
nation ofmagnetisation for a series of ellipsoidal bodies
will be investigated in the next section. Table 3 shows
the symmetries and anti-symmetries in the eigenvalues
and the direction ofmagnetisation parameters, namely,
ϕ, IM,DM for a specific inclination of magnetisation in
both thenorthern and southernmagnetic hemispheres.
The declinations and inclinations of the first and third
eigenvectors, i.e.Dev1, Iev1,Dev3, Iev3 allow for the correct
determinationof thedeclinationofmagnetisationDM in
eachmagnetic hemisphere. In addition, the declination
of magnetisation obtained from Equation (45) may be
used to ensure that the declination estimates obtained
from the eigenvector directions in Equations (42.1) and
(42.2) have been correctly determined.
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Table 3. Direction of magnetisation parameters in both the north and south magnetic hemispheres as estimated from the
eigenvector-eigenvalue decomposition of themagnetic gradient tensor at observation points directly above the centre of amagnetic
sphere with magnetisationM.

Parameter name Northern magnetic hemisphere IM ≥ 0 andMz ≥ 0 Southern magnetic hemisphere IM < 0 andMz < 0

λ1 λ1N = fMz

2
(1 + �) = −λ3S λ1S = fMz

2
(1 − �) = −λ3N

λ2 λ2N = −fMz(λ2N < 0) = −λ2S λ2S = −fMz(λ2s > 0) = −λ2N

λ3 λ3N = fMz

2
(1 − �) = −λ1S λ3S = fMz

2
(1 + �) = −λ1N

ϕ ϕ = arccos
(

λ2

μ

)
;
π

2
≤ ϕ ≤ π ϕ = arccos

(
λ2

μ

)
; 0 ≤ ϕ ≤ π

2

IM IM = arccos
(

λ2

μ

)
− π

2
= ϕ − π

2
IM = arccos

(
λ2

μ

)
− π

2
= ϕ − π

2

IM IM = arctan
(
Mz

Mh

)
= arctan

⎛
⎝ (Bzz/2)√

B2xz + B2yz

⎞
⎠ IM = arctan

(
Mz

Mh

)
= arctan

⎛
⎝ (Bzz/2)√

B2xz + B2yz

⎞
⎠

DM DM = arctan
(
My

Mx

)
= arctan

(−Byz
−Bxz

)
DM = arctan

(
My

Mx

)
= arctan

(−Byz
−Bxz

)

DM DM = arctan
(
ejy
ejx

)
= Devj ; j = 1,3 DM = arctan

(
ejy
ejx

)
= Devj ; j = 1,3

DM DM = arctan
(−e2x

e2y

)
= Dev2 ± π

2
DM = arctan

(−e2x
e2y

)
= Dev2 ± π

2

Iev1 Iev1N = arctan
[

2cotIM
(3 − �)

]
Iev1N < 0 Iev1S = arctan

[
2cotIM

(3 + �)

]
= −Iev3N

Iev3 Iev3N = arctan
[

2cotIM
(3 + �)

]
Iev3N > 0 Iev3S = arctan

[
2cotIM

(3 − �)

]
= −Iev1N

Parameters influencing the determination of
magnetisation direction – a synthetic example
usingMagmod IV

In this section, I present an investigation into the influ-
ence of body shape, observation height and inclination
of magnetisation on the determination of magnetisa-
tion direction using the eigenvector theory presented
above. For this research, I have calculated the magnetic
gradient tensor elements over a horizontal grid of mag-
netic stations at heights of 50, 75, 100 and 200m above
the centre of a series of magnetic spheres, spheroids
and triaxial ellipsoids with the same intensity of mag-
netisation and magnetic moment but with different
shape anisotropy, i.e. where the ellipticity e = a1/a3 in
plan view was allowed to range from 1 to 20. My inves-
tigations will look at the influence of shape anisotropy
on the accuracy of the magnetisation determinations
at different observation heights. In addition, I present
my findings from an initial investigation into the effect
of changingmagnetisation direction on the accuracy of
the magnetisation determinations. This study will com-
pare the relative accuracy of the magnetisation deter-
minations for points directly over the centre ofmagneti-
sationwithmagnetisations determined at points where
the NSS μ is at a maximum, the latter being the most
obvious starting point for these determinations when
the centre of magnetisation is unknown.

The model chosen for this investigation is the mag-
netic sphere model (Magmod IV) in Emerson, Clark, and
Saul (1985). Thismodel incorporates isotropicmagnetic
volume susceptibility and remanent magnetisation.

Self-demagnetisation effects have been neglected for
this study. The body properties of the magnetic
sphere and ellipsoids are summarised in Table 4.
The major and minor axes in each of the ellipsoidal
bodies are horizontal with the major axis aligned
north–south and the minor axis east–west. The intrin-
sic or bulk susceptibility kb in each of these mod-
els was 0.125664 SI units (0.01 cgs units) while the
remanent magnetisation Mnrm in each of these mod-
els was intensity |Mnrm| = 95.0094A/m with declina-
tion Dnrm = 328.64° and inclination Inrm = −43.56°.
The intensity of total resultant magnetisation Mtot in
each of these models was 100A/m with declination
Dtot = 330.00° and inclination Itot = −45.00°.

The position of global maxima in the NSS μ rela-
tive to the horizontal centre of magnetisation (hcm)
of the ellipsoidal bodies depends on the observation
height above the centre of the ellipsoid, the ellipticity
e of the ellipsoidal sources and the direction of mag-
netisation in these sources. The effect of observation
height and shape factor e on the location of globalmax-
ima μmax in the NSS is illustrated in Figure 4(a–c) for
a resultant magnetisation model in the fourth quad-
rant (DM = 330◦) of the southernmagnetic hemisphere
(IM = −45°), i.e. model Q4SH, as shown in Table 4. The
model nomenclature used here is Q4 for declinations in
the fourth quadrant (270°≤ DM <360°) and SH for incli-
nations in the southern magnetic hemisphere (−90°<
IM <0°). Figure 4(a) shows the distance from the hcm
to the position of the global maximum of NSS μ for
observation heights of 50, 75, 100 and 200m as the
ellipticity is increased from 1 to 20. Figure 4(b) shows
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Table 4. Body properties for the Magmod IV sphere and equivalent triaxial ellipsoids.

e = a1/a3 a1 (m) a3 (m) a2 (m)
|zts| for

|zc| = 50 m
|zts| for

|zc| = 75 m
|zts| for

|zc| = 100 m

1.000 13.3650 13.3650 13.3650 36.6350 61.6350 86.6350
1.100 14.0800 12.8000 13.2464 36.7536 61.7536 86.7536
1.250 15.0000 12.0000 13.2629 36.7371 61.7371 86.7371
1.500 16.2000 10.8000 13.6450 36.3550 61.3550 86.3550
1.750 17.5000 10.0000 13.6419 36.3581 61.3581 86.3581
2.000 18.0000 9.0000 14.7366 35.2634 60.2634 85.2634
2.500 20.0000 8.0000 14.9208 35.0792 60.0792 85.0792
3.000 21.0000 7.0000 16.2403 33.7597 58.7597 83.7597
4.000 24.0000 6.0000 16.5786 33.4214 58.4214 83.4214
5.000 26.0000 5.2000 17.6577 32.3423 57.3423 82.3423
6.000 28.2000 4.7000 18.0121 31.9879 56.9879 81.9879
7.000 29.4000 4.2000 19.3337 30.6663 55.6663 80.6663
8.000 31.4000 3.9250 19.3706 30.6294 55.6294 80.6294
10.000 35.0000 3.5000 19.4884 30.5116 55.5116 80.5116
12.000 37.8000 3.1500 20.0498 29.9502 54.9502 79.9502
15.000 42.0000 2.8000 20.3004 29.6996 54.6996 79.6996
20.000 48.0000 2.4000 20.7233 29.2767 54.2767 79.2767

Notes: The lengths of the a2 semiaxis where a2 = 3v/(4πa1a3) are shown to only 4 decimal spaces. The depths to the top surface zts in each of the ellip-
soids are tabulated for the 50, 75 and 100m depths to the centre |zc| of each ellipsoid model. The semiaxial lengths a1, a2, a3 for the ellipsoids. Volume
v = 4π

3 a1a2a3 = 10000.0m3.
The ellipsoidal angles (α, δ, γ ) forming a right-hand clockwise coordinate system

α (azimuth of the downward pointing a1 semiaxis) = 0.00°
δ (plunge of the downward pointing a1 semiaxis) = 0.00°
γ (rotation of the downward a3 semiaxis from the = −90.00° vertical plane containing the a1 semiaxis)

Declination and inclination of the x1, x2, x3 (or a1, a2, a3) body axes:
Declination û1 = 0.00°, Inclination û1 = 0.00°
Declination û2 = 0.00°, Inclination û2 = −90.00°
Declination û3 = 90.00°, Inclination û3 = 0.00°

The local geomagnetic field vector b0 (nT):
|b0| = 58000 nT, Declination b0 = 11.00°, Inclination b0 = −64.50°

The bulk or intrinsic magnetic susceptibility kb :
kb = 0.125663706 SI units (4π × 10−2 SI units)

The intrinsic inducedMind and intrinsic remanent magnetisationMnrm vectors:
|Mind| = 5.8000 A/m, Declination Dind = 11.00°, Inclination Iind = −64.50°
|Mnrm| = 95. 0094 A/m, Declination Dnrm = 328.64°, Inclination Inrm = −43.56°

Koenigsberger ratio Q = |Mnrm|/|Mind| = 16.38
The intrinsic total resultant magnetisation vectorMres = Mind + Mnrm :

|Mres| = 100 A/m, Declination Dres = 330.00°, Inclination Ires = −45.00°
Total magnetic moment |m| = Mres|v = 106 Am2.

the azimuthal angle from the hcm to the position of
the global maximum of NSS μ for observation heights
of 50, 75, 100 and 200m as the ellipticity is increased
from 1 to 20. Figure 4(a) also shows the position ofμmax

relative to the centre of magnetisation for a magneti-
sation Q4NH (i.e. declination DM = 330° in the fourth
quadrant Q4 and inclination IM = 45° in the northern
− NH) at an observation height of 100m. The posi-
tions of μmax are always offset from the hcm for ellip-
ticies e ≥ 1.75 and for observation heights z ≤ 100m.
This increases to an ellipticity e ≥ 3 for an observa-
tion height of 200m. For magnetisations in the south-
ern magnetic hemisphere, the global maxima in μmax

migrate very slightly in an E or NE direction from the
centre of magnetisation of the ellipsoid as the elliptic-
ities increase above 3.0. For a low observation height
of 50m, the maxima in μmax for model Q4SH are posi-
tioned directly north of the hcm along the major axis
of the ellipsoidal bodies for ellipticities above 5. More-
over, for an equivalent magnetisation in the northern
hemisphere (model Q4NH), the global maxima μmax

in the NSS are positioned southwards from the hcm.
This trend is less pronounced as the observation height
increases (see Figure 4(b)). The difference in azimuth
between model Q4NH and Q4SH at an observation

height of 100m is 180 degrees (see Figure 4(c)). The
behaviour exhibited here is governed by the shape fac-
tor of the ellipsoids and the observation height above
their centres. For low observation heights, the shape
factor strongly influences the location of globalmaxima
μmax in the NSS with the positions migrating towards
points on the major axis of the ellipsoid as the degree
of ellipticity increases. This migration is towards oppo-
site ends of the ellipsoid formagnetisations in the north
and south hemispheres. Furthermore as the observa-
tion height |z| increases, the displacement in the posi-
tion of μmax from the hcm is considerably reduced as
is the degree of rotation towards the major axis. This is
consistentwith thedipole-like behaviour of ellipsoids as
the observation height becomes large (Clark, Saul, and
Emerson 1986; Foss 2017).

Figure 5(a,b) shows plots of the estimated inclina-
tion of magnetisation calculated from IM = ϕ − π/2.
at four different observation heights (i.e. 50, 75, 100
and 200m) as the ellipticity e = a1/a3 of the ellipsoidal
sources is increased from 1 to 20. Figure 5(a) shows
the results for observation points directly above the
centre of magnetisation (hcm) while Figure 5(b) shows
results for observation points at the global maximum
μmax in the NSS. Figure 5(c) displays the departures of
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Figure 4. The location of global maxima in NSS μmax relative to the hcm for a series of triaxial ellipsoids with ellipticities e ranging
from 1–20 and observation heights 50, 75, 100 and 200m above the centre of magnetisation . Figure 4(a) shows the distance from
the hcm to the location ofμmax while Figure 4(b) shows the azimuth in degrees from true north. Figure 4(c) shows that the difference
between the azimuthal angles from the hcm to the location ofμmax in the northern and southern magnetic hemispheres is 180°.

the estimated inclination ofmagnetisation IM(est) for the
same series of ellipsoids, onewith an inclination ofmag-
netisation IM of 45° in the northern hemisphere and the

other with an inclination of magnetisation IM of −45°
in the southern magnetic hemisphere. The observation
height is 100m in both cases. The plots of estimated
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Figure 5. The estimated inclinationofmagnetisation IM(est) for a series of triaxial ellipsoidswith ellipticities e ranging from1 to 20 and
observation heights at 50, 75, 100 and 200mabove the ellipsoid centre. Figure 5(a) shows the estimated inclination ofmagnetisation
IM(est) at points above the centre of magnetisation while Figure 5(b) shows the estimated inclination of magnetisation at observation
points where the NSS μ is a maximum. Figure 5(c) shows the departures of the estimated inclination from the true inclination of
magnetisation IM for the same series of triaxial ellipsoids at an observation height of 100m in the northern and southern hemisphere.
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Figure 6. The declination of magnetisation DM estimated from the principal eigenvector ê3 for a series of triaxial ellipsoids with
ellipticities e ranging from 1 to 20 and at observation heights of 50, 75, 100 and 200m above the ellipsoid centre. Figure 6(a) shows
the estimated declination of magnetisation at points above the centre of magnetisation while Figure 6(b) shows the estimated
declination of magnetisation at observation points where the NSSμ is a maximum.

inclination of magnetisation at the hcm in Figure 5(a)
are smoothly varying while those in Figure 5(b) for the
estimated inclination of magnetisation show discontin-
uous steps consistentwith positional shifts in the global
peaks in μmax as the ellipticity e = a1/a3 is increased
from 1.75 to 20.

Most significantly, the estimated inclinations ofmag-
netisation are not significantly affected by the degree
of ellipticity of the ellipsoidal source at least for obser-
vation heights 100m above the centre of the ellipsoid
or ∼79.3–86.8m above the top surface of the ellip-
soidal sources. For example, the maximum deviation
from the true inclination is less than ∼1.5° and ∼2.5°
at observation heights of 200 and 100m, respectively.
Even for an observation height of 50m above the cen-
tre or 29.3−36.8m above the top surface the deviation
from the true inclination of magnetisation is less than

10° for an ellipticity of 10 in Figure 5(a,b). This obser-
vation height is akin to a surface gradiometer survey
with sources ∼30–40mbelow ground. The accuracy of
the inclination estimates increases as the observation
height increases. Importantly the estimates of inclina-
tion of magnetisation are similar for observation points
above the centre of magnetisation or where the NSS
is at a global maximum for a particular observation
height. For example, the mean absolute error between
the estimates of inclination of magnetisation at the two
measurement points is 0.090° at an observation height
of 200m, 0.258° at 100m, 0.177° at 75m and 0.152° at
50m.

Figure 6(a,b) shows plots of the declination angles
estimated from the declination Dev3 of the principal
eigenvector ê3 (see Table 3) at four different observa-
tion heights as the ellipticity e = a1/a3 of the ellipsoidal
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Figure 7. The declination of magnetisation DM estimated from eigenvectors ê1 and ê3 for a series of triaxial ellipsoids with elliptic-
ities e ranging from 1 to 20 in both the southern hemisphere (Model Q4SH) and northern hemisphere (Model Q4NH). In the former,
the principal eigenvector is ê3 while in the latter it is ê1. The plots of declination of magnetisation for ê1 in the northern hemisphere
exactly over-plot those for ê3 in the southern hemisphere and vice versa. The observation height is 100m above the ellipsoid centre
in both models.

sources is increased from 1 to 20. The accuracy of
the declination estimates improves as the observation
height increases. This is consistent with the diminish-
ing influence of shape anisotropy as the observation
height increases with magnetic ellipsoids behaving as
quasi-dipoles. The estimates of declination at the global
maxima in NSS in Figure 6(b) have higher absolute
errors than those over the centre of magnetisation in
Figure 6(a). Also the deviation from the true declina-
tion angle is approximately quasi-linear especially for
ellipticities e ≥ 4. Furthermore, for magnetisations in
the southern magnetic hemisphere (Q4SH), the third
eigenvector ê3 yields the smallest deviations from the
true declination while the first eigenvector ê1 yields the
largest. This is reversed for magnetisations in the north-
ernmagnetic hemisphere (Q4NH) where the first eigen-
vector ê1 yields the smallest deviations from the true
declination while the third eigenvector ê3 yields the
largest. In both instances the eigenvector yielding the
smallest deviation from the true declination ofmagneti-
sation is associated with the principal or largest eigen-
value which is λ3 in the southern magnetic hemisphere
and λ1 in the northern magnetic hemisphere. This is
illustrated in Figure 7 where the estimated declination
of magnetisation curves for ê1 in model Q4SH are iden-
tical to those from for ê3 in model Q4SH. It is noted that
plots of the declination of magnetisation are smoothly
varying for observation points above the centre ofmag-
netisation while those at the global maxima of the NSS
have discontinuities consistent with slight shifts in the
position of μmax. Figure 8(a,b) shows the departures
of the estimated magnetisation direction from the true
magnetisation direction for a series of triaxial ellipsoids

with ellipticities e, ranging from 1 to 20 and at observa-
tion heights of 50, 75, 100 and 200m above the ellip-
soid centre. Estimates of the departure from the true
magnetisation direction for points above the centre of
magnetisation in Figure 8(a) are extremely accurate,
i.e. ≤ 3° for ellipticities e ≤ 12 and observation heights
z ≥ 75m.

The effect of shape anisotropy on the eigenvalues of
the gradient tensor inmodel Q4SH is shown in Figure 9.
The relative change in the normalised principal eigen-
values formodel Q4SH is shown for observation heights
of 50, 75, 100 and 200m. There is little change in the
relative amplitude of the normalised eigenvalues with
increasing ellipticity for observation heights of 100 and
200m, respectively. For example, at an ellipticity of 15,
the amplitudes of the normalised eigenvalues at obser-
vation heights of 100 and 200m, respectively, are still
92.6% and 97.4% of the amplitudes for the equivalent
perfect sphere with ellipticity of 1. Figure 10 shows
plots of the ratio of observation height above the top
surface of the ellipsoid to its maximum dimension, i.e.
ztc/2a1. This ratio is equivalent to the distance of closest
approach atwhich themagnetic field or gradient tensor
is measured to the maximum elongation of a magnetic
source. For magnetic field measurements, Foss (2017)
states that bodies with ratios above 2 display behaviour
consistent with a dipole magnetisation. For magnetic
gradient tensor measurements above or in close prox-
imity to the centre of magnetisation of a triaxial ellip-
soid source, reliable magnetisation directions may be
obtainedwhen the ratio ztc/2a1 is close to 1.0. The influ-
ence of magnetisation direction will be investigated in
the next section.
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Figure 8. Rotation of the estimated magnetisation direction from the true magnetisation direction for a series of triaxial ellipsoids
with ellipticities e ranging from 1 to 20 and at observation heights of 50, 75, 100 and 200m above the ellipsoid centre. Figure 8(a)
shows the ARA for the estimated magnetisation direction at points above the centre of magnetisation while Figure 8(b) shows the
ARA for the estimated magnetisation direction at observation points where the NSSμ is a maximum.

The effect of magnetisation direction

Figure 11(a,b) and Figure 12(a,b) show plots of the esti-
mated inclination IM(est) and declination DM(est) of mag-
netisation respectively for a series of ellipsoids with
ellipticities of 2, 5, and 10 as the true inclination of
magnetisation IM is varied from −90° to 0°. Figure 12(c)
shows the departure or apparent rotation angle (ARA)
of the estimated magnetisation direction from the true
magnetisation direction for the same series of ellip-
soids at observation points where the NSS μ is a max-
imum. The results shown here have been calculated
at an observation height of 100m above the centre
of each ellipsoid. This yields shape factors zts/2a1 of

2.36, 1.73 and 1.15, respectively, for the ellipsoids in
Figure 11(a) and Figure 12(a). The step size between
IM estimates varies from ∼7° near the pole to ∼8.5°
near the equator. The estimates of inclination of mag-
netisation in Figure 11(a,b) have been determined at
both the hcm and at the position of each global max-
imum μmax in the NSS. The estimated inclinations are
almost identical in both cases with the best results
being achieved at low magnetic inclinations. However,
the reliability of this method to estimate the inclina-
tion of magnetisation is shown to deteriorate at high
inclinations of magnetisation particularly for ellipsoids
where the shape anisotropy is high (e > 5) and where
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Figure 9. The normalised principal eigenvalues λ3 for a series of triaxial ellipsoids with ellipticities e ranging from 1 to 20 and at
observation heights of 50, 75, 100 and 200m above the ellipsoid centre in model Q4SH.

Figure 10. The shape factor ztc/2a1 for a series of triaxial ellipsoidswith ellipticities e ranging from1 to 20 and at observation heights
of 50, 75, 100 and 200m above the ellipsoid centre. Shape factors ztc/2a1 > 1 yield reliable estimates of magnetisation direction for
each of the observation heights shown.

ztc/2a1 < 1.5. For example, at an observation height
of 100m, the estimated inclination of magnetisation
for ellipsoids with ellipticities of 5 and 10 are unable
to accurately resolve (i.e. to within 5°) inclinations of
magnetisation |IM| above 70° and 65° respectively. This
improves to |IM| < 81° at an observation height of
200m and for ellipticities e ≤ 10. The declination esti-
mates in Figure 11(a,b) have been determined at both
the hcm and at the position of each global maximum
μmax in the NSS. The plots in Figure 12(a) show that very
accurate determinations of the declination of magneti-
sation may be obtained from the principal eigenvector
of the gradient tensor (i.e. ê3 in the southern magnetic
hemisphere) even at high inclinations of magnetisation
near the south pole. These determinations are best

made at the hcm where the effect of the true incli-
nation of magnetisation is not significant. The plots in
Figure 12(b) show that satisfactory determinations of
the declination of magnetisation at points where the
NSSμ is amaximummaybeobtained from theprincipal
eigenvector of thegradient tensor formagnetisations in
the low to mid-latitudes, i.e. for |IM| < 50° at an obser-
vation height of 100m above the centre of the ellip-
soid bodies. This improves to |IM| < 65° for observation
heights of 200m and ellipticities e ≤ 10. It is noted that
the interpretation of differences between the true and
estimated declinations can be misleading or even irrel-
evant especially at very steep inclinations. Under these
circumstances, it is better to use the apparent rotation
or departure angles (ARA’s) as shown in Figure 12(c).
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Figure 11. The inclination of magnetisation IM(est) estimated for a series of triaxial ellipsoids with ellipticities e = 2, 5, 10 in which
the true inclination of magnetisation IM is varied from −90° to 0°. Figure 11(a) shows the estimated inclination of magnetisation at
points above the centre of magnetisation while Figure 11(b) shows the estimated inclination of magnetisation at observation points
where the NSSμ is a maximum. The observation height above the centre of magnetisation is 100m in each model.

The departure angles shown in Figure 12(c) indicate
that quite accurate determinations of the magnetisa-
tion direction (within ∼ 15°) may be obtained from
the principal eigenvector at points where the NSS μ is
a maximum for ellipsoids possessing steep magnetisa-
tions |IM| < 70° and moderate ellipticities e ≤ 5.

Figure 13(a,b) shows the position of global maxima
in the NSSμ relative to the hcm for a series of ellipsoids
with ellipticities of 2, 5, and 10 in which the inclina-
tion of magnetisation in these sources is varied from
IM = −90° to 0°. Figure 13(a) shows the distance from
thehcm to theposition of the globalmaximumofNSSμ

while Figure 13(b) shows the azimuthal angle from the
hcm to the position of the global maximum of NSS μ.

The observation height is 100m in each of these plots.
The positions of μmax become offset from the hcm as
the inclinationofmagnetisation changes from lowmag-
netic latitudes towards themagnetic pole. This offset of
μmax from the hcm occurs at progressively lower incli-
nations of magnetisation as the shape anisotropy or
ellipticity e increases. For example, Figure 13(a) shows
that the offset in μmax occurs at inclination angles IM in
the range (−37.9°,−45.0°) for an ellipticity e = 2, and in
the range (−16.3°, −23.5°) for e = 5, and in the range
(−9.0°, −16.3°) for e = 10.

For magnetisations in the southern magnetic hemi-
sphere, the global maxima in μ migrate in an E or
NE direction from the centre of magnetisation of the
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Figure 12. The declination of magnetisation DM estimated from the principal eigenvector ê3 for a series of triaxial ellipsoids with
ellipticities e = 2, 5, 10 in which the true inclination of magnetisation IM is varied from−90° to 0°. Figure 12(a) shows the estimated
declination of magnetisation at points above the centre of magnetisation (hcm) while Figure 12(b) shows the estimated declination
of magnetisation at observation points where the NSS μ is a maximum. Figure 12(c) shows the departure or ARA of the estimated
magnetisation direction from the truemagnetisation direction at observationpointswhere theNSSμ is amaximum. The observation
height above the centre of magnetisation is 100m in each model.
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Figure 13. The location of global maxima in NSSμmax relative to the hcm for a series of triaxial ellipsoids with ellipticities e = 2, 5,
10 in which the true inclination of magnetisation IM is varied from −90° to 0°. Figure 13(a) shows the distance in grid-spacing units
(1 gu = 1.25m) from the hcm to the location ofμmax while Figure 13(b) shows the azimuth in degrees from true north.

ellipsoid towards a point on the major axis of the ellip-
soid as the inclination of magnetisation approaches
the south magnetic pole. The offset distances reach a
maximum at high inclinations of magnetisation rang-
ing from −60° to −75° before declining substantially
towards the centre ofmagnetisation formagnetisations
near the magnetic pole. It is also confirmed that the
position of μmax is coincident with the hcm for an incli-
nation of magnetisation at the magnetic pole, i.e. for
IM = ±90° (see Figure 13(a)). The maximum offset dis-
tance increases with the degree of shape anisotropy
(see Figure 13(a)). At very high inclinations of mag-
netisation and irrespective of the ellipticity or shape
anisotropy, the global maxima in μmax all lie on the
major axis of the ellipsoid at a distance of only one

grid spacing away from the hcm (see Figure 13(b)).
This migration of μmax back towards the hcm may
explain the stability of declinationofmagnetisationesti-
mates from ê3 at high inclinations of magnetisation as
shown in Figure 12(a). I also note that the declination
of the ê1 and ê3 eigenvectors is 0° or 360° for a mag-
netic sphere in which the inclination of magnetisation
is ±90° as shown in Figure 12(a) (see Equation (A57) in
Appendix A5).

In summary

The effect of body shape or shape anisotropy (in
this instance as defined by the ellipticity of an ellip-
soid) diminishes with increasing observation height or
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distance at which the magnetic field is measured. Even
for extremely elongated ellipsoidal bodies, its gradient
tensor becomes more “dipole-like” as the observation
distance becomes quite large. Provided that the gra-
dient tensors are sufficiently well defined at these dis-
tances, this allows for reliable estimates of magnetisa-
tion direction.

A preliminary study into the effect of true mag-
netisation direction and particularly the inclination of
magnetisation IM has shown that magnetisations with
lower inclination yield the most accurate determina-
tions of magnetisation direction based on the eigen-
vector decomposition of the magnetic gradient tensor.
The accuracy of this method improves as the observa-
tion height increases, i.e. where ztc/2a1 > 1, and as the
degree of anisotropy of the ellipsoid decreases. How-
ever, the effect of the latter is much less pronounced
particularly for observation heights where ztc/2a1 > 2
(see Figure 10). This is consistent with the dipole-like
behaviour of uniformlymagnetisedmagnetic ellipsoids
as the observation height becomes large relative to the

largest dimension of the body, i.e. the source magneti-
sation dominates the influence of body shape. Impor-
tantly, reliable estimates of the inclination of magneti-
sation IM may be obtained at both the hcm and also
at the global maxima μmax in the NSS. Estimates of
the declination of magnetisation IM are best obtained
from the principal eigenvector of the gradient tensor,
i.e. eigenvector ê1 in thenorthernmagnetic hemisphere
and ê3 in the southernmagnetic hemisphere. However,
these determinations are best made above the centre
of magnetisation where the effect of the true inclina-
tion of magnetisation is not significant. Estimates of the
declination of magnetisation at positions where μ is at
a global maxima are less accurate particularly for obser-
vation heights where ztc/2a1 < 1.5 and for ellipticities
e > 10.

The positioning of global maxima μmax in the NSS
relative to the hcm is influenced by observation height,
shape anisotropy and the inclination of magnetisation.
For the ellipsoids studied here, the global maximaμmax

in NSS migrate towards the major axis of the ellipsoid

Figure 14. Figure 14(a–c) (top row: left to right) shows images of (a) the NSS μ, (b) the estimated inclination of magnetisation
Iϕ−π /2 based on (ϕ − π/2), and and (c) the estimated declination of magnetisation Dev1 based on the principal ê1 eigenvector
for ellipsoid Magmod XVB2 which has a bulk susceptibility of 1.90 SI, a resultant magnetisation intensity |Mres| = 37.3 A/m, dec-
lination DMres = 357.2° and inclination IMres = 44.7°. Figure 14(d–f) (bottom row: left to right) shows images of (d) the NSS μ, (e)
the estimated inclination of magnetisation Iϕ−π /2 based on (ϕ − π/2), and (f ) the estimated declination of magnetisation Dev3
based on the ê3 eigenvector for ellipsoidMagmod XVB3which has a bulk susceptibility of 2.77 SI, a resultantmagnetisation intensity
|Mres| = 31.2 A/m, declination DMres = 3.91° and inclination IMres = 3.89°. The contours of estimated inclination of magnetisation
IM(est) or (ϕ − π/2) (shown in pink) range from 20° to 70° in Figure 14(b) and from−30° to 30° in Figure 14(e). The contour interval
is 10° in both figures.
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as the degree of shape anisotropy increases and also as
the inclination ofmagnetisation increases towards high
magnetic latitudes, i.e. |IM| from60° to75°. Also, the total
offset distance from the hcm is less in more compact
bodies and increases with increasing shape anisotropy
and decreasing observation height. However, at low
magnetic inclinations and also at themagnetic pole the
positions of the global maximumμmax and the hcm are
coincident for quasi-horizontal ellipsoids.

The reliability of the eigenvalue-eigenvector decom-
position of the magnetic gradient tensor to estimate
the inclination ofmagnetisation is shown to deteriorate
for high inclinationmagnetisations particularly for ellip-
soids where the shape anisotropy is high (e > 5) and
where ztc/2a1 < 1.5.

Magnetisation estimates for a dipping triaxial
ellipsoid: does it work?

In an earlier example, I presented images of the mag-
netic gradient tensor due to a plunging triaxial ellipsoid
model, namely, Magmod XVB2. The spatial and mag-
netic properties of this model are listed in Tables 1
and 2 and the images of the six tensor elements are
shown in Figure 3(a–f). As yet I have not shown how
well the eigenvector decomposition is able to reveal the
magnetisation direction for a plunging ellipsoid model
which has significant shape anisotropy (e = 2.5), for
example, in models Magmod XVB2 and XVB3 which
plunge to the north-west and have quite different incli-
nations of magnetisation, i.e. 44.70° and 3.89° respec-
tively. Figure 14 shows images of the (1) NSS μ, (2) esti-
mates of the inclination IM(est) of magnetisation based
on (ϕ − π/2), and (3) estimates of the declination of
magnetisation DM(est) based on the declinations Dev1

and Dev3 of the ê1 and ê3 eigenvectors for ellipsoidal
modelsMagmodXVB2 andXVB3 respectively in Table 2.
The contours of the NSS μ in Figure 14(a,d) are super-
imposed upon the images of the estimated inclination
anddeclination in Figure 14(b,c,e,f). The direction of dis-
placement of the location ofμmax from the point above
the centre of magnetisation for both these models is at
−75.0 N, 67.5 E which is consistent with the azimuth of
the upward directed major axis of these ellipsoids, i.e.
at 140°. The estimates IM(est) of the inclination of mag-
netisation IMres for Magmod XVB2 range from 41° above
the centre of the ellipsoid to 49° at the location of μmax

and forMagmodXVB3, the estimates of IMres range from
−3° above the centre of the ellipsoid to 10° at the loca-
tion of μmax. These estimates IM(est) of the inclination
of magnetisation in both models are in close agree-
mentwith the true inclinations ofmagnetisation IMres of
44.7° and 3.9°, respectively (see Figure 14). Importantly
there is a region to the immediate north andwest of the
location of μmax where IM(est) is within ±15° of the true
inclination of magnetisation with the lower inclination
model MMXVB3 yielding the most consistent estimates

over a broader region. The estimates of the declination
of magnetisation Dev1 from the principal eigenvector
ê1 for Magmod XVB2 range from 350° to 10° along a
S–N trending line which extends from slightly west of
the location of μmax to a point at about 250 N, −5 E.
The strike of this line closely matches the declination
of magnetisation in Magmod XVB2 which is 357.2°. The
estimatesDev1 of thedeclinationofmagnetisationDMres

derived from the principal eigenvector ê1 in Magmod
XVB3 range from3.5° above the centreof theellipsoid to
14° at the locationofμmax. The correspondingestimates
for the declination of magnetisation from eigenvector
ê3 are 29° above the centre to 359° at the location of
μmax.

To investigate further, Figure 15 shows images of
(1) the difference between the estimated inclination of
magnetisation and the true inclination of magnetisa-
tion, (2) the difference between the estimated declina-
tionofmagnetisation (Dev1 − DMres) and (Dev3 − DMres)

(based on the ê1 and ê3 eigenvectors) and the true dec-
lination of magnetisation, and (3) the departure or ARA
between theestimatedmagnetisationdirectionand the
true magnetisation direction for the pair of ellipsoidal
models Magmod XVB2 and Magmod XVB3 in Table 2.
The ARAs θM−Mest in Figure 15(c) are calculated as

θM−Mest = arccos (ûTM · ûMest),

where

ûMest = (cos Dev1cos IMest ,sin Dev1cos IMest ,sin IMest)
T.

In addition to the overlain contours of NSS μ,
Figure 15(a,b) also displays contours of (Iϕ−π/2 − IMres),
while Figure 15(c,d) also displays contours of (Dev1 −
DMres) and (Dev3 − DMres), respectively. These differ-
ence contours are shown in pink at an interval of 10°
over a range from −30° to 30°. Figure 15(c,f) displays
contours of the ARA (shown in pink at an interval of 10°
over a range from 0° to 40°) superimposed upon the
ARA images for ellipsoidal models Magmod XVB2 and
Magmod XVB3 respectively.

ForMagmodXVB2, Figure 15(b) reveals a fan-shaped
region of low deviation from the true declination of
magnetisation which extends northwards from the
position of μmax, while for Magmod XVB3, Figure 15(e)
shows a band of low departures from the true decli-
nation extending west and east from the global max-
imum in NSS. Figure 15(d) reveals results which are
even more consistent for the estimated inclination of
magnetisation in Magmod XVB3. Here the departures
from the true inclination of magnetisation extend in
an east–west band across the region of maximum NSS.
The average or mean inclination of magnetisation for
Magmod XVB2 estimated within a rectangular region
bounded by 125 S to 75 N and 300 W to 300 E (19,521
points) is 41.51°, i.e. a departure of−3.18° from the true
inclination Ires of 44.69°. For Magmod XVB3 over the
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Figure 15. Figure 15 (a–c) (top row: left to right) shows images of (a) the difference (Iϕ−π /2 − IMres) between the estimated inclina-
tion of magnetisation Iϕ−π /2 based on (ϕ − π/2) and the true inclination of magnetisation IMres, (b) the difference (Dev1 − DMres)
between the estimated declination of magnetisation Dev1 based on the ê1 eigenvector and the true declination of magnetisa-
tion DMres, and (c) the apparent rotation (ARA) of the estimated magnetisation direction from the true magnetisation direction
for Magmod XVB2 which has a resultant magnetisation intensity |Mres| = 37.3 A/m, declination DMres = 357.2° and inclination
IMres = 44.7°. Figure 15(d–f) (bottom row: left to right) shows images of (d) the difference (Iϕ−π /2 − IMres) between the estimated
inclination ofmagnetisation Iϕ−π /2 and the true inclination ofmagnetisation IMres, (e) the difference (Dev3 − DMres)between the esti-
mated declination of magnetisation Dev3 based on the ê3 eigenvector and the true declination of magnetisation DMres, and (f ) the
apparent rotation (ARA) of the estimatedmagnetisation direction from the truemagnetisation direction forMagmodXVB3which has
a resultant magnetisation intensity |Mres| = 31.2 A/m, declination DMres = 3.91° and inclination IMres = 3.89°. Figure 15(a–f) dis-
plays contours of NSS μ, which are shown in black. Figure 15(a,b) displays contours of (Iϕ−π /2 − IMres) and (Dev1 − DMres) while
Figure 15(d,e) shows contours of (Iϕ−π /2 − IMres) and (Dev3 − DMres). These contours are displayed in pink at an interval of 10°
over a range from −30° to 30°. The images in Figure 15(c,f ) also display contours of the departure angles ARA_M_Mest−ev1 and
ARA_M_Mest−ev3, respectively. These are shown in pink at an interval of 10° over a range from 0° to 40°.

same region, the average inclination ofmagnetisation is
1.37°, i.e. a departure of−2.51° from the true inclination
of 3.89°, while the average declination of magnetisa-
tion estimated from Dev3 within a rectangular region
bounded by 125 S to 25 N and 300 W to 300 E (14,701
points) is 7.28° which is a departure of 3.37° from the
true declination DMres of 3.91°. The mean declination of
magnetisation estimated for Magmod XVB2 from Dev3

over the fan-shaped region in Figure 15(b) extending
from 50 S to 150 N and from 0 E to 100E at 50 S to
300 W to 300 E at 150 N (∼16,461 points) is 355.13°.
This estimate is a departure of only −2.09° from the
truedeclinationDMres of 357.22°. ForMagmodXVB2, the
averagedeparture angle from the truedirectionofmag-
netisation using the average estimated declination and
inclination angles ofDMest = 355.13° and IMest = 41.51°
respectively is θM−Mest = 3.52°. For Magmod XVB3, the

averagedeparture angle from the truedirectionofmag-
netisation using the average estimated declination and
inclination angles of DMest = 7.28° and IMest = 1.37°
respectively is θM−Mest = 4.20°. These results are supe-
rior to those obtained by taking an average of the
ARAs over the same regions in Figure 15(c,f). For exam-
ple, when averaging was performed over two smaller
regions enclosed by the 30° ARA contour, the average
departures from the truemagnetisation directionswere
19.46° for Magmod XVB and 12.56° for Magmod XVC.
These results for Magmod XVB2 and XVC3 are deemed
satisfactory.

This example shows that it is possible to accurately
estimate the magnetisation direction of a dipping tri-
axial ellipsoid using gridded parameters derived from
the eigenvector-eigenvector decomposition of its mag-
netic gradient tensor.
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Conclusion

The formulation presented here allows for the rapid
computation of the magnetic gradient tensor due
to a uniformly magnetised triaxial ellipsoid in which
the sources of the magnetisation are considered to
be completely general and may include isotropic or
anisotropic magnetic susceptibility, remanence and
self-demagnetisation. The expressions are quite generic
and allow for the computation of the potential fields,
gradient tensors, gradient tensor invariants and canoni-
cal invariants of thegradient tensor including the eigen-
values andeigenvectors for all classes of ellipsoidal bod-
ies. It has been demonstrated thatmaxima in the NSS or
scaledmomentμmax provide ameans for the determin-
ing the magnetisation of ellipsoidal bodies even when
the position of μmax is displaced from the true hori-
zontal true centre of magnetisation of an ellipsoid. This
allows for the determination ofmagnetisation direction
in highly magnetised sheet-like bodies or extremely
elongated bodies which may be remanently magne-
tised or possess significant shape anisotropy due to
self-demagnetisation.
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Appendices

Appendix A1. The Green’s functions
A1(λ),A2(λ),A3(λ) for the general triaxial
ellipsoid

Expressions for the Green’s Functions which arise in expres-
sions for the gravity and magnetic potential at an external
point due to a general triaxial ellipsoid are derived by solving
the following definite integral,

Ai(λ) =
∫ ∞

λ

1

(a2i + u)
√

(a21 + u)(a22 + u)(a23 + u)
du

for i = 1, 2, 3, (A1)

where λ is the principal ellipsoidal coordinate of the observa-
tion point P(x1, x2, x3) with respect to the centre of the ellip-
soid (see Clark, Saul, and Emerson 1986, Equations (2–9)). It is
noted that λ is unique for any observation point. Furthermore
λ is positive (λ > 0) for all external points, negative (λ < 0) for
all internal points and zero (λ = 0) for points on the surface of
the ellipsoid. The integral in Equation (A1) has been evaluated
by Kellogg (1929),

A1(λ) = 2

(a21 − a22)
√

(a21 − a23)
[F(k,β) − E(k,β)], (A2)

A2(λ) =
2
√

(a21 − a23)

(a21 − a22)(a
2
2 − a23)

×
[
E(k,β) − (a22 − a23)

(a21 − a23)
F(k,β) − k2 sinβ cosβ√

1 − k2 sinβ

]
,

(A3)

A3(λ) = 2

(a22 − a23)
√

(a21 − a23)

[
sinβ

√
1− k2 sinβ

cosβ
− E(k,β)

]
,

(A4)
where F(k,β) and E(k,β) are the incomplete elliptic integrals
of the first and second kind respectively with modulus k and
angular amplitude β , namely,

F(k,β) =
∫ β

0

1√
1 − k2 sin θ

dθ , (A5)

and

E(k,β) =
∫ β

0

√
1 − k2 sin θ dθ , (A6)

where

k2 = sinα = (a21 − a22)

(a21 − a23)
0 ≤ α ≤ π

2

and sinβ = (a21 − a23)

(a21 + λ)
0 ≤ β ≤ π

2
. (A7)

Appendix A2. Derivation of expressions for the
external gravitational field due to a uniform
general triaxial ellipsoid

The gravitational potential Uext(rb) at an external observation
point P(rb) in the body axis coordinate system of the ellipsoid,

i.e. rb = (x1, x2, x3)T, is

Uext(rb) = πGρa1a2a3

[
D(λ) −

3∑
i=1

Ai(λ)x2i

]
, (A8)

where

D(λ) =
∫ ∞

λ

1
R(u)

du,

Ai(λ) =
∫ ∞

λ

1

(a2i + u)R(u)
du for i = 1,2,3,

and

R(u) =
√

(a21 + u)(a22 + u)(a23 + u).

Expressions for the body axis components of the exter-
nal gravitational field due to a triaxial ellipsoid are derived by
taking the gradient of its potential Uext(rb):

gi(rb) = ∂Uext

∂xi

= πGρa1a2a3
∂

∂xi

[
D(λ) −

3∑
i=1

Ai(λ)x2i

]
for i = 1,2,3,

(A9)

∂D(λ)

∂xi
= ∂D(λ)

∂λ

∂λ

∂xi
=
(

∂λ

∂xi

)(
∂

∂u

∫ ∞

λ

1
R(u)

)
du

=
(

∂λ

∂xi

)(
1

R(u)

)∞

λ

= − 1
R(λ)

(
∂λ

∂xi

)
, (A10)

∂

∂xi

3∑
i=1

Ai(λ)x2i

=
⎛
⎝ 3∑

j=1

x2j
∂

∂λ
Aj(λ)

⎞
⎠(

∂λ

∂xi

)
+

3∑
j=1

Aj(λ)
∂x2j
∂xi

δij

for i = 1, 2, 3

=
(

∂λ

∂xi

)⎡
⎣ 3∑

j=1

x2j
∂

∂λ

(∫ ∞

λ

1

(a2j + u)R(u)
du

)⎤⎦ + 2xiAi(λ)

=
(

∂λ

∂xi

)⎡
⎣ 3∑

j=1

x2j

(
1

(a2j + u)R(u)

)∞

λ

⎤
⎦ + 2xiAi(λ)

= −
(

1
R(λ)

)(
∂λ

∂xi

)⎡
⎣ 3∑

j=1

(
x2j

(a2j + λ)

)⎤⎦ + 2xiAi(λ)

for i = 1, 2, 3. (A11)

However fromEquation (2),
3∑

j=1

x2j
(a2j +λ)

= 1, so that Equation

(A11) becomes

∂

∂xi

3∑
i=1

Ai(λ)x2i = −
(

1
R(λ)

)(
∂λ

∂xi

)
+ 2xiAi(λ) for i = 1, 2, 3.

(A12)
Thus on substitution of the expressions for the xi partial

derivatives in Equations (A10) and (A12) into Equation (A9)

gi(rb) = πGρa1a2a3
∂

∂xi

[
D(λ) −

3∑
i=1

Ai(λ)x2i

]
for i = 1, 2, 3

= πGρa1a2a3xi

{
−
(

1
R(λ)

)(
∂λ

∂xi

)

−
[
−
(

1
R(λ)

)(
∂λ

∂xi

)
+ 2xiAi(λ)

]}
for i = 1, 2, 3.
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By inspection the terms involving ∂λ
∂xi

have opposite signs
and therefore cancel, hence

gi(rb) = −2πGρa1a2a3xiAi(λ) for i = 1, 2, 3. (A13)

Appendix A3. Expressions for the
transformationmatrix U from the IGRF
coordinate system to the body axis coordinate
system of a general triaxial ellipsoid

The survey axis coordinate system rs = (x, y, z)T used here is
identical to the convention for the IGRF, i.e. x is North, y is
East and z is vertically down. The body axis coordinate sys-
tem x1, x2, x3 parallel to the a1, a2, a3semiaxes respectively of
a general triaxial ellipsoid a1 > a2 > a3 is defined by three
direction cosine vectors û1, û2, û3 whose orientation is spec-
ified via three ellipsoidal angles α, δ, γ (see Figure 1), namely,

α is thehorizontal azimuthof thedownwardpointingmajor or
a1 semiaxis measured positive clockwise from reference
north 0° ≤ α < 360°

δ is the downward plunge of the a1 semiaxis measured pos-
itive clockwise from the horizontal azimuthal direction
0° ≤ δ ≤ 90°

γ is anglemeasured positive anticlockwise throughwhich the
ellipsoid must be rotated about its downward pointing
major a1 semiaxis until the intermediate semiaxis a2 is
horizontal and the minor semiaxis a3 points downward
in the principal vertical plane containing the a1 semiaxis
−90° ≤ γ ≤ 90°.

The unit direction cosine vectors û1, û2, û3 along the
x1, x2, x3 body axes of the ellipsoid are defined as follows:

ûT1 = (cosα cos δ, sinα cos δ, sin δ), (A14)

ûT2 = [−(sinα cos γ + cosα sin δ sin γ ),

(cosα cos γ − sinα sin δ sin γ ), cos δ sin γ ], (A15)

ûT3 = [(sinα sin δ + cosα sin δ cos γ ),

− (cosα sin γ + sinα sin δ cos γ ), cos δ cos γ ]. (A16)

Hence the transformation matrix U from the survey coor-
dinate system to the body axis coordinate system of a general
triaxial ellipsoid is

U =

⎛
⎜⎝
ûT1
ûT2
ûT3

⎞
⎟⎠ =

⎡
⎣u1x u1y u1z
u2x u2y u2z
u3x u3y u3z

⎤
⎦ . (A17)

Both the survey axis coordinates and the body axis coor-
dinates defined here form right-hand clockwise coordinate
systems. When the three ellipsoidal axes α, δ, γ are zero then
the body axis coordinates are identical to the survey axis
coordinates, i.e. û1 is North, û2 is East and û3 is vertically down.

As already stated, all computations of the magnetic and
gravity field components and their respective gradient ten-
sors are made in the body axis coordinate system of the
triaxial ellipsoid. In order to do this, all survey coordinates
P(rs) and magnetisations including Mind andMnrm must first
be transformed from the survey axis coordinate system rs =
(x, y, z)T to the body axis coordinate system rb = (x1, x2, x3)T.
For example if U is the transformation matrix, then

rb = Urs;Mind(rb) = UMind(rs);Mrem(rb) = UMrem(rs),
(A18)

and

xi = ûTi · rs or xi = uixx + uiyy + uizz,

Mi(ind) = ûTi · Mind(rs) andMi(nrm) = ûTi · Mnrm(rs),

and where ûTi = (uix , uiy , uiz) is the ith row vector of the trans-
formation matrix U and rs is the column vector (x, y, z)T.

Once the magnetisation M, field components b(rb) and
gradient tensors B(rb) of the triaxial ellipsoid have been cal-
culated, then these quantities need to be transformed back to
the survey axis coordinate system. To transform the body axis
components of themagnetic field vectorb and theeffectiveor
resultant magnetisation vector M to survey axis coordinates,
the following orthogonal transformation is required

b(rs) = (bx , by , by)T = UTb(rb),

M(rs) = (Mx ,My ,My)
T = UTM(rb), (A19)

where UT the transpose of U, is the inverse of the orthogonal
transformation matrix U, i.e. U−1 = UT and UTU = I. There-
fore expanding Equation (A19)

bx = u1xb1 + u2xb2 + u3xb3; by = u1yb1

+ u2yb2 + u3yb3; bz = u1zb1 + u2zb2 + u3zb3

Mx = u1xM1 + u2xM2 + u3xM3;My = u1yM1 + u2yM2

+ u3yM3;Mz = u1zM1 + u2zM2 + u3zM3. (A20)

To transform themagnetic gradient tensorB(rb) = ∇b(rb)
from the body axis coordinate system of the ellipsoid to the
survey axis coordinate system the following transformation is
applied:

B(rs) = Bij(rs) = UTB(rb)U ; i, j = 1, 2, 3

for x, y, z, respectively. (A21)

The transformations from body axis coordinates to survey
coordinates in Equations (A20) and (A21) also apply to the
gravity gradient tensor	(rb) and the gravitational field vector
g(rb) respectively.

Appendix A4. The demagnetisation factors for
the general triaxial ellipsoid

The three demagnetising factors Ni , i = 1, 2, 3 of a general tri-
axial ellipsoid with uniform magnetisation M are related to
its internal magnetic field components Hi(int) by the following
relation:

Hi(int) = −NiMi = −
(

1
4π

)
∂Vint
∂xi

= −
(

1
4π

)
2πa1a2a3Ai(0)Mi for i = 1,2,3, (A22)

where

Ai(0) =
∫ ∞

0

1

(a2i + u)
√

(a21 + u)(a22 + u)(a23 + u)
du

for λ = 0 and i = 1, 2, 3. (A23)

Hence by inspection of Equation (A22), the demagnetising
factors Ni are directly proportional to the Green’s functions
Ai(0), namely,

Ni =
(

1
4πMi

)
2πa1a2a3Ai(0)Mi

= 1
2
a1a2a3Ai(0) for i = 1, 2, 3. (A24)

The integrals in Equation (A23) have been evaluated by
Stoner (1945). Closed form expressions for A1(0), A2(0) and
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A3(0) functions are given in Clark, Saul, and Emerson (1986)
and also in Takahashi and Oliviera (2017). Hence the expres-
sions for the demagnetisation factors of the general triaxial
ellipsoid in SI units are:

N1 = 1
2
a1a2a3A1(0) = a1a2a3

(a21 − a22)
√

(a21 − a23)
[F(k,β) − E(k,β)],

(A25.1)

N2 = 1
2
a1a2a3A2(0)

=
a1a2a3

√
(a21 − a23)

(a21 − a22)(a
2
2 − a23)

[
E(k,β) − (a22 − a23)

(a21 − a23)
F(k,β)

− a3(a21 − a22)

a1a2
√

(a21 − a23)

⎤
⎦ , (A25.2)

N3 = 1
2
a1a2a3A3(0)

= a1a2a3

(a22 − a23)
√

(a21 − a23)

⎡
⎣a2

√
(a21 − a23)

a1a3
− E(k,β)

⎤
⎦ ,

(A25.3)

where F(k,β)and E(k,β) are the incomplete elliptic integrals
of the first and second kind respectively as given in Equations
(A5) and (A6) with modulus k and angular amplitude β

k2 = sin2α = (a21 − a22)

(a21 − a23)
0 ≤ α ≤ π

2
and

sin2 β = (a21 − a23)

a21
or cosβ = a3

a1
0 ≤ β ≤ π

2
.

Importantly, it may be shown that the sum of all three
Green’s functionsAi(λ), i = 1, 2, 3 given in Equations (A2)–(A4)
of Appendix A1 is exactly 2/R(λ)with the sumof terms involv-
ing both F(k,β) andE(k,β) being identically zero. Since the

expression for R(λ) is R(λ) =
√

(a21 + λ)(a22 + λ)(a23 + λ) then
for the special case of λ = 0 in Equation (A24) above,

3∑
i=1

Ai(0) = A1(0) + A2(0) + A3(0) = 2
R(0)

= 2
a1a2a3

.

(A26)
Therefore the sum of the three demagnetisation factors Ni

is identically 1,

3∑
i=1

Ni = 1
2
a1a2a3

3∑
i=1

Ai(0) =
[
1
2
a1a2a3

] [
2

a1a2a3

]
= 1.

(A27)

Appendix A5. Expressions for themagnetic
gradient tensor, its eigenvalues and
eigenvectors at a measurement point directly
above amagnetic dipole or uniformly
magnetised sphere of radius a and
magnetisationM

The expression for themagnetic gradient tensor due at amea-
surement point P(r) due to a magnetic dipole with magnetic
moment m centred at the origin is given by Wilson (1985),
namely,

Bij(r) = uriμj + urjμi + (μ · ûr)δij − 5(μ · ûr)uriurj
for i, j = 1,2,3 or x, y, z, (A28)

where μ = (μx ,μy ,μz) is the scaled magnetic moment and
ûr = r

|r| = (urx , ury , urz)T is a unit vector in the direction of the
line joining the dipole to the measurement point P(r) and
δij is Kronecker delta. For a uniformly magnetised sphere of
radius a, volume v andmagnetisationM, the scaled magnetic
moment μ(r) is

μ(r) = 3Cmm
r4

= 3CmMv

r4
= 4πCma3M

r4
, (A29)

where Cm is a constant which depends on the system of elec-
tromagnetic units used (see Blakely 1995, 67–68). In the SI
system of units used here, Cm has a value of 100 nH/m or
100 nTm/A for magnetic fields expressed in nanotesla (nT)
and magnetisations expressed in ampere per metre (A/m).
The expressions in Equations (A28) and (A29) for the gradient
tensor due to a uniformly magnetised sphere are completely
general and apply to any external observation point. However
for an observation station P(0, 0, z) located at a height |z| > a
directly above an origin at the centre of a magnetised sphere,
the expressions for its gradient tensor become greatly simpli-
fied since ûr = (urx , ury , urz)T = (0, 0,−1)T. Hence all terms in
Equation (A28) not involving urz are identically zero. There-
fore, at any observation station r = (0,0,z)T where z < −a, the
elements of the gradient tensor Bij(r) are

Bxx = B11 = (μ · ûr)δ11 = −μz

= −4πCma3

r4
Mz for i = 1, j = 1, (A30.1)

Bxy = B12 = 0 for i = 2, j = 1, (A30.2)

Bxz = B13 = ur3μ1 = −μx = −4πCma3

r4
Mx for i = 1, j = 3,

(A30.3)

Byx = B21 = 0 = Bxy for i = 2, j = 1, (A30.4)

Byy = B22 = (μ · ûr)δ22

= −μy = −4πCma3

r4
My for i = 2, j = 2, (A30.5)

Byz = B23 = ur3μ2 = −μy = −4πCma3

r4
My for i = 2, j = 3,

(A30.6)

Bzx = B31 = ur3μ1 = −μx = −4πCma3

r4
Mx

= Bxz for i = 3, j = 1, (A30.7)

Bzy = B32 = ur3μ2 = −μy = −4πCma3

r4
My

= Byz for i = 3, j = 2, (A30.8)

Bzz = B33 = 2ur3μ3 + (μ · ûr)δ33 − 5(μ · ûr)u2r3
= −2μ3 + (−μ3)δ33 − 5(−μ3)u

2
r3

= −3μ3 + 5μ3 = 2μ3 = 2μz

= 8πCma3

r4
Mz for i = 3, j = 3. (A30.9)

Hence themagnetic gradient tensor Bij(0, 0,z) for |z| > a is

B(0, 0, z) = 4πCma3

r4

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦

= f

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦ . (A31)
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The three eigenvalues λ1, λ2, λ3 are found by solving
for the roots the of the characteristic equation det (B −
λI) = 0. On expanding Equation (A31), I obtain the follow-
ing depressed cubic equation whereby it is immediately evi-
dent that λ = −fMz is an eigenvalue of the gradient tensor
B(0, 0, z):

(−fMz − λ)2(2fMz − λ)

− f2M2
y(−fMz − λ) − f2M2

x(−fMz − λ) = 0. (A32)

The two remaining eigenvalues are found by solving the
following quadratic equation:

λ2 − fMzλ − f2(M2
x + M2

y + 2M2
z ) = 0. (A33)

And hence

λ = f

2

[
Mz ±

√
4(M2

x + M2
y) + 9M2

z

]
or λ

= fMz

2

[
1 ±

√
4cot2IM + 9

]
, (A34)

where IM is the inclination of the magnetisation vectorM,

IM = arctan

⎡
⎣ Mz√

(M2
x + M2

y)

⎤
⎦ or IM = arctan

(
Mz

Mh

)
. (A35)

The ordering of the three eigenvalues is determined by
the sign of the vertical component of magnetisation Mz . For
Mz > 0, the eigenvalues for an axial station in descending
order λ1 > λ2 > λ3 are

λ1 = f

2

[
Mz +

√
4(M2

x + M2
y) + 9M2

z

]

= fMz

2

[
1 +

√
4cot2IM + 9

]
= fMz

2
(1 + �), (A36.1)

λ2 = −fMz , (A36.2)

λ3 = f

2

[
Mz −

√
4(M2

x + M2
y) + 9M2

z

]

= fMz

2

[
1 −

√
4cot2IM + 9

]
= fMz

2
(1 − �). (A36.3)

Importantly for magnetisations whereMz is positive (such
as induced magnetisations in the northern magnetic hemi-
sphere), the second eigenvalue λ2 is always negative whereas
for magnetisations in the southern magnetic hemisphere
where Mz is negative, the second eigenvalue λ2 is always
positive and the λ1 and λ3 eigenvalues are interchanged.
The NSS μ(0,0,z) along the vertical axis of the magnetic
spheremay nowbe derived from Equation (31) and Equations
(A36.1)–(A36.3), namely,

μ(0, 0, z) =
√

−λ22 − λ1λ3

=
√

−f2M2
z −

[
fMz

2
(1 + �)

] [
fMz

2
(1 − �)

]

= fMz

2
(�2 − 5),

where

� =
√
4(M2

x + M2
y)/M2

z + 9 =
√
4(M2

h/M
2
z ) + 9

=
√
4cot2IM + 9.

Since the discriminant term is � =
√
4(M2

x + M2
y)/M2

z + 9,

then the final expression for the scaled moment is

μ(0, 0, z) = f

2

√
4(M2

x + M2
y) + 9M2

z − 5M2
z

= f
√
M2

x + M2
y + M2

z = f |M|. (A37)

This is an important result. It shows that the NSS on the
vertical axis of a uniformly magnetised sphere is independent
of the magnetisation direction and, for a particular observa-
tion height, its magnitude is determined by the radius of the
sphere and intensity of magnetisation only. From Equation
(32.2), it may be deduced that for any horizontal observa-
tion plane, the NSS μ peaks directly above the centre of the
magnetised sphere.

The angleϕ is definedas the anglebetween the line joining
the centre of the dipole ormagnetic sphere to the observation
point P(rs) and the magnetic moment vectorm (Clark 2012).
Howeverwhen the observation point is located on the vertical
axis of the magnetised sphere, the ratio cos ϕ = λ2/μ yields
expressions for the inclination IM and coinclination I′M direc-
tions of magnetisation. For example, the inclination angle IM
is related to the angle ϕ as follows:

cos ϕ = λ2

μ
= −fMz

f |M| = −Mz√
M2

h + M2
z

= −sgnMz√
cot2IM + 1

= −sinIM for 0 ≤ ϕ ≤ π and − π

2
≤ IM ≤ π

2
.

(A38)

Therefore, for any axial observation point above a mag-
netic sphere, it may be deduced that IM = ϕ − π/2.

An expression for thedeclinationofmagnetisationDMmay
be derived from the second eigenvector ê2 = (e2x , e2y , e2z)T

of the magnetic gradient tensor B for an observation station
P(0, 0, z) located at a height |z| > a directly above an origin
at the centre of amagnetised sphere. The second eigenvector
ê2 = (e2x , e2y , e2z)T of the magnetic gradient tensor is found
by solving the linear equation Bê2 = λ2ê2 where λ2 is the
second eigenvalue. Hence for λ2 = −fMz :

f

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦
⎛
⎝e2x
e2y
e2z

⎞
⎠ = fMz

⎛
⎝e2x
e2y
e2z

⎞
⎠ .

By expanding either row 1 or row 2 of thematrix equation,
it becomes immediately apparent that e2z = 0, for example,

−fMze2x − fMxe2z = −fMze2x so that e2z = 0.

Furthermore since e2z = 0 and from the expansion of row
3, it is now possible to express component e2y in terms of e2x
and vice versa.

− fMxe2x − fMye2y + 2fMze2z = −fMze2z so that e2y

= −Mx

My
e2x or e2x = −My

Mx
e2y .

Hence the second eigenvector is given by e2 =(
−My

Mx
e2y , e2y , 0

)T
. This vector requires normalisation to unit

amplitude. Therefore the normalised second eigenvector ê2
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is

ê2 = e2
|e2| =

(
−My

Mx
e2y , e2y , 0

)
e2y

√
1 +

(
My
Mx

)2
T

= (−My ,Mx , 0)T√
Mx

2 + My
2

=
(

−My

Mh
,
Mx

Mh
,0
)T

,

or ê2 = (e2x , e2y , e2z)T = (−sinDM, cosDM,0)T. (A39)

The declination of magnetisation DM may now be esti-
mated from the second eigenvector as follows:

tanDM = −e2x
e2y

orDM = arctan
(−e2x

e2y

)
. (A40)

Similarly the first ê1 = (e1x , e1y , e1z)T and third eigenvec-
tors ê3 = (e3x , e3y , e3z)T of the magnetic gradient tensor are
found by solving the pair of linear equations Bê1 = λ1ê1 and
Bê3 = λ3ê3 respectively where λ1 = fMz(1 + �)/2 and λ3 =
fMz(1 − �)/2 are the first and third eigenvalues respectively
for magnetisations in the northern magnetic hemisphere, i.e.
for Mz > 0. The first eigenvector ê1 = (e1x , e1y , e1z)T is found
by solving the equation

f

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦
⎛
⎝e1x
e1y
e1z

⎞
⎠ = fMz

2
(1 + �)

⎛
⎝e1x
e1y
e1z

⎞
⎠ .

(A41)
Expanding the three rows of Equation (A41), leads to the

following expressions for e1x , e1y ande1z

e1x = −Mx

Mz

2
(� + 3)

e3z ; e1y = −My

Mz

2
(� + 3)

e1z ; e1z

= 2M2
h

MxMz(3 − �)
e1x and e1y = My

Mx
e1x , (A42)

whereMh =
√
M2

x + M2
y is the horizontal component of mag-

netisation. Hence from Equation (A42), the unnormalised
eigenvector e1 = (e1x , e1y , e1z)T is

e1 = (e1x , e1y , e1z)T =
(
e1x ,

My

Mx
e1x ,

2M2
h

MxMy(3 − �)
e1x

)T

.

This vector requires normalisation to unit amplitude.
Therefore the normalised eigenvector ê1 at a point P(0, 0, z)
directly above the centre of a magnetic sphere in which
Mz > 0 is

ê1 = e1
|e1| =

e1x

(
1, My

Mx
,

2M2
h

MxMy(3−�)

)T

e1x

√
1 +

(
My
Mx

)2 + 4M4
h

M2
xM

2
z (3−�)2

=

(
Mx ,My ,

2M2
h

Mz(3−�)

)T

√
M2

x + M2
y + 4M4

h
M2
z (3−�)2

. (A43)

By inspection of Equations (A42) and (A43), the declination
Dev1 and inclination Iev1 of the first eigenvector ê1 at P(0, 0, z)
are

Dev1 = arctan
(
e1y
e1x

)
= arctan

(
My

Mx

)

= DM (0◦ ≤ DM ≤ 360◦), (A44.1)

Iev1 = arctan

⎡
⎣ e1z√

e21x + e21y

⎤
⎦ = arctan

[
2Mh

Mz(3 − �)

]

= arctan
[
2cotIM
(3 − �)

]
IM > 0. (A44.2)

Similarly the third eigenvector ê3 = (e3x , e3y , e3z)T is found
by solving the matrix equation

f

⎡
⎣−Mz 0 −Mx

0 −Mz −My

−Mx −My 2Mz

⎤
⎦
⎛
⎝e3x
e3y
e3z

⎞
⎠ = fMz

2
(1 − �)

⎛
⎝e3x
e3y
e3z

⎞
⎠ .

(A45)
Expanding the three rows of Equation (A45), leads to the

following expressions for e3x , e3y and e3z

e3x = Mx

Mz

2
(� − 3)

e3z ; e3y = My

Mz

2
(� − 3)

e3z ; e3z

= 2M2
h

MxMz(3 + �)
e3x and e3y = My

Mx
e3x . (A46)

Therefore the normalised third eigenvector ê3 at an obser-
vation point P(0, 0, z) directly above the centre of a magnetic
sphere in whichMz > 0 is

ê3 = e3
|e3| =

e3x

(
1, My

Mx
,

2M2
h

MxMz(3+�)

)T

e3x

√
1 +

(
My
Mx

)2 + 4M4
h

M2
xM

2
z (3+�)2

=

(
Mx ,My ,

2M2
h

Mz(3+�)

)T

√
M2

x + M2
y + 4M4

h
M2
z (3+�)2

. (A47)

By inspection of Equations (A46) and (A47), the declination
and inclination of the third eigenvector ê3 at P(0, 0, z) are

Dev3 = arctan
(
e3y
e3x

)
= arctan

(
My

Mx

)

= DM (0◦ ≤ DM ≤ 360◦), (A48.1)

Iev3 = arctan

⎡
⎣ e3z√

e23x + e23y

⎤
⎦ = arctan

[
2Mh

Mz(3 + �)

]

= arctan
[
2cotIM
(3 + �)

]
IM > 0. (A48.2)

Thus the first and third eigenvectors have the same dec-
lination, equal to the declination of the magnetisation DM.
Also Equations (A44.2) and (A48) imply that the inclinations
of the first Iev1 and third Iev3 eigenvectors differ by 90°. This
is confirmed using the formula for tan (Iev3 − Iev1) and the
expression for the discriminant term � =

√
4cot2IM + 9.

Some special cases:

(1) The gradient tensor at a station directly above the centre
of a uniformly magnetised sphere in which the inclina-
tion of magnetisation is zero, i.e. when IM = 0 andMz =
0. Therefore from Equation (A31)

B(0, 0, z) = f

⎡
⎣ 0 0 −Mx

0 0 −My

−Mx −My 0

⎤
⎦

where f = 4πCma3

z4
. (A49)
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From Equations (A36.1)–(A36.3), the second eigenvalue
λ2 = 0, sinceMz = 0, and therefore,

λ = f

2

[
±
√
4(M2

x + M2
y)
]

= ±fMh and λ1 = fMh, λ2

= 0, λ3 = −fMh. (A50)

The pair of eigenvectors ê1 and ê3 are

ê1 = (e1x , e1y , e1z)T =
(

Mx√
2Mh

,
My√
2Mh

,− 1√
2

)T

= 1√
2
(cosDM, sinDM,−1)T, (A51.1)

ê3 = (e3x , e3y , e3z)T =
(

Mx√
2Mh

,
My√
2Mh

,
1√
2

)T

= 1√
2
(cosDM, sinDM, 1)T. (A51.2)

By inspection the declination DM of magnetisation is iden-
tical to the declinations of the first and third eigenvectors,

tanDev1 = e1y
e1x

= My

Mx
= tanDM and

tanDev3 = e3y
e3x

= My

Mx
= tanDM. (A52)

Furthermore the inclinations of the first and third eigen-
vectors are Iev1 = −45◦ and Iev3 = 45◦, respectively, namely,

tanIev1 = e1z
e1h

= −1√
cos2DM + sin2DM

= −1 and

tan Iev3 = e3z
e3h

= 1√
cos2DM + sin2DM

= 1.

(2) The gradient tensor at station directly above the centre of
a uniformlymagnetised sphere inwhich the inclination of
magnetisation is vertical, i.e. when IM = ±90◦, is given by

B(0, 0, z) = f

⎡
⎣−Mz 0 0

0 −Mz 0
0 0 2Mz

⎤
⎦ where f

= 4πCma3

z4
. (A53)

For a magnetisation in the northern magnetic hemisphere
where IM = 90◦, and Mz > 0, the eigenvalues of the gradient
tensor in descending order are

λ1 = 2fMz , λ2 = −fMz , λ3 = −fMz , (A54)

so that λ1 is the principal or largest eigenvector inmagnitude,
while the remaining pair of eigenvalues are equal in magni-
tude and negative. By inspection, the principal eigenvalue λ1
is associated with the third column vector in Equation (A53),
hence the three eigenvectors in this instance are

ê1 = ûz = (0, 0, 1)T, ê2 = ûy = (0, 1, 0)T and ê3

= ûx = (1, 0, 0)T (A55)

Thus for amagnetisation at the northmagnetic polewhere
IM = 90◦, the second and third eigenvectors are horizon-
tal with declinations Dev2 = 90° and Dev3 = 0° respectively,
while the inclination of the principal eigenvector ê1, is vertical
and parallel to the inclination of magnetisation.

For a magnetisation in the southernmagnetic hemisphere
where IM = −90◦ andMz < 0, the eigenvalues of the gradient
tensor in descending order are

λ1 = −fMz , λ2 = −fMz , λ3 = 2fMz , (A56)

so that λ3 is the largest eigenvector in magnitude while the
remaining pair of eigenvalues are equal in magnitude and
positive. By inspection the principal eigenvalue λ3 is associ-
atedwith the third columnvector in Equation (A53), hence the
three eigenvectors in this instance are

ê1 = ûx = (1, 0, 0)T, ê2 = ûy = (0, 1, 0)T and ê3

= ûz = (0, 0, 1)T. (A57)

Thus for amagnetisation at the southmagnetic polewhere
IM = −90◦, the first and second eigenvectors are horizon-
tal with declinations Dev1 = 0° and Dev2 = 90°, respectively,
while the inclination of the principal eigenvector ê3, is vertical
and antiparallel to the inclination of magnetisation.

Appendix A6. The effective magnetisation of a
triaxial ellipsoid accounting for
self-demagnetisation, remanence and
anisotropy of magnetic susceptibility

Accounting for self-demagnetisation, the effective induced
magnetisationM′

ind of a triaxial ellipsoid with resultant mag-
netisation M = Mres in an external geomagnetic field H0(rb)
is defined as follows (Clark, Saul, and Emerson 1986)

M′
ind = K[H0 + Hint] = K[H0 − NTM]

= K[H0 − NT(M′
ind + Mrem)], (A58)

where K is a symmetric matrix containing elements kij of
the magnetic volume susceptibility tensor in the body axis
coordinate system of the ellipsoid, N = (N1,N2,N3)

T are the
demagnetisation factors along the a1, a2, a3 axes of the ellip-
soid and Mrem is the remanent magnetisation vector. Hence
on gathering terms inM′

ind

M′
ind + NTM′

ind = M′
ind(I + KN) = KH0 − KNMrem

M′
ind = (I + KN)−1(KH0 − KNMrem). (A59)

The effective or resultant magnetisation vector Mres cor-
rected for self-demagnetisation is the vector sum of the effec-
tive induced magnetisation and remanent magnetisation.
Therefore if I make [I + KN]−1 a common factor in the expres-
sions for M′

ind andMrem, it becomes evident that the pair of
terms involving KNMrem cancel so that

Mres = M′
ind + Mrem

= [I + KN]−1(KH0 − KNMrem + [I + KN]Mrem)

= [I + KN]−1(KH0 + Mrem)

= [I + KN]−1(Mind + Mrem) = [I + KN]−1Mtot, (A60)

where Mind = KH0 is the intrinsic induced magnetisation
uncorrected for self-demagnetisation and Mtot is the total
resultantmagnetisationuncorrected for self-demagnetisation.
This expression for the effective or resultant magnetisation
of an ellipsoid agrees with Equation (38) in Clark, Saul, and
Emerson (1986). All vectors shown here are in the body axis
coordinate system of the ellipsoid.
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